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(PREFACE) 


THE present work is intended as a sequel to our Elementary Algebra 
for Schools. The first few chapeters are devoted to a fuller discussion of 
Ratio, Proportion, Variation, and the Progressions, which in the former 
work were treated in an elementary manner; and we have here introduced 
theorems and examples which are unsuitable for a first course of reading. 


From this point the work covers ground for the most part new to the 
student, and enters upon subjects of special importance: these we have 
endeavoured to treat minutely and thoroughly, discussing both bookwork 
and examples with that fullness which we have always found necessary in 
our experience as teachers. 


It has been our aim to discuss all the essential parts as completely a: 
possible within the limits of a single volume, but in a few of the later chapter: 
it has been impossible to find room for more than an introductory sketch 
in all such cases our object has been to map out a suitable first course o 
reading, referring the student to special treatises for fuller information. 


In the chapter on Permutations and Combinations we are muct 
indebted to the Rev. W.A. Whitworth for permission to make use of som« 
of the proofs given in his Choice and Chance. For many years we have usec 
these proofs in our own teaching, and we are convinced that this part 0 
Algebra is made far more intelligible to the beginner by a system of commot 
sense reasoning from first principles than by the proofs usually found i 
algebraical text-books. 


The discussion of Convergency and Divergency of Series always 
presents great difficulty to the student on his first reading. The inherent 
difficulties of the subject are no doubt considerable, and these are increased 
by the place it has ordinarily occupied, and by the some what inadequate 
treatment it has hitherto received. Accordingly we have placed this scction 
somewhat later than is usual; much thought has been bestowed on its general 
arrangement, and on the selection of suitable examples to illustrate the text, 
and we have endeavoured to make ‘t more interesting and intelligible by 
previously introducing a short chapter on Limiting Values and Vanishing 


Fractions. 
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In the chapter on Summation of Series we have laid much stress on 
the “Method of Differences” and its wide and important applications. The 
basis of this method is a wellknown formula in the calculus of Finite, 
Differences, which in the absence of a purely algebraical proof can hardly 
be considered admissible in a treatise on algebra. The proof of the Finite 
Difference formula which we have given in Arts. 395, 396, we believe to be 
new and original, and the development of the Difference Method from this 
formula has enabled us to introduce many interesting types of series which 
have hitherto been relegated to a much later stage in the student’s reading. 


We have received able and material assistance in the chapter on 
Probability from the Rev. T.C. Simmons of Christ’s College, Brecon, and 
our warmest thanks are due to him, both for his aid in criticising and 
improving the text, and for placing at our disposal several interesting and 
original problems. 


It is hardly possible to read any modern treatise on Analytical Conics 
or Sojid Geometry without some knowledge of Determinants and their 
applications. We have therefore given a brief elementary discussion of 
‘Determinants in Chapter XXXIII., in the hope that it may provide the 
student with a useful introductory course, and prepare him for a more 
complete study of the subject. 


The last chapter contains all the most useful propositions in the 
Theory of Equations suitable for a first reading. The Theory of Equations 
follows so naturally on the study of Algebra that no apology is needed for 
here introducing propositions which usually find place in a separate treatise. 
In fact, a considerable part of Chapter XXXV. may be read with advantage 
at a much earlier stage, and may conveniently be studied before some of 
the harder sections of previous chapters. 


It will be found that each chapter is as nearly as possible complete 
in itself, so that the order of their succession can be varied at the ciscretion 
of the teacher; but it is recommended that all sections marked with an 
asterisk should be reserved for a second reading. 

In enumerating the sources from which we have derived assistance 
in the preparation of this work, there is one book 10 which it is difficult to 
say how far we are indebted. Todhunter’s Algebra for School and Colleges 
has been the recognised English text-beok for so long that it is hardly possible 
that any one writing a text-book on Atyebra at the present day should not 
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be largely influenced by it. At the same time, though for many years 
Todhunter’s Algebra has been in constant use among our pupils, we have 
rarely adopted the order and arrangement to make frequent use of 
alternative proofs; and we have always largely supplemented the text by 
manuscript notes. These notes, which now appear scattered throughout the 
present work, have been collected at different, times during the last twenty 
years, so that it is impossible to make definite acknowl- edgement in every 
case where assistance has been obtained from other writers. But speaking 
generally, our acknowledgements are chiefly due to the treatises. of 
Schlomilch, Serret, and Laurent; and among English writers, besides 
Todhunter’s Algebra, we have occasionally consulted the works of De 
Morgan, Colenso, Gross, and Chrystal. 


To the Rev. J. Wolstenholme, D.Sc., Professor of Mathematics at the 
Royal Indian Engineering College, our thanks are due for his kindness in 
allowing us to select questions from his unique collection of problems; and 
the consequent gain to our later chapters we gratefully acknowledge. 


It remains for us to express our thanks to our colleagues and friends 
who have so largely assisted us in reading and correcting the proof sheets; 
in particular we are indebted to the Rev. H.C. Watson of Clifton College 
for his kindness in revising the whole work, and for many valuable 
suggestions in every part of it. 


May, 1887 H.S. HALL 
S.R. KNIGHT. 
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CHAPTER! 


1. DEFINITION. Ratio is the relation which one quantity bears to 
another of the same kind, the comparison being made by considering what 
multiple, part, or parts, one quantity is of the other.’ 

The ratio of A to Bis usually written A:’B. The quantities ‘A and B 
are called the ferms of the ratio. The first term is called the antecedent, the 
second term the consequent. 

2. To find what multiple or part A is of B, we divide A 1 B; hence 


the ratio’ A’: B-may be me«sured by. the fraction on Fan and we shall: usually 


find it convenient to adopt this notation. 

In order to compare two quantities they must be expressed in terms 
of the same unit. Thus the ratio of Rs. 2to.15 nP. is measured by the fraction 
2x 100 | 40 

15 3 = 

NOTE. A ratio expresses the number of times that one quantity 
contains another and) therefore, every ratio is.an abstract quantity. 

|, 3. Since by the. laws of fractions, .. 

a_ma 


it follows thatthe ratio a ; b is equal to the ratio ma : mb; that is, the value 
aratio remains unaltered if the antecedent ane the consequent are mulltiplied 


or divided by the same quantity.) 
4. Two or more ratios may,| a scinacetl by. reducing their equivalent 


fractions to.a,. common SenSPUR APE: Thus suppose 4 ;b andx:y are two 
ratios. JNowS = = Una and on = ne hence the ratioa: bis greater than, hes 
to, ordess than the, ratio x;y y according as ay is etal than, equal to, or 
less than:bx.: Arie ’ ‘i , 
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5. The ratio of two fractions can be expressed as a ratio of two integers. 
a 


Thus the ratio : : a is measured by the fraction = or — and is therefore 
. d 
equivalent to the ratio ad : be. 

6. If either, or both, of the terms of/a ratio be a surd quantity, then 
no two integers can be found which will exactly measure their ratio. Thus 
the ratio V2 : 1 cannot be exactly expressed by any two integers. 

7. DEFINITION. If the ratio of any two quantities can be expressed 
exactly by the ratio of two integers, the quantities are said to be 
commensurable; otherwise, they are said to be ncommensurable. 

Although we cannot find two integers which will exactly measure the 
ratio of two incommensurable quantities, we can always find two integers 
whose ratio differs from that required by as small a quantity as we please. 


V5 _ 559016 559017 

and CReHPREe or 7000000 and < 1000000 ° 

so that the difference between the ratios 559016 : 1000000 and 
V5 :4 is less than -000001. By carrying the decimals further, a closer 
approximation may be arrived at. 

8. DEFINITION. Ratios are compounded by multiplying together the 
fractions which denote them; or by multiplying together the antecedents 
for a new antecedent, and the consequents for a new consequent. 


Example. Find the ratio compounded of the three ratios 
2a : 3b, 6ab : Sc’, c za 


The required ratio = ee 4 ee = 
ee og 

p. ae 

Se" 


9. DEFINITION. When the ratio a : b is compounded with itself the 
resulting ratio isa’: 7 and is called the duplicate ratio of a : b. Similarly 


a’ -b°, is called the triplicate ratio of a:b. Also a:b? is called the 
subduplicate ratio of a: b. 


Examples. (1) The duplicate ratio of 2a : 3b is 4a” : 9b”. 
(2) The subduplicate ratio of 49 : 25 is 7: 5. 


(3) The triplicate ratio of 2x: 1 is Br: 1. 
10. DEFINITION. A ratio is said to be a ratio of greater inequality, of 
Jess inequality, or of equality, according as the antecedent is greater 
than, less than, as equal to the consequent. 
11. A ratio of greater inequality 1s diminished, and a ratio of less 
inequality is increased, by adding the same quantity to both its terms. 


RATIO. 3 


atx : : 
‘ilies be the new ratio formed by adding 


Let a be the ratio, and let 


x.to both its terms. © 
@ G44. ar — be 
Oe. Vite 2 (be x) 
os el aa 
~ b(b +x)’ 
and a — bis positive or negative according as a is greater or less than 


b. 
F a_atx 
H ='5 . 
ence ifa > b, - pe, 
. +X 
f -aep 2e4 
and i a<b, 5: pe 


which proves the proposition. 

Similarly it can be proved that a ratio of greater inequality is increased, 
and a ratio of less inequality is diminished, by taking the same quantity from 
both its terms. : . 

12. When two or more ratios are equal many useful propositions may 
be proved by introducing a single symbol to denote each of the equal ratios. 

The proof of the following important theorem will illustrate the 
method of procedure. | 


eh 


each of these ratios = 
pb" +qd' +7f' +... 


where p,q,1,n are any quantities whatever. 


* oe qc “—- re" a = 


ED Oe: 
—==-—=-=,.,.=k: 
ats ee aie. ’ 
then \ a = bk,c = dk,e = fk, ...; 


whence pa = pb" k’, gc” = qd’ k", re" = rf" eee 


pa" +qc+re'+... pb ki +qd k' +7f k' +. 
= pb" +qd'+rf' +... pb" + qd" +1f' +... 
n 


=k; 


= 7 Fe Yn 
pa +qce +1re t.| epee 
pb" +qd' +71f' +...) b | 
By giving different values to p,q,7,n many particular cases of this 


general proposition may be deduced; or they may be proved independently 
by using the same method. For instance, 
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: Bt wy Ee 
ore 


each of these ratios = ye eyes 


a result of such frequent utility that fo following verbal equivalent should 
be noticed : When a series of fractions are equal, each of them is equal to 
the sum of all the nwmerators visas by the sum of all the denominators. 


Example 1. lf - = £ = show that 


bi +d f—sof Pat 
7 a oe 
Let 7 d x at 


pclae se” ear 
ab + 2° e— Bae f _ oh 2d 9? = = of 
bi+ Wd f—3oP b' + df — 30° 


—~puf®yfys 
Poles erate: 
— ace 
baf 
CLS er 
Example.2. lf plage ga: that 
A prt aN sk Ae Qwtytz)t+(atbt+cy 
xt+a ytb z+e X Py 2 + ahh hGi\5 
iachadan ae ak, y = bk,z = ck; 
73 2 
tee vita ak +a’ _ (+a 
xt+a ak+a k+1 


2 2 2 2 2 2 
x +a +b +c 
Pe ey ee ns ae 


xt+a ytb zte 


~@+Da , «+10 “aac 
k+l k+d k+1 


_W+)@tbt+o) 
k+1 


2 z : 
_K@t+b tc) +$(@4b4c)% 


Eat the) tig ae igtag s 


_ (ka + kb +key +(@ +5 +c) , 


| MRA SHR TROT S SP chen 
_@+tytz) ta tb te). 


LEY PStOES TE 


fay 
RATIO. 5 


13. If an equation is homogeneous with respect to certain quantities, 
we may for these quantities substitute in the equation any others 
proportional to them. tS Seat the Sot 


be ly + my” 2+ ny” zr =0 
is homogeneous in x, y,z. Let a, B,y be three quantities proportional to 
x, y, Z respectively. | 


Put k = a" BAY >» So. that x = ak,y = Bk,z = yk; 
then la° Bx’ toma Iga +nBy ki = 0, 
that is, la 3B + maBy + np = 0; 


an equation of the same form as the original one, to with a, 6, y in the 
places of x, y, z respectively. 
14. The following theorem is important. 
@, 42 930 & : : o 
—, =, «... > be unequal fractions, of which the denominators 
n 
are all of the same sign, then the fraction 
a, + a2 + a3,+... + ay 
by + by + b3 Cr Di 
lies in magnitude between the greatest and least of them. 
a 
Suppose that all the denominators are positive. Let a be the least 
¥ 
fraction, and denote it by &; then 


as kb,: 
b, re > ez Tr? 
a 
— (Bik; a, > kb; 
by 
a2 
2 >(ig a> > kb; 
bz 
and so on ; 
”. by addition, 


Ay + 2 +43 F one +. An > (by + D2 + D3 + 2. + bp) Ke; 
a,+4,+43+...+@ a, 
oe ook; that is, ae 
Similarly we may prove that 
a, +a, +0,+..... Fa, ah 


me ea ies . +d, <b,’ 


wierd * is the greatest of the given fractions. 
5 


In like manner the theorem ntay be proved when all the denominators 
are negative. 
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15. The ready application of the general principle involved in Art. 12 
is of such great value in all branches of mathematics, that the student should 
be able to use it with some freedom in any particular case that may arise, 
without necessarily introducing an auxiliary symbol. 

ices ehh gl Nai eae Se ale gate Reade, 
paeniplet Msg Ss cta-b at+b-c’ 
Labybz veh rage ty +e sy) 
prove that”. enna < 2 (ax + by + cz) i 
sum of numerators 
sum of denominators 
_= hy FZ * (1) 
at+bt+c i. 

Again, if we multiply both numerator and denominator of the three 
given fractions by y + z,z + x,x + y respectively, 

each fraction 


Each of the given fractions = 


on tee ey PVE Ee) I — oe Py 
~ (ytz(b+c-a) (z<+x)(C+ta—b) (xe +y)(at+b—c) 
_ _sum of numerators 


~ sum of denominators 


_xytztyZtxt+zaty) : (2) 


a 2ax + 2by + 2cz 


. from (1) and (2), 
xtyt+z _xytz)tyG@+xyt+z@+y) 


atb ke 2 (ax + by + cz) 
Example 2. If 
x ee SS ae, hex | z 
I(mb +nc—la) m(nc +la—mb)~ n (la +mb —nc)’ 
l m n 
prove that == SS Ee 
P x(by +cz—ax) y(cz+ax—by) z(av+by-cz) 
x are Zz 
We fey ee le ee cr 
© nave mb + nc — la nce+la-—mb la+mb—nc 
W545, = 
_mion 
2la 


= two similar expressions; 


nytmz_ k+nx_ mt+ly 
< : 


b c 
Multiply the first of these fractions above and below by x, the second 
by y, and the third z; then 
ny +moz _-lyz try mz t+ bz 


ax by cz 


RATIO. a 


= —— = two similar expressions; 
by + cz — ax pant i 


: l m n 
“x (by +cz—ax) y(cz+ax—by) — z (ax + by — cz) 
16. If we have two equations containing three unknown quantities in 
the first degree, such as 
a,x+b,;y+c,z=0 mi) 
a,x +boy+c,z=0 wl 2) 
we cannot solve these completely; but by writing them in the form 


aj | +b, 2} +c, =0, 
ay | + bs 2 + co =0, 


we can, by regarding ‘ and *as the unknowns, solve in the ordinary 


way and obtain 
besa No Wont 4 ee ee a oa 
ve ay b> — a, by’ Z ab = aod,’ 
or, more symmetrically, 
leubelngute $41 ic ipiniple nts boken iy: (3) 
bycx — bxey Cy — C2Qy—— yz — and, = 
It thus appears that when we have two equations of the type 
represented by (1) and (2) we may always by the above formula write down 
the ratios x : y : z interms of the coefficients of the equations by the following 
rule : 
Write down the coefficients of x, y,z in order, beginning with those 
of y ; and repeat these as in the diagram. 


See 
Multiply the OTE across in i way oe by the arrows, 
remembering that in forming the products any one obtained by descending 
is positive, and any one obtained by ascending is negative. The three results 
byC2 — b¢1, €142 — C20, ayb2 — ab, 
are proportional tox, y, z respectively. 
This is called the Rule of Cross Multiplication. 
Example 1. Find the ratios of x: y :z from the equations 
Tx = 4y + 82, 322 = 12x + IIy. 


By transposition we have 7x — 4y — 8& = 0, 
12x + lly — 8& =0. 
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Write down the coefficients, thus 
os \om4aor 8-7-4 
| ee i Sais ob 
whence we obtain the: products ; 
ake Fr tng iw! oes 8), (= 8) x 12- (+3) «7, 
is TX 11 = 12 (— 4), 
or, 100... i J5s: 4128; 


pee Angee 7 
Sent 2 100 © + 75-125’ 
. | MIO fi 1S iinvxyd 25) 
that is, 5 has me = 5) 
Example 2. Eliminate x,y, z from the equations 
ax + by +c4z =0 sk A) 
ax +b + ¢9z7 =0-. (2) 
ax + by +037 =0 hd) 
From (2) and°(3); bycross multiplication)" * 
* jhe eee ee — 8) fe 


boc3— b3¢2, €243 = C342. agb3 — az’ 
denoting each of these ratios by k, by multiplying up, substituting in (1), 
and dividing out by k, ‘we obtain 
4 (b2¢3 — b3¢2) + by (C243 — C302) +04 (agbz—'azhz) = 0. 
©). This relation is called the.climinant of the given equations. 
Example 3. Solve the equations 


vax toby +.cz =.0 aon i (1) 
Ol xb Fiz =!Qyow!s id botaseau€2) 
wis + cay +‘abz = (b — cy (c - 4) (a —b) 1.3) 
om @) = (2), by cross reer nie 
| == = =k, suppose; 


ee c-a rs) 
x=k(b—c),y =k({c — a),z=k (a—b). 
Substituting in (3), ". 
k {bc (b — c) + ca (c +a) + aba — b)}. = (6 —c) (C— a) (a—b), 
© =6) 2) @— DS — 0) (6-0) (@ ~ by 
=~1; 
whence re he 
17. If in Art. 16 we put z = 1, equations (1) and (2) become 
ax t+.by+c,=0, 
ax + boy.+.cz.= 0 
and (3) becomes lsvifsoaasy © 
__* noijapilgitli 32079 to olubl adit b 
vbyl2 > b2C4) 6142 716284,» 4yb2 = apd,’ 
_ Dicg bey Cy cay 


Or, a ee -——, 
@yb2 — aby" @yb2 — arb, 


RATION 0))) 69 
Hence any two simultaneous equations involving two unknowns in 
the first degree may be solved by the rule of cross multiplication. 
Example. Solve 5x — YTAZ UF + A= 12, ; 
By transposition, x= 3y ~1 = 0; 


x4 2 12 = 0; 
pias i Oe 
Te eee Eee 
whence gree Ee 
Poe ash Ep 


EXAMPLES. |. | 


1. Find the ratio compounded of : 
(1) the ratio 2a : 3b, and:the duplicate ratio of 9b? : ab. 
(2) the subduplicate ratio of 64 : 9, and the ratio 27 :.56.,, 


: Ve 2 
(3) the duplicate ratio of Zt : ee »and the ratio 3ax : 2by. 
Bi -~p? 


2. . Need 2 (x + 14) in the duplicate ratio of'S : 8, find'x. 

3. Find two numbers in the ratio of 7:12 so that the greater exceeds 
the less by 275. © 

4. | What number must be added to each term of the ratio 5:27 to make 
it equal to 1 : 32. 
Ifx:y=3:4, find the ratio of 7x — 4y: 3x apg 


3. 
6.  1f 15 (2x - 7) = Ly, find the ratio of x zy. 


eee Sa 4 
7 If =a f | 
sab tee — Sel a® 
prove that ae, 
: 2° +307 — Sf © 
St = = prove that ais equal to 
Va + bc esac 
bie + d+ Bcd? 
pepe ee eee 


ger prep —q_ ply y 
show that (q -—r)x + (r-—p)y+—P-q)z =0. 
10. -If——= Y** _% find the ratios of x: 2h Zs 
X=-Z z y 
il nltz. . 2+ ssi 
; pe hae pet+qa pat+qb’ 


2x t+y +z) = (b+c)x+(c +a)yt(a+b)z 
show that 77 


at+bt+c bc + ca + ab 
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12. 


13. 


14. 


iS; 


16. 


17. 


18. 


19. 


20. 


ze. 


24. 
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=2 show that 


3 ‘~ 3 3 
2 +c x+ty+z)+(atbt+c 
ria y th pte a Ia Su a 


x +a y +b" P+ w+y+z) +(a+b+c) 


y+ 2 =) ctA=). 2a se 
if 2 + x _ 2 = z= i . 
a a 
2b+2c—a 2 + las b Vat Bh—c 
Zz 2 MT Ss 2 2 2 
If(a +b +c) @ +y-+2>)=((@+hdy + cz), 
show thatx:@=y:b=z:c. 
If / (my + nz — ke) =m (nz + & — my) =n (& + my — 72), 
YVtzZ~teeteee yee 2 
IS? io orig mistiiga 


n 


show that 


prove 


Show that the eliminant of 
ax + cy + bz = 0, cx + by + az = 0, bx + ay + cz = 0, 

is a+b +c — 3abc = 0. 

Eliminate x, y, z from the equations 
axt+hy+gz=0,x+5y+f2= 0, x + fy +z = 0. 

Ht x = ot Ot ee Ce ee ae 


2 2 
pleas semi 2 
Sake 4 cB = 

Given that a (y +z) =x, b(z +x) =y, c+ y) =z, 
prove that bc +ca+ab + 2abc = 


Solve the following equations : 
3x — 4y + 7z =0, 


show that 


Ly = 22 =U, 
a —y +27 = 18. 
x+y=zZ, 


3x — 2y + 17z =0, 
x + 3y + 22° = 167. 


Tyz + 3zx = 4yy, 
21yz — 3x = 4yy, 
x+2y + 3z=19. 


3x? — 2? + 5:7 30, 
a 3y” - 157" = 0, 
pale ate 

l m 


tg Why ees eee ee 


! 
ee Ba eg pest 


25; 


26. 


27. 


28. 


show oa 


pt ORR TIE PAE aie fy ane Sie a eal 


Gabe ava) (b—c)(@—Vvbe) (c — a) (b - Vac)’ 


Solve the equations : 

a + by+cz=0, 

bex + cay + abz = 0, 

xyz + abc (a°x + b*y + c°z) =0, 

a + by +cz =ax+b°y t+c7%z =0, 

x+y +z + (b —c) (¢c —a)(@—b)=0. 

5 Ody Maer e, bart nehaeyc Gt ay) ia, 
th abies vel boars Wes 2} gid adeno 

a(l1—bc) b(1—ca)\i¢(1 ab) 

If a + hy + gz =0, hx + by + fz = 0, gx + fy + cz = 0, 

soe 


(1) 


prove that 


2 2 
ae 


ris “cane ab —h? 
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(2) (be — f°) (ca — g”) (ab —h 2) = (fp — ch) (gh — af) (hf — bg). _ 


CHAPTER Il 
PROPORTION 


18. DEFINITION. When two ratios are equal, the fue quantities 
composing them are said’ to be »proportionals. Thus: if .= = &, then 
a,b,c, d are proportionals. This is expressed by saying that @ is to b asc is 
to d, and the proportion is written 

- -@ sb tacit d; 
or a:b=c:d. 

The terms a and d are called the extremes, b and c the means. 

19. If four quantities are in proportion, the product of the extremes is 
equal to the product of the means. 

‘oLet a,b, c, d be. the Pree 

Then by definition .= = ‘ 
whence ad = be. 

Hence if any three terms of a Propancon are given, the fourth may 


be found. Thus if a, c,d are given, then b = 


Conversely, if there are any four quantities, a,b,c,d, such that 
ad = bc, then a,b,c,d are proportionals; a andd being the extremes, 
b andc the means; ¢r vice versa. 

20. DEFINITION. Quantities are said to be in continued proportion 
when the first is to the second, as the second is to the third, as the third to 
the fourth; and so on. Thus a, b, c, d,..... are in continued proportion when 

b bs 38 Cc = d wt eeeee 
If three quantities a, b,c are in continued proportion, then 
a:b=b:c; 
ac = b’. [Art. 18] 


In this case b is said to be a mean proportional between a and c; and 
c is said to be a third proportional to a and b. 


21. If three quantities are proportionals the first is to the third in the 
duplicate ratio of the first to the second. 


Let the three quantities be a, b, c; then 4. 
0 


(12) 
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Ww 


that is, a@:c= a’ :b*. 
It will be seen that this proportion is the same as the oe of 
duplicate ratio given in Euclid, Book v. 
22. Ifa:b =c:dande:f=g:h, then will ae: fe S. ah. 


ag ig pgp a 
For ame uae ba 
FG 55 EBs 
bf... dv’ 
or. ae. bf =cgidh 
Cor, If; :a.:b = ¢:d; 
and 4 mba y, 
then a:x=Cty. 


This is the theorem known as ex equali. in dedineciy: 

23. If ‘four’ quantities a,b, ¢;d forma ‘proportion, many other 
proportions may be deduced by the properties of fractions. The results of 
these‘operations are very useful; and some of —* are on es Ls the 
annexed names borrowed from Geometry. 


(1) ee =c:d,thenb:a=die. ou [hveriendo 
‘ a 2. “ we | c! : ? ; 
For Niu cs : therefore. 1 Le Pp 
that is. | Le = oH 
a Ailes 
‘or 4 : b: a=d'c.. . | 
(2) Ifa:b =c: d,thena:c =b:d. [Altemando.] 
ad. bc ) 201 
‘For ad = be; therefore ay op 
‘ miss DE 
that 1s, | ; cen 
or a:c=bid.~ | : 
(3) Ifa:b=c:d,thena+b:b=c+d:d. [Componendo.] 
i Cc G C j = 90 nite 
oe the =< +1; 
For rile therefore — b ora 7 
wae a+b act d. 
that is b i, 
or ath:b=ct+4:d. 
(4) Ifa:b =c:d@)thena—bibsor-drd. [Dividendo.} 


at we ena c 
y po en cs ee eee 1 = = je 
For hey therefore ‘ 7 
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‘ a+) ¢=¢ 
that is, i oe oe 
or a-b:b=c-—d:d. 

(5) Ifa:b =c:d,thena+b:a—b=c+d:c-d 
Crh ct+7. 
picid Bs, Po an 
: WBE IU CE 
and by (4) tigen a. 
Poo eae Oe ee. 
TE Ee ge oe eae 
or ~a@*b:a-—b=c + dic —d. 


This proposition is usually quoted as Componendo and Dividendo. 

Several other proportions may be proved in a similar way. 

24. The results of the preceding article are the algebraical equivalents 
of some of the propositions in the fifth book of Euclid, and the student is 
advised to make himself familiar with them in their verbal form. For example, 
dividendo may be quoted as follows : 

When there are four proportionals, the excess of the first above the 
second is to the second, as the excess of the third above the fourth is to the 
fourth. 

25. We shall now compare the algebraical definition of proportion 
with that given in Euclid. 

Euclid’s definition is as follows : 

Four quantities are said to be proportionals when if any equimuzItiples 
whatever be taken of the first and third, and also any equinuiltiples whatever 
of the second and fourth, the multiple of the third is greater than, equal to, 
or less than the multiple of the fourth, according as the multiple of the first 
is greater than, equal to, or less than the multiple of the second. 

In algebraical symbols the definition may be thus stated : 


Lore. . . > . 
Four quantities a, b,c, d are in proportion when pc = qd according 


> « one : 
as pa = qb,p and q being any positive integers whatever. 


I. To deduce the geometrical definition of proportion from the 
algebraical definition. , 


\ Since r = - by multiplying both sides by 7 we obtain 
} pa _ pe. 
gb qd’ 
hence, from the, properties of fractions, 
= 
pe = qd according as pa = qb, 


which proves the proposition. 
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II. To deduce the algebraical definition of proportion from the 
geometrical Sepmution. 


> 
Given that pc = qd according as pa pe qb, to prove 


if 4 ~ is not equal to £ op one of them must be the greater. Suppose 


b~ a 
them, q and p being positive integers. 


= 5 © then it will be possible to find some fraction o which lies between 


¢.2@ 
Hence aay 5 ..(1) 
and 5 < ; ate) 
From (1) pa > qb; 
From (2) pe < qd; 


and these contradict the hypothesis. 


which proves the 


a c : c 
Therefore — and qiare not unequal; that is a 


& 
b b 
proposition. 

26. It should be noticed that the geometrical! definition of proportion 
deals with concrete magnitudes, such as lines or areas, represented 
geometrically but not referred to any common unit of measurement. So that 
Euclid’s definition is applicable to incommensurable as well as to 
commensurable quantities; whereas the algebraical definiticn, strictly 
speaking, applies only to commensurable quantities, since it tacitly assumes 
that a is the same determinate multiple, part, or parts, of b that c is of d. 
But the proofs which have been given for commensurable quantities will 
still be true for incommensurables, since the ratio of two incommensurables 
can always be made to differ from the ratio of two integers by less than any 
assignable quantity. This has been shown in Art. 7; it may allo be proved 
more generally as in the next article. 

27. Suppose that a and b are incommensurable; divide b into m equal 
parts each equal to B, so that b = mf, where m is a positive integer. Also 
suppose f is contained in a more than n times and less than + 1 times; 


a np (n+ 
b> mp nee 


, neh 
that is, = * lies between * — ~ and a ee 


then 


1 
0) that © differs from ~ ~ by a quantity less than — —. And since we can choose 
B (our er of Meese as small as we Kid ane, m can be made as great 


1 ; 
as we please. Hence mon be made as small as we please, and two integers 
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n and.m.canbe found whose ratio will express that of a and b to any required 
degree of accuracy. 

28. The propositions proved in Art. 23 are often useful 4 in solving 
problems. In particular, the solution of certain equations is greatly facilitated 
by a skilful use of the operations lel lacs 4 and dividendo. 

Example 1. 

If (na + 6mb + 3nc + 9nd) (2na — 6inb = 3nc + 9nd) 

' = (2ma — 6mb + 3nc — Ind) (2ma. +. 6mb — 3nc = 9nd), 
prove that a, b, c,d are proportionals. 

We h 2ma + 6mb.+ 3ac +:9nd . Ina_+.6mb — 3nc.—9nd 

onave oma — 6mb + 3nc — 9nd na — 6mb — -3nc + 9nd? 
Ss ree ae and dividendo, ~~ ; 
2(2ma + 3nc) _ 2(2ma — 3nc) 
2 (Gnb + 9nd) ~~ 2 (6mb — 9nd) 
2mna + 3nc _ 6mb + 9nd 
2ma —3nc  6mb — 9nd’ 
Again, componendo and dividendo, 


Alternando, —— 


4ma _ 12mb_ 
6nc —- 18nd’ 
whence : ee 
ore = 
or. a:b=c;d. 


Exaniple 2 2. Solve the equating 

vx +14 vx — a Ae v 1 

WX shi dy se Water Te 2. 
UWe have; componendo and dividendo, 


vx #1 4x + 1 
Ve BT 4x — 3 


xt] 1G? + 8c+1. 
. BAD 4G ay 49! 
Again, componendo and wines: 
Beas 32x” = 16x\+.10 , 
2 32x81) 
16" — 845" 
16x — 4. 


whence 16x — 4 - 16 — & +.5; 


ee 
rad, 


[EXAMPLES. UI. |. 


i. Find the fourth proportional to 3, 5) 27° 


ed 


12. 


13. 


14. 


15. 
16. 


17. 


18. 


19. 


20. 


PROPORTION. 
Find the mean proportional between 
(1) 6 and 24 (2) 360a* and 250.ab”. 
Find the third proportional to ~ 4 : and =, 
If a:b =c:d, prove that fe if 
ac +ac’:b'd+bd’=(a+c):(b+d) 


Zz 2 2 2 2 2 2 
pa” + qb°: pa’ — qb" = pce’ + qd°: pc’ — qd’. 
Aa—Cib-—da=V a2 02 Vp? pm?! 


Af 3 OUR PF 2=4/ 324/ Si 
a b'+d ac + — pa +t 


If a, b,c, d are in continued proportion, prove that 
a:ib+d=c:cd+a. 

2a + 3d :3a — 4d = 2a° + 3b°: 30° — 4b°. 

(a” +b? +c”) (b? +c? +d’) = (ab + bc + cd)’. 


If b is a mean proportional between a and c, prove that 


* 
CP ok KS 


4 
=bh, 
==) -—? 

a .-—b 2 


“+o. 

Ifa:b =c:d, ande:f =g:h, prove that 
ae + bf: ae — bf =cg + dh: cg — dh. 

Solve the equations : 

Whar teh d 30 x +e 13 

2° 3 Sx 1 3 Hx 

A Px 3 oe OSS 

ac4 x? + 2 3 Se Oe + Ok = 3 

(m+n)x—-(a—b)_ (mtn)xtatec 


(m—n)x-—(a@+b) (m—n)xta-—c’ 
If a,b,c, d are proportionals, prove that 
ahd the c+ 2-9 


a 


If a,b,c, d,e are ‘in continued proportion, prove that 
(ab + be + cd + de)” = (te+cetdy br t+et+d +e’). 
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If the work done by x — 1 men in x + 1 days is to the work done by 


x + 2 men inx — 1 days in the ratio of 9:10, find x. 


Find four proportionals such that the sum of the extremes in 21, the 


sum of the means 19, and the sum of the squares of all four numbers 


is 442. NG ANS 


N AN i 
Two casks A and B were filled with two kinds of sherry, mixed in the 
cask A in the ratio of 2:7, and in the cask B in the ratio of 1:5. What 


bo 
n 


24. 
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quantity must be taken from each to form a mixture which shall consist 
of 10 litres of one kind and 45 liters of the other ? 
Nine litres are drawn from a vessel full of wine; it is then filled with 
water, then nine litres of the mixture are drawn, and the vessel is 
again filled with water. If the quantity of wine now in the vessel be 
to the quantity of water in it as 16 to 9, how much does the vessel 
hold ? 
If four positive quantities are in continued proportion, show that the 
difference between the first and last is at least three times as great 
as the difference between the other two. 
In England the population increased 15.9 per cent. between 1871 and 
1881; if the town population increased 18 per cent. and the country 
population 4 per cent., compare the town, and country populations 
in 1871. 
In a certain country the consumption of tea is five times the 
consumption of coffee. Ifa per cent. more tea and b per cent. more 
coffee were consumed, the aggregate amount comsumed would be 
7c per cent. more; but if b per cent. more tea and a per cent. more 
coffee were consumed, the aggregate amount comsumed would be 
3c per cent. more: compare @ and b. 
Brass is an alloy of copper and zinc; bronze is an alloy containing 80 
per cent. of copper, 4 of zinc, and 16 of tin. A fused mass of brass 
and bronze is found to contain 74 per cent. of copper, 16 of zinc, and 
10 of tin: find the ratio of copper to zinc the composition of brass. 
A crew can row a certain course up stream in 84 minutes; they can 
row the same course down stream in 9 minutes less than they could 
row it in still water: how long would they take to row down with the 
stream ? 

& 


CHAPTER Ill 
VARIATION 


29. DEFINITION. One quantity A is said to vary directly as another 
B, when the two quantities depend upon each other in such a manner that 
if B is changed, A ts changed in the same ratio. 

NOTE. The word directly 1s often omitted, and A is said to vary as B. 

For instance : If a train moving at a uniform rate travels 40 miles in 
60 minutes, it will travel 20 nities in 30 minutes, 80 miies in 120 minutes, 
and so on; the distance in each case being increased or diminished in the 
same ratio as the time. This is expressed by saying that when the velocity 
is uniform the distance is proportional to the time, or the distance vanes as 
the time. 

30. The symbol & is used to denote variation; so that A « B is read 
“A varies as B.” 

31. /f A varies as B, then A is i eemal to B multiplied by some constant 
quantity. 

For suppose that a, 4), a, G3....,b, b1, bo, bz... are corresponding 
values of A and B. 


Then, by definition ek es =e Rg ; and so on, 


b 
a> *by"\a3 be’ 


a et oe 7, CAR being equal to £ 


be bs : b’ 
Hence tales is ey the same; 
that is , 3 = m, where 1 is constant. 
= mB, | 


Ney pair Goan He 8 values ofA and B are known, the constant 
m can be determined. For instance, ifA = 3 when B = 12, 
we have Cae ee 


m=-, 


4 
1] 
and =f 4° 


32. DEFINITION. One quantity A is said to vary inversely as another 
B, when A varies directly as the reciprocal of B. 


(19) 
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Thus if A varies inversely as B,A = a where / is constant. 

The following is an illustration of inverse variation : If 6 men do a 
certain work in 8 hours, 12 men would do the same work in 4 hours, 2 men 
in 24 hours; and so on. Thus it appears that when the number of men is 
increased, the time is proportionately decreased; and vice-versa. 

Example 1. The cube root of x varies inversely as the square of y; if 


x = 8 when y = 3, find x when y = 15. 


UTS | m : 
By supposition Vr = “3, where m is constant. 


¥ 
Putting x = 8, y = 3, we have 2 = es 
B. m = 18, 
and Vr = 38. 
¥ 


hence, by putting y = S we obtain x = 512. 


Example 2. The square of the time of a planet’s revolution varies as 
the cube of its distance from the Sun; find the time of Venus’ revolution, 


assuming the distances of the Earth and Venus from the Sun to be 91 "1 and 
66 millions of miles respectively. 

Let P be the periodic time measured in days, D the distance in millions 
of miles; we have 

p «D>, 
2 3 

or, p =kD, 
where k is some constant. 


For the Farth,365.x:365 @k x Ge 


1 1 
x14 XG, 


4 
4x4x4 
h Se err gang 
whence k 365 
pt AX 4X4 DS 
- 365 ye 
For Venus, pr = I 5 66 x 66 x 66; 


1 [264 
whence P=4x 66 x = 
ce 365 


= 264 x V-7233, approximately, 
= 264 x -85 
= 224-4, 


Hence the time of revolution is nearly 2245 days. 
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33. DEFINITION. One quantity is said to vary jointly as a number of 
others, when it varies directly as their product. ; 
} Thus A varies jointly as B and C, when A = mBC. For instance, the 
interest on a sum of money varies jointly as the principal, the time, and the 
rate per cent. 
34. DEFINITION. A is said to vary directly as B and in versely as 
; B : 
C, when A varies as ra 
35. If A varies as B when C is constant, and A varies as C when B is 
constant, then will A vary as BC when both B and C vary. 
The variation of A depends partly on that of B and partly on that of 
C. Suppose these latter variations to také place separately, each in its turn 
producing its own effect on.A; also let a, b, c be certain simultaneous values 
of A, B,C. : 
1, Let C be constant while B changes to b; then A must undergo a 
partial change and will assume some intermediate value a’, where 
es : 
Pads (1) 
2. Let B be constant, that is, let it retain its value b, while C changes 
toc; then A must complete its change and pass from its intermediate value 
a’ to its final value a, where 


a’ .G 
vee Feb 
A 8B 
From (1) and (2) mt See > % = 
that is, A=+.-BC, 
be 


or, A varies as BC. 

36. The following are illustrations of the theorem proved in the last 
article. 

The amount of work done by a given number of men varies directly 
as the number of days they work, and the amount of work done in a given 
time varies directly as the number of men; therefore when the number of 
days and the number of men are both variable, the amount of work will 
vary as the product of the number of men and the number of days. 

Again, in Geometry the area of a triangle varies directly as its base 
when the height is constant, and directly as the height when the base is 
constant; and when both the height and base are variable, the area varies 
as the product of the numbers representing the height and the base. 

Example. The volume of a right circular cone varies as the square of 
the radius of the base when the height is constant, and as the height when 
the base is constant. If the radius of the base is 7 cm. and the height 15 cm., 
the volume is 770 cubic cm., find the height of a cone whose volume is 132 
cubic cm. and which stands on'a base whose radius is 3 cm. 

Let h andr denote respectively the height and radius of the base 
measurcd in cm.; also let V be the volume in cubic cm. 
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2 : 
Then V = mrh, where 1 is constant. 


By supposition, M0 =mxT x 15; 


h PRE 
whence = oy? 
22 2 
=—rh. 
V 1 t 


. by substituting V = 132,7 = 3, we get 
132 = $i DKA; 
whence h = 14; 
and therefore the height is 14 cm. 

37. The proposition of Art. 35 can easily be extended to the case in 
which the variation of A depends upon that of more than two variables. 
Further, the variations may be either direct or inverse. The principle is 
interesting because of its frequent occurrence in Physical Science. For 
example, in the theory of gases it is found by experiment that the pressure 
(p) of a gas varies as the “absolute temperature” (/} when its volume (v) is 
constant, and that the pressure varies inversely as the volume when the 
temperature is constant; that is 

p « t, when v is constant, 


1 5 
and ah sire when f¢ is constant. 


From these result, we should expect that, when both ¢ and v are variable, 
we should have the formula 


t : 
p« 2 or pv = kt, where x is constant; 


and by actual experiment this is found to be the case. 

Example. The duration of a railway journey varies directly as the 
distance and inversely as the velocity; the velocity varies directly as the 
square roct of the quantity of coal used per km., and inversely as the number 
of carriages in the train. In a journey of 50 km. in half an hour with 18 
carriages 100 kg. of coal is required; how much coal will be consumed in a 
journey of 42 km..in 28 minutes with 16 carriages ? 

Let — ¢ be the time expressed in hours, 

d the distance in kilometers, 

v the velocity in km. per hour, 

q the number of kg. of coal used per km., 
c the number of carriages. 


We have a eer 
and va vq 


whence t« vq’ 
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or, C= WF where k is constant. 
Substituting the values given, we have (since q = 2) 
1_k x18 x 50. 
oP RRT eT 5 Sie ae 
: 1 
that is, =, 
a = TF x 18 x 50 
d 
H TEE Ra 
sha V2 x 18 x 50Vq" 


Substituting now the values of t, c, d given | in the second part of the 
question, we have 


SPA 95 Pike 
60 v2 x 18 x S0Vq’ 
that is, Vq =4v?2; 
whence q = 32. 


Hence the quantity of coal is 42 x 32 = 1344 kg. 


EXAMPLES. Ill. 


1. Ifx varies as y, and x = 8 when y = 15, find x when y = 10. 
If P varies inversely as Q and P=7 when Q =3, find P when 


i 
Q=25. 
3. If the square of x varies as the cube of y, andx = 3 when y = 4, find 


the value of y when x = i. 


4. A varies as B and C jointly, if A = 2 when B = 2 and C = —, find 


5 e. 
. CwhenA = 54 and B =3. 
5. If.A varies as C, and B varies as C, then A + B and VAB will each 
vary as C. 


6. _If.A varies as BC, then B varies inversely as c 


7. - P varies. directly as. Q and inversely as R; also P= 5 when 
Q=5andR ==. find Q when P = V48 and R = V75. 


8. _If varies as y, prove that x + y varies as x” — y 
9. If y varies as the sum of two quantities, of which one varies directly 
as x 7 the other inversely as x; and if y=6 when x = 4, and 


y=35 1 hen.x = 3; find the equation between x and y. 


3 


‘24 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 
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If y is equal to the sum of two quantities one of which varies as x 


directly, and the other asx” inversely; and if y = 19 when x = 2, or 3; 
find y in terms of x. 
If.A varies directly as the square root of B and inversely as the cube 
of C, and ifA = 3 when B = 256 and C = 2, find B when A = 24 and 
1 
= 5. 
; 1 
Given that x + y varies asz + and that x — y varies as z — 2 find 


the relation between x and z, provided that z = 2 when x = 3 and 
y=1. 

If A varies as B and C jointly, while. B varies as D* and C, varies 
inversely as A, show that A varies as D. 

If y varies as the sum of three quantities of which the first is constant, 


the second varies as x, and the third as x; and if y=0 when 
x = 1,y = 1 whenx = 2, and y = 4 when x = 3; find y when x = 7. 

When a body falls from rest its distance from the starting point varies 
as the square of the time it has been falling : if a body falls through 
122-6 m. in 5 seconds, how far does it fall in 10 seconds ? Also how 


far does it fall in the 10” second ? 
Given that the volume of a sphere varies as the cube of its radius and 
that when the radius is 3-5 cm. the volume is 179-7 cubic cm., find 
the volume when the radius is 1-75 cm. 
The weight of a circular disc varies as the square of the radius when 
the thickness remains the same ; it also varies as the thickness when 
the radius remains the same. Two discs have their thicknesses in the 
ratio of 9 : 8 ; find the ratio of their radii if the weight of the first is 
twice that of the second. 
At a certain regatta the number of races on each day varied jointly 
as the number of days from the beginning and end of the regatta up - 
to and including the day in question. On three successive days there 
were respectively 6, 5 and 3 races. Which days were these, and how 
long did the regatta last ? 
The price of a diamond varies as the square of its weight. Three rings 
of equal weight, each composed of a diamond set in gold, have values 
Rs. a, Rs. b Rs. c, the diamonds in them weighing 3, 4, 5 carats 
respectively. Show that the value ofa diamond of one carat is 
at+c 

Rs. ( > ) rf 
the cost of workmanship being the same for each ring. 
Two persons are awarded pensions in proportion to the square root 
of the number of years they have served. One has served 9 years 
longer than the other and receives a pension greater by Rs. 500. If. 
the length of service of the first had exceeded that of the secona by 


21. 


22. 
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4 4 years their pensions would have been in the proportion of 9 : 8. 


How long had they served and what were their respective pensions ? 
The attraction of a planet on its satellites varies directly as the mass 
(M) of the planet, and inversely as the square of the distance (D); 
also the square of a satellite’s time of revolution varies directly as 
the distance and inversely as the force of attraction. If 
mM}, dy, t, and m3,d,t,, are simultaneous values of M,D,T 


respectively, prove that 


my tr satiA 
mt ay 


Hence find the time of revolution of that moon of Jupiter whose 
distance is to the distance of our Moon as 35 : 31, having given that 
the mass of Jupiter is 343 times that of the Earth, and that the Moon’s 
period is 27-32 days. 

The consumption of coal by a locomotive varies as the square of the 
velocity ; when the speed is 32 km. an hour the consumption of coal 
per hour is 2 tonnes : if the price of coal be Rs. 10 per tonne, and 
the other expenses of the engine be’Rs. 11-25 nP. an hour, find the 
least cost of a journey of 100 km. m 


CHAPTER IV 
ARITHMETICAL PROGRESSION 


38. DEFINITION. Quantities are said to be in Arithmetical 
Progression when they increase or decrease by a common difference. 

Thus each of the following series forms an Arithmetical Progression : 

6d al NOH co ee 
8,2; sx Ayer Oy Zep. scscnstexe 
asa 4 d,.@ +:2d;0:1¥ 3d,..d0.a00Ks. 

The common difference is found by subtracting amy term of the series 
from that which follows it. In the first of the above examples the common 
difference is 4; in the second it is — 6; in the third it is d. 

39. If we examine the series 

GG Was GF Tada? 3d, 
we notice that in any tern tie coefficient of d is always less by one than the 
number of the term in the series. 

Thus the af term is a + 2d; 

6” term is a + Sd; 
I , 
20" term is a + 19d; 
th § 
and, generally, the p term isa + (p — 1)d. 


If 2 be the number of terms, and if / denote the last, or nit term, we 
have 
l=at+(n—-1)d. 
40. To find the sum of a number of terms in Arithmetical Progression. 
Let a denote the first term, d the common difference, and n the 
a of terms. Also let / denote the last term, and 5 the required sum; 
then 
s=a+t(at+d)+ (at 2d) +... + (1-2) + (l-—d) +1; 
and, by writing the series in the reverse order, 
= El = dy — 2d) 4 ta oe) + art 
Adding together these two series, 
z=(atl)+(at+l+(atJ +.... ton terms 


=n(at2), 
s=5(atl) (1) 
and l=a+(n-1)d me 4) 


(26 ) 
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s= : {2a + (n-1)d} (3) 


41. In the last article we have three useful formula (1), (2), (3); in 
each of these any one of the letters may denote the unknown quantity when 
the three others are known. For instance, in (1) if we substitute given values 
for s,n,/, we obtain an equation for finding a; and similarly in the other 
formula. But it is necessary to guard against a too mechanical use of these 
general formula, and it will often be found better to solve simple questions 
by a mental rather than by an actual reference to the requisite formula. 


Example 1. Find the sum of the series 5 - 6 z 8, .... to 17 terms. 


Here the common difference is 1 ‘i hence from (3), 


17 1] 1 
the sum = 32 | x 5 +i6x1i] 
Wi 
= — + 
5 (11 + 20) 
_ 17x31 
BOF 
1 
= 263 5. 


Example 2. The first term of a series is 5, the last 45 and the sum 400; 
find the number of terms, and the common difference. 


If n be the number of terms, then from (1) 
400 = 5 (5 + 45); 
whence n= 16. 
If d be the common difference 
45 = the 16” term = 5 + 15d; 
whence d = 2 2. 

42. Sf any two terms of an Arithmetical Progression be given, the series 
can be completely determined; for the data furnish two simultaneous 
equations, the solution of which will given the first term and the common 
difference. ie 

Example. The 54” and 4"" terms of an A.P. are — 61 and 64; find the 
234 term. 

If a be the first term, and d the common difference, 

— 61 = the 54” term =a + 53d; 


and 64 = the qi" term = a + 3d; 


whence we obtain d = — 2, a=71 > 


and the ay? term = a + 22d = 16 
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43. DEFINITION. When three quantities are is Arithmetical 
Progression the middle one is said to be the arithmetic mean of the other 
two. ’ 
Thus a is the arithmetic mean between a — d anda + d. 

44. To find the arithmetic mean between two given quantities. 
Let a and b be the two quantities; A the arithmetic mean. Then since 
a, A, b are in A.P. we must have 


b-A=A-a4, 
each being equal to the common difference ; 
bs 
whence A=4 > “5 


45. Between two given quantities it is always possible to insert any 
number of terms such that the whole series thus formed shall be in A.P,; 
and by an extension of the definition in Art. 43, the terms thus inserted are 
called the anthmetic means. 

Example. Insert 20 arithmetic means between 4 and 47. 

Including the extremes, the number of terms will be 22; so that we 
have to find a series of 22 terms in A.P., of which 4 is the first and 67 the 
last. 

Let d be the common difference; 


then 67 = the 22” term = 4 + 21d; 
whence d = 3, and the series is 4, 7, 10, ......61, 64, 67; 
and the required means are 7, 10, 13, ..... 58, 61, 64. 
46. To insert a given number of arithmetic means between two given 
quantities. 
Let a and b be the given quantities, n the number of means. 
Including the extremes the number of terms will be 2 + 2; so that we 
have to find a series of n + 2 terms in A.P,, of which a is the first, ard b is 
the last. 
Let d be the common difference; 


then b = the (n + a term 
=at+(n+1)d; 
whence d= ber c. 
ert 


Example 1. The sum of three numbers in A.P. is 27, and the sum of 
their squares is 293; find them. 


Let a be the middle number, d the common difference; then the three. 
numbers are a — d,a,a +d. 


Hence a — d + aa + d = 27, 
whence a = 9, and the three numbers are 9 — d, 9,9 + d. 


(9 -— d)’ +81 + (9 +d)" = 293: 
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whence d=+5; 
and the numbers are 4, 9, 14. 
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Example 2. Find the sum of the first p terms of the series whose ni 
term is 37 — 1. 


__ By putting n = 1 andn = p respectively, we obtain 


first term = 2, last term = 3p — |; 
sum = 5 (2 + 3p - i) =" p+ Te 


EXAMPLES. IV. a.| 


Sum 2, 3 > 4 ao to 20 terms. 
Sum 49, 44, 39, .... to 17 terms. 
BN Be 
Sum 4312" to 19 terms. 
vey 2 
Sum 3, 37 1 3 to terms. 


Sum 3-75, 3-5, 3°25, ... to 16 terms. 
Sum - 75, -7,- 62 tb oF dns 
Sum 1-3, — 3-1, — 7-5, ... to 10 terms. 


Sum — 3 v3, i, .... to 50 terms. 


Sum Fe Je V5,... to 25 terms. 
Sum @ — 3b, 2a — Sb, 3a — 7b, .... to 40 terms. 
Sum 2a — b, 4a — 3b, 6a — 5b,.... ton terms. 
a+b 4 3a — 
Pot ee 2 
3 


Insert 19 arithmetic means between + and ~9 ro 


Agg to 21 terms. 


Sum 


1 


Insert 17 arithmetic means between 3 2 and — 41 > 


2 
Insert 18 arithmetic means between — 34x and 3x, 


: : 2 
Insert x arithmetic means between x and 1. 
Find the sum of the first 2 odd numbers. 


In an A.P. the first term is 2, the last term 29, the sum 155; find the 


difference. 


The sum of 15 terms of an A.P. is 600, and the common difference is 


5; find the first term. 


The third term of an A.P. is 18, and the seventh term is 30; find the 


sum of 17 terms. 
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21. The sum of three numbers in A.P. is 27, and their product is 504; find 
them. 

22. The sum of three numbers in A.P. is 12, and the sum of their cubes 
is 408; find them. 


F i P 
23. Find the sum of 15 terms of the series whose n term is 4n + 1. 


2 i : 
24. Find the sum of 35 terms of the series whose p- term is + 2. 


: 2 - th\ de 
25. Find the sum of p terms of the series whose 1 term is . + Dd. 


26. Find the sum of 1 terms of the series 


47. In an Arithmetical Progression when s,a,d are given, to 
determine the values of 1 we have the quadratic equation 
n 
s=5{2a+(n-1)d} 
when both roots are positive and integral there is no difficulty in interpreting 
the result corresponding to each. In some cases a suitable interpretation 
can be given for a negative value of n. 
Example. How many terms of the series — 9, — 6, — 3,... must be 
taken that the sum may be 66 ? 
a 


Here ~= {- 18 + (n — 1) 3} = 66; 


2 - 
that is, n- In — 44 = 0, 
or, (a — 11) (n + 4) = 0; 
n= llor — 4. 


If we take 11 terms of the series, we have 
= 9,.->. 65-1390) 3,659, 12, 15, 1821 ; 
the sum of which is 66. 


If we begin at the last of these terms and count backwards four terms, 
the sum is also 66; and thus, although the negative solution does not directly 
answer the question proposed, we are enabled to give it an intelligible 
meaning, and we see that it answers a question closely connected with that 
to which the positive solution applies. 


48. We can justify this interpretation in the general case in the 
following way. 
The equation to determine 7 is 
dn’ +(2a—d)n 2 =0 (1) 
Since in the case under discussion the roots of this equation have 
opposite signs, let us denote them by 2, and -- 722. The last teria of the 
series corresponding to 1, is 
a+ (2, — 1)d; 
if we begin at this term and count backwards, the common difference must 
be denoted by — d, and the sum of n terms is 
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no ; 
> {2 (1 + stp 3ld) + (no — 1) (- d)}, 
and we shall show that this is equal to s. 


: No 
For the expression = — {2a +42) No = 1).d } 


2 
== ; {2an2 + 2n nod m/ty (nz 5 i 1) d } 
ul ; {2nyngd (die Qe a. n)} 

1 
oe (4s — 2s).=s, 


- 
since — nz satisfies dn” + (2a — d)n — 2s — 0, and — nj nz is the product 
of the roots of this equation. | 

49. When the value of n is fractional there is no exact number of terms 
which corresponds to such a solution. 

Example. How many terms of the series 26, 21, 16, .... must be taken 
to amount to 74 ? 


Here 5 {52+ (n -1)(-5)} =74, 


that is, 5n? — S7n + 148 = 0, 
or (n — 4) (Sn — 37) = 0, 
2 
n=4or7 6: 


Thus the number of terms is 4. It will be found that the sum of 7 terms 
is greater, while the sum of 8 terms is less than 74. 

50. We add some Miscellaneous Examples. 

Example 1. The sums of n terms of two arithmetic series are in the 

ratio of 7n + 1: 4n + 27; find the ratio of their 11" terms. 

Let the first term and common difference of the two series be 
~~ ay, d, and a9, dz respectively. ~“—— 
2a,+(n—-1)d; _ In+1 
2a, +(n-—1)d, 4n +27 
Qa, + 10d, 
az ote 10d>; 


We have 


- Now we have to find the value of hence, by putting 


n = 21, we obtain 
ba aged Oo eS 
2a,+ 20d, 111 = 3’ 
thus the required ratic is 4: 3. 
Example 2. If $1, S2, 53... S, are the sums of n terms of arithmetic 
series whose first terms are 1, 2, 3, 4, ..... and whose common differences 
are 1, 3, 5, 7, ....; find the value of 


32 


n= 
e ° 
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Sy are S2 + S- + eee + S,. 


n (a +1) 
We have S; = 5 {2+ (n- 1)} = 


2 , 
5,22 {4+ n— 13} = 2 ® 
$= 26+ (0-15) =9 2, 
S,=3 (p+ -) p-Y}=F{P-Yat I} 


. the required sum 


=F {an +1) + (Qn+i1)+...(p—-1n+)} 
=F{@ +3n+5n+...2p—I-n) +p} 
=2{n(1+3+5+...p=1 +p} 

= 5 (np’ +p) 


aye 
rs (np + 1). 


EXAMPLES. IV. b. 


Given a = — 2,d = 4ands = 160, find». 

How many terms of the series 12, 16, 20,... must be taxen to make 
208 ? 

In an A.P. the third term is four times the first term, and the sixth 
term is 17; find the series. 

The oF 31” and last terms of an AP. are 73, ; and — 65 


respectively; find the first term and the number of terms. 


The ghiad'> and last terms of an A.P. are 0, — 95 and — 125 


respectively; find the first term and the number of terms. 

A man arranges to pay off a debt of £ 3600 by 40 annual instalments 
which form an arithmetic series. When 30 of the instalments are paid 
he dies leaving a third of the debt unpaid : find the value of the first 
instalment. 


|. uk : 
Between two numbers whose sum is 2 6 an even number of arithmetic 


means is inserted ; the sum of these means exceeds their number by 
unity : how many means are there ? 
The sum of terms of the series 2, 5, 8,... is 950 : find n. 


Sum the dering nde See tont 
igvineiee on terms. 


10. 
11. 
12. 


13. 


14. 


15. 
16. 


17. 
18. 


19. 


20. 
21. 


22. 


23. 
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If the sum of 7 terms is 49, and the sum 1 of 17 terms is 289, find the 
sum of 4 Pee 


If the pe Pre ‘ r* terms of an A.P. are a, b,c respectively, show that 
q-rat(r—p)b+ (p—q)c=0. 

The sum of p terms of an A.P. is q, and the sum of g terms is p; find 

the sum of p + q terms, 

The sum of four integers in A.P. is 24, and their product is 945; find 

them. 

Divide 20 into four parts which are in A.P. and such that the product 

of the first and fourth is to the product of the second and third in the 

ratio "3 2 to 3. 


The p" “term of an A.P. is q, and the qi" therm is p; find the m" term. 
How many terms of the series 9, 12, 15, .... must be taken to make 
306 ? 

If the sum of 2 terms of an A.P. is 22. + 3n”, find the (ft term. 

If the sum of 2 terms of an A.P. is to the sum of n terms as m’ to 


2 ' . 
n’, show that the mi? term is to the n't term as 21 — Lis to 27 — 1. 
Prove that the sum of an odd number of terms in A.P. is equal to the 
middle term multiplied by the number of terms. 


If s =n (5n — 3) for all values of n, find the a term. 
The number of terms ia an A.P. is even; the sum of the odd terms is 


24, of the even terms 30, and the last term exceeds the first by 10 > 


find the number of terms. 

There are two sets of numbers each consisting of 3 terms in A.P. and 
the sum of each set is 15. The common difference of the first set is 
greater by 1 than the common difference of the second set, and the 
product of the first set is to the product of the second set as 7 to 8: 


_ find the numbers. 


' J : h 
Find the relation between x and y in order that the ie mean between 


x and 2y may be the same as the r" mean between 2x and y, means 
being inserted in each case. 

If the sum of an A.P. is the same for p as for q terms, show that.its 
sum of p + q terms is zero. ‘ 


CHAPTER V 
GEOMETRICAL PROGRESSION 


51. DEFINITION. Quantities are said to be in Geometrical 
Progression when they increase or decrease by a constant factor. 
Thus each of the following series forms a Geometrical Progression : 


cg he ap, ee 
poitiect 
? 3° 9° me as 


a, ar, ar’, ar’, i eee 
The constant factor is also called the conumon ratio, and it is found 
by dividing any term by that which immediately precedes it. In the first of 


the above examples the common ratio is 2; in the second it is — _ in the 


third it is r. 
52. If we examine the series 


ey. Se, 4 
8, Gr) aE ak arcs 
we notice that in any term the index of r always less by one than the number 
of the term in the series. 


2 > 
Thus the a term is ar’; 


th 4 
the 6 | term is ar’: 


7) : 
the 20°’ term is ar!” 
th . - 
and, generally, the p term is ar’ b 


If n be the number of terms and if / denote the last, or ni" term, we 
have / = ar" *, 

53.. DEFINITION. When three quantities are in Geometrical 
Progression the middle one is called the geometric mean between the other 
two. 

To find the geometric mean between two given quantities. 

Let a and b be the two quantities; G the geometric means. Then since 
a, G,b are in GP, 


as 
Gsiow 
each being equal to the common ratio ; 
2 
G =ab; 


(34) 
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whence G = Vab. 


54. To insert a given number of geometric means between two given 
quantities. 


Let a and b be the given quantities, n the number of means. 

In all there will be n + 2 terms; so that we have to find a series of 
n + 2 terms in G.P., of which a is the first and b the last. 

Let r be the common ratio; 


then b = the (n + ay" term 
(n+ ). 
= ar 
itoste! b 
r = 
a 


L ee (1) 


Hence the required means are ar, ar’, ... ar, where r has the value found 
in (1). ' 

Example. Insert 4 geometric means between 160 and 5S. 

We have to find 6 terms in G.P. of which 160 is the first and 5 the 
sixth. 

Let r be the common ratio; 


then 5 = the sixth term 
= 160r°; 
pod 
32’ 
whence joes pu 
2° 


and the means are 80, 40, 20, 10. 
55. To find the sum of a number of terms in Geometrical Progression. 
Let a be the first term, r the common ratio, 7 the number of terms, 
and s the sum required. Te 
~ 2 -_ 
s=atartar +. .t+ar * + af’ I. 
multiplying every term by 7, we have 
‘ o) = 
rs—art+ar+...tar '+ar ° +ar. 
Hence by subtraction, 
is—s=ar —a; 
(r—1)s =a(r — 1); 
a (r" cat" | 
s= (1) 
ice | 
Changing the signs in numerator and denominator, 
n” 


gel A Neat (2) 


1-r 
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NOTE. It will be found convenient to remember both forms given 
above for s, using (2) in all cases except when r is positive and greater than I. 


Since ar"! = J, the formula (1) may be written 


a form which is sometimes useful. 


cae ls 3 
Example. Sum the series 2 -1, ae to 7 terms. 


3 
The common ratio = — ;. hence by formula (2) 
ry 
Loe. oa ay 3 
3 An iB | 
the sum == ————— 
3 
jie = 5 
y 2187 
aogopne s8 
5 
2 
_ 25.2315, 2 _ 463 
inebarne) 5 tie MS 
é i eae | 
56. Consider the series 1,=, 5; ~sy-—= 
ae 
ee 
a 1 
The sumtonterms = Site: 2 2 “a 
ee 2 
? \ 
1 
= 2 bie 7 otk 


From this result it appears that however many terms be taxen the 
sum of the above series is always less than 2. Also we see that, by making 


wr 1 
n sufficiently large, we can make the fraction Tz as small as we please. 


Thus by taking a sufficient number of terms the sum can be made to differ 
by as little as we please from 2. 
in the next article a more general case in discussed. 


; P fl 
57. From Art. 55 we have s = aot) 


ahr 
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Suppose r is a proper fraction; then the greater the yalue of n the - 


smaller is the value of 7’, and consequently of [~—— and therefore by making 
n sufficiently large, we can make the sum of n terms of the series differ 
from vue by as small a quantity as we please. 

This result is usually stated thus : the sum of an infinite number of 


. . ° ° a ‘J 
terms of a decreasing Geometrical Progression is ; or more briefly, the 
—r 


1 


sun to infinity iss 


Example 1. ac three numbers in G.P. whose sum is 19, and whose 
product is 216. 


Denote the numbers Pe =, ar; then = a X ar = 216; hence 


a = 6, and the numbers are ~~ ey. 6r. 


ass Bsbnob 

6 — 137 +6 = 0; 
whence ae 
Ny 3 


Thus the numbers are 4, 6, 9. 
Example 2. The sum of an infinite number of terms in G.P. is 15, and 
the sum of their squares is 45 ; find the series. 


Let a denote the first term, r the common ratio; then the sum of the 
iz 


a 
terms 1s ——— ; and the sum of their squares is 


1- , emia od 
a : . 
Hence ore 15 ..(1) 
2 
Ore 48 542) 
1 P 
; Dividing (2) by (1) 74 =3 ...(3) 
ip E 


and from (1) and (3) amet a 


whence r= and therefore a = 5. 


10 20— 


Thus the series is 5, — 3 9? 


er ANS w 


24, 
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EXAMPLES V. a. 


Sum x 3 m . to 7 terms. 

1 
Sum — 2, 2 > -3 roe to 6 terms. 
Sum 2 1 3, .... to 8 terms. 


Sum 2, — 4, 8, .... to 10 terms. 
Sum 16-2, 5:4, 1-8, .... to 7 terms. 
Sum 1, 5, 25, .... to p terms. 


Sum 3, — 4. to 2n terms. 


16 
are 
Sum 1, V3, 3, ... to 12 terms. 


Sum a — 2, ay, .... to 7 terms. 


oe eee | 
SS ea ea " 
Sum art o 7 terms 


: a 
Insert 3 geometric means between 23 and > 


Insert 5 geometric means between 3 2 and 40 i 


Insert 6 geometric means between 14 and Z. 


Sum the following series to infinity : 
sdlepe! 

bs ’ 8’ same 

45, -015, -9005, .. 


. * 1°665,.— 1-11, 74h... 


Ce et Cee 


cy Ne 

7, V42, 6, .... 

The sum of the first 6 terms of a GP. is 9 times the sum of the first 
3 terms; find the common ratio. 

The fifth term of a (G.P. is 81, and the secend terms is 24 ; find the. 
series. 

The sum of a G.P. whose common ratio is 3 is 728, and the last term 
is 486; find the first term. 

In a G.P. the first term is 7, the last term 448, and the sum 889; find 
the common ratio. 

The sum of three numbers in G.P. is 38, and their product is 1728; 
find them. 

The continued product of three numbers in G.P. is 216, and the sum 
of the products of them in pairs is 156; find the numbers. 


26. 


27. 


28. 
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If Sp denote the sum of the series 1 + 7? + PP + ad inf,., and Sp 
the sum of the series 1 — 7 +7? — ad inf., prove that 
Sp + Sp = 2Syp. 
If the re qi", r" terms of a G.P. be a, b,c respectively, prove that 
Sor be tak ee, 
The sum of an infinite nubmer of terms of a G.P. is 4, and the sum 


of their cubes is 192 ; find the series. 
58.. Recurring decimals furnish a good illustration of infinite 


Geometrical Progressions. 


Example. Find the value of - 423, 
°423 = - 4232323..... 

4 23 23 

= 70 * 1000 * 100000 


arth Bayly, + 

10 47 40° 
that is, 433-244 +444... 

10 49 10"! ~ 10 

a ee yr 
10 Gy at. 

10 

CF 4.43 

10 493 99 

Sade sels Wa 

= 40° 990 ~ 990” 


which agrees with the value found by the usual arithmetical rule. 


59. The general rule for reducing any recurring decimal to a vulgar. 


fraction may be proved by the method employed in the last example; but 
it is easier to proceed as follows. 


To find the value of a recurring decimal. 
Let P denote the figures which do not recur, and suppose them p in 


number; let Q denote the recurring period consisting of q figures; let D 
denote the value of the recurring decimal; then 


and 


D = -POQQO....; 
10° x D=P-QQQ.......; 
10° *4xD=PQ-Q00.....; 


therefore, by subtraction, 


that is, 10 (10!—1)D=PQ-P,; 
PQ - 


ao’ *4~10?)D=PQ-P,; 


ee 
~ a0? — 1) 10” 
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Now 107-1 is a number consisting of qg nines; therefore the 
denominator consists of q nines followed by p ciphers. Hence we have the 
following rule for reducing a recurring decimal to a vulgar fraction : 

For the numerator subtract the integral number consisting of the. 
non-recurring figures from the integral number consisting of the non-recurring 
and recurring figures; for the denominator take a number consisting of as 
many nines as there are recurring figures followed by as many ciphers as there 
are non-recurning figures. 

60. To find the sum of n terms of the series 

a, (a + d)r, (a + 2d) r, (a + 3d)’, 23 
in which each term is the product of corresponding terms in an arithmetic and 
geometric senies. 

Denote thc sum by S; then 

S=at(atdrt+(@+UMr+...+(@t+n—id?r'; 


: 2) _ 
oS =art+(qatd)rt...+(atn—2d)r ‘4 (@+n-1a)r" 


By subtraction, 


SQ—-nN=at(drt+dr'+...td" ')\(@+n—Id)/" 
n=} 
=a+ OCR") _@+i=ta?, 
sa—4 a=") @t+n=Ta?" 
1-7" Gy l-r 
COR. Write S in the form : 
a “s dr Ps dr’ = ean — I ie 
ied ¢=7? (1-7) l-r 


then if r < 1, we can make r’ as small as we please by taking n sufficiently 
great. In this case, assuming that all the terms which inwise r" can be made 


so small that they may be neglected, we obtain i Sint 
-—r 
sory: (1+) 
to infinity. We shall refer to this point again in Chap. XXI. 
In summing to infinity series of this class it is usually best to proceed 
as in the following example. 
Example 1. lfx < 1, sum the series 


1+ 2+ 3x" + 4° +... to infinity. 


for the sum 


2 


Let S=1lt+xtar +44; 
xS = x+ 27 + 3x3 + $3 
SQl-xH14xtxr 442. . 
= t Ls 
1— x’ 
Sas 1 
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sige a a euler ne +o+5+34 hat ton terms. 
aes. 
2 owS alt 8 stl | 
a esaoe Sete ee Sach 
bo ge 5 eS 
: po=it 243444 ih + oa 3n = 2 
aie Se 5 z 5! 
s1t2li gn? oe 1 3n — 2 
rahallos tye" . = 5 
3 eT 3n —2 
pA essen tea 
yold 5 
5 
salir PS ia ag lg og Sa a 
4 hie Sf 4 4.57 
35 12n + 7 
iG 


EXAMPLES. V. b._ 


Sum 1 + 2a + 3a” + 4a? + .... ton terms. 
Repti Soman 0 if pag eee e 
Sum 1 +7 +356 + 64 * 3567 “bil to infinity. 
Sum 1 + 3x + Sx? + Te? + 9x! +... to infinity x being < 1. 


Zee 


Sum 1 + 5 + 5 | + a3 + .... tom terms. 
2 2 
Boi eh ood rus 
Sum 1+ 5 + 4 an 3 + .... to infinity. 


Sum 1 + 3x + Gr” + 10x’ + .... to infinity, x being < 1. 
Prove that the (71 + 1)" term of a G.P., of which the first term is a 


and the third term b, is equal to the (21 + pe term of a G.P. of which 
the first term is a and the fifth term b. 

The sum of 27 terms of a G.P. whose first term is a and common ratio 
r is equal to the sum of n of a G.P. whose first term is b and common 
ratio r’. Prove that b is equal to the sum of the first two terms of the 
first series. 


42 


10. 


11. 
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Find the sum of the infinite series 

L+(1tb)r+(tb+bh yr +(1+b+b +5 ia +. 
rand b being proper fractions. 
The sum of three numbers in G.P. is 70; if the two extremes be multiplied 
each by 4, and the mean by 5, the products are in A.P,; find the 
numbers. 


The first two terms of an infinite G.P. are together equal to 5, every 
term is 3 times the sum of all the terms that follow it; find the series. 


Sum the following series : 


12. 
13. 
14, 


15: 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23; 


2 
yd see 2a,x° + 3a.... tom terms. 
7 = 2 Z Ses 3 
x(xty)tx @ ty) +x @ +y)... ton terms. 


a+ 3,30 — pia Fit . to 2p terms. 

4 ’ es * << 

S aent + e .. to infinity. 
R 32 33 34 3 3° 

ae ee eS Le 
1. eee oe 

If a, b,c, d be in G-P., prove that 


(b —c)’ + (c — a)’ + (db) = (ad). 
If the arithmetic mean between a andb is twice as great as the 
geometric mean, show that 


a:b=2+V3:2-V3., 
Find the sum of 1 terms of the series the r” term of which is 
(2r + 1)Z. 
Find the sum of 2 terms of a series of which every even term is @ 
times the term before it, and every odd term c times the term before 
it, the first term being unity. 
If S,, denote the sum of 7 terms of a G.P. whose first term is a, and 
common ratio r, find the sum of Sj, $3, Ss, ... So, — 1. 
If Sy, S2, 53, ... Sp are the sums of infinite geometric series, whose 
first terms are 1, 2, 3, ... p, and whose common ratios are : 
let Lea: 1 
VAL&: pst 2 


prove that Sj + $3 +53+... +S, =F + 3p 


respectively, 


Ifr < 1 and aaa and 7 is a positive integer, Show that 
(2n+1)r"(Q—-n<1- pga 


Hence show that nr” is indefinitiely small when 7 is indefinitely great. 


CHAPTER VI 


HARMONICAL PROGRESSION. THEOREMS 
CONNECTED WITH THE PROGRESSIONS 


61. DEFINITION. Three quantities a,b,c are said to be in 
a-—b 
b—c 

Any number of quantities are said to be in Harmonical Progression 
when every three consecutive terms are in Harmonical Progression. 

62. The reciprocals of quantities in Harmonical Progression are in 
Anthmetical Progression. 

By definition, if a, b,c are in Harmonical Progression, 

ai=@= D 


cin pele 
2 a(b—c)=c(a—b), 
dividing every term by abc, 


: : a 
Harmonical Progression when — = 
c 


which proves the proportion. 

63. Harmonical properties are chiefly interesting because of their 
importance in Geometry and in the Theory of Sound : in Algebra the 
proportion just proved is the only one of any importance. There is no general 
formula for the sum of any number of quantities in Harmonical Progression. 
Questions in H.P. are generally solved by inverting the terms, and making 
use of the properties of the corresponding A.P. 

64. To find the harmonic mean between two given quantities. 

Let a,b be the two quantities, H their harmonic mean; then 


1 1 = 

— = P. 
oP pe A : 

wknd da cto 

|; ir ae ae fi 

2 1 1 

== -—- 4+ — 

Hex .auc bs 

2ab 

AS heh 


(43) 
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3 


iy 
Here 6 is the 42/4 term of an A.P. whose first term is 7 let d be the 


Example. Insert 40 harmonic means between 7 and 


common difference; then 
6= + 41d; whence d = 


pu eWay 
a pal ae h 
ae and therefore the 


: P ; 2 
Thus the arithmetic means are > 


; _—_- 
harmonic means are 3 >? 2 > a 
65. If A, G,H be the arithmetic, geometric and harmonic means 
between a and b, we have proved 


= pate 
: A) 
G = Vab (2) 
2ab 
H= ig: Bee 
G4 Oc 28D ai su, > 422) 
Therefore A= 5 eh T ap=G : 


that is, G is the geometric mean between A and H. 
From these resuits we see that 


Lp? 
A-~G=2%? yap = 24? 2 Vab 


which is positive if @ and b are positive; therefore the arithmetic mean of 
any two positive quantities is greater than their geometric mean. 


Also from the equation yes. AH, we see that G is intermediate in 
value between A and H; and it has been proved that A > G, therefore 
G > H; that is, the arithmetic, geometric, and harmonic means between any 
two positive quantities are in descending order of magnitide. 

66. Miscellaneous questions in the Progressions afford scope for skill 
and ingenuity, the solution being often neatly effected by some special 
artifice. The student will find the following hints useful. } 

1. ‘If the same quantity be added to, or subtracted from, all the terms 
of an A.P., the resulting terms will form an A.P. with the same common 
difference as before. {Art. 38.] 

2. ‘Ifallthe terms of ar A.P. be multiplied or divided by the same quantity, 

the resulting terms will form an A.P, but with a new common 

difference, [Art. 38.] 

If all the terms of a G.P. be multiplied or dvided by the same quantity, 

the resulting terms will forma G.P. with the same common ratio as 

before. ~ fArt. 51] 


ee 
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4. ifa,b,c,d... are in G.P,, they are also in continued proportion, since, 
by definition, 


Be gees 
Conversely, a series of quantities in continued proportion may be 
9. 
represented by x, 27,47", ..... : 
j. 2 = s 
Example 1. If @°,b°,c” are in A.P,, show that b + c,c + a,a +b are 


in H.P. 
By adding ab + ac + bc to each term, we see that 


2 2 2 ; 
a +ab+ac +t be,b + ba+be+ac,c +ca+cb + abareinA.P; 


that is (a+b) (atc), (b +c) (6 +a), (c +a) (c +b) are in AP. 
. dividing each term by (a + b) (b +c) (c +a), 
I 1 ] 
bgp een” Gan erga Ag; 
that is, b+c,c+a,a+b aremHP 


Example 2. If / the fast term, d the common difference, and s the sum 


of n terms of an A.P. be connected by the equation 8ds = (d + 2°, prove 
that 
d= 2a. 
Since the given relation is true for any number of terms, put n = 1; 
then 


a= l=S. 
Hence by substitution, 8ad = (d + 2a)’, 
or, (d -2ay =0: 
; d= 2a; 
ee 3. If the p", gr", 5” terms of an A.P. are in G.P, show 


that p= ¢,.¢.— fr. r—sarein GP. 
With the usual notation we have 
a+(p—\)jd a a+ (q-\)d fat ete aoa [Art. 66. (4)]; 
ree hd oar r™ hd ares = hd 
*. each of these ratios 
_ {a.+ (p ~ 1)a} - {a+ (g-1) 4} 
{a + (q — 1)} — {a+ (r —1) a} 
_ {a+ q= 1d} - fat ¢- Dd} 
~ fa+(r—1)4a} — {a + (5 -- 1) d} 
oe CES NG 
"i “a, res” 
Hence p — 4,qg—"7 — sare in GP. 
67. The numbers 1, 2, 3, .... are often referred to as the natural numbers; 


the ni term of the series is n and the sum of the first n terms is 


5 (n + 1). 
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68. To find the swn of the squares of the first n natural numbers. 
Let the sum be denoted by S; then 


Sav ar are eee 
2 “pat ie. 
We have n—(n—1) =3n —3n +1, 
and by changing 7 inton — 1. 
(n - 19 -(n-2 =3(n- ly -3-1) +1; 
similarly (n — 2)’ — (1-3) =3 (2-2) - 30-2) $1; 
eee 534+ 
2-1 = 3:2 — 3-241; 
p-o=3-1-3-141 
Hence, by addition, 
3 2 2 ee Zz 
nao +2 22th) aoe os PR ee 
=35- CFD tn. 
3n (n +1 
2 


Hen(n+1(a- 1 +3); 
S= n(n t+ - (21 + 1) 
69. To find the sum of the cubes of the first n natural numbers. 
Let the sum be denoted by S; then 
SaP4+Pe3? +... pn 
4 4 3 2 
We haven — (n-—1) =40 —6n + 4n — 1; 
4 4 
(a -1)'-(n-2)' =4(n-19 -6(1-1° +4Q2-D-1; 
4 ; 
(n - 2)’ -(n-3)' =4(n- 29 -6(n -27 +42 -2)-1; 
3-2) =4-3°-6-3°+4-3-1; 
gat = 4-2? - 6-27 4+.4-2-1, 
4-0) = 4-1 = 6-14 4-41, 


9 
388 =n —-nt 


Hence, by addition, 
ni =4S-6(P +24... tn) 44(Lt2+...¢0) —m: 
4San'tn+6(P 424+... +n?) -40 424... +2) 
=n +n+n(n +1) (+1) —-Aw(nFt 1) 
=n(n +1) (QW —n+14+%24+1-2) 
=n(n +1) (n® +n); 
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cane ne (2 + iG a ! oh Gt a} 
J 4 7 . 


2 


Thus the sum of the cubes of the first n natural numbers is equal to the 
square of the sum of these numbers. 

The formula of this and the two preceding articles may be applied 
to find the sum of the squares, and the sum of the cubes of the terms of 
the series a,a + d,a + 2d,...... 

70. In referring to the results we have just proved it will be convenient 
to introduce a notation which the student will frequently meet with in Higher 
Mathematics. We shall denote the series 


22463 + canton by Minj 
1? 2h oH Steck af by yw; 


: 
Po Peg eaey on by yr; 


where >) placed before a term signifies the sum of all terms of which that 
term is the general type. 
Example 1. Sum the series 


1:>24+2°3+3°4+.... ton terms. 


The n” term =n (n+ 1) = n+ n; and by writing down each term 
in a similar form we shall have two columns, one consisting of the first 72 
natural numbers, and the other of their squares. 


. the sum = rn + ¥n 


n(n + =. (21 + 1) ve n oe 1) 


2+) eit 
ae 3 
_atnt+1(i+2). 
. 3 
Example 2. Sum to n terms the series whose n'” term is 
2"~ + an? — on’. 
- Let the sum be denoted by S; then 
Serr 4 ayn? 2 6>n" 
Z'-1 +. Bi? (n ne 1y _ 6r(n + 1) (21 + 1) 
241 4 6 
=2'-1+t+n(n+1){M(n +1) -(% +1} 


=2'-1+n(n +1) (2-2). 
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EXAMPLES. Vi. a. 


Find the fourth term in each of the ‘ssi series : 


( — 3-,.... 2) 2, es i 
12s, 3. (2) 
| 229, 
Np te ee 
(3) ’ ?’ nu 
Insert two harmonic means between 5 and 11. 


2 


2 
Insert four harmonic means between = 3 and +; RB 


If 12 and 9 = are the geometric and harmonic means, respectively, 


between two numbers, find them. 
If the harmonic mean between two quantities is to their geometric 
means as 12 to 13, prove that the quantities are in the ratio of 4 to 9. 
If a,b,c be in H.P., show that 
din) @a@ tesa — €. 
If the m”" term of a HB. be equal ton, and the n”" term be equal to 
rt 


th : 
nt, prove that the (m +n)" term is equal to Wee 


It the ps a. r" terms of a H.P. be a, b,c respectively, prove that 
(q-r)bc + (r—p)cat+(p—q)ab=0. 
If b is the harmonic mean between a and c, prove that 
1 1 4 
pa =; 
c 


Sle 


i z 
Find the sum of 7 terms of the serics whose ~ term is : 


10. 
11. 
12. 
13. 
14. 
aS. 
16. 


17. 


Pe 
Ba — 
ERE: 

ME ahaa fi 

2 } 
n(n + 2). 
n (2n + 3) 
i < ou 
3 (4" + In?) — 4n°. 

th t E 

If the (am + 1y' A (n + f)*. and (7 + i terms of an A.P. are in G.P,, 
and mt, 7,7 are in H.P., show that the ratio of the common difference 


to the first term in the A.P. is — = 
} 


If /,m,n are three numbers in G.P.,, prove that the first term of an 


hth th : 3 : 
A.P. whose F jm ,andn terms are in H.P. is to the common 
difference as m + 1 to 1. 
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18. If the sum of 1 terms of a series be a + bn + cn”, find the ne * term 
and the nature of the series. 


19. Find the sum of x terms of the series whose nt term is 
Z 
An (n? + 1) (6n? + 1). 

20. If between any two quantities there be inserted two arithmetic means 
A,,A2; two geometric means Gj, G>; and two harmonic means 
Ay, H; show that G, G2: HyHy = A, + Az: Hy + Ao. 

21. If p be the first of 2 arithmetic means between two numbers, and q 
the first of 2 harmonic means between the same two numbers, prove 


2 
that the value of g cannot lie between p and ee ce Pp. 


22. Find the sum of the cubes of the terms of an eS and show that it 
is exactly divisible by the sum of the terms. 
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71. To find the number of shot arranged in a complete pyramid on a 
Square base. 

Suppose that each side of ihe base contains 1 ncn Ie the number 
of shot in the lowest layer is n fi in the next it is (n — 1); in the next 
(n - 2)’; and so on, up to a single shot at the top. 

San’ +(n ar in = 2)" ee | 
+ 
_a(nt “). (2n + 1) [Art. 68,] 

72. To find the number of shot arranged in a complete pyramid the base 
of which is an equilateral triangle. 

Suppose that each side of the base contains 1 shot; then the number 
of shot in the lowest layer is 
RT SM MO 2) AE or FAG 
distor teal bt : or 5 (n +n). 

In this result write 1 — 1,7 — 2,.... for n, and we thus obtain the 
number of shot in the 2nd, 3rd...... layers. 

S= : (Sr? + Sn) 
~ a@rder4 [art. 70.] 

73. To find the number of shot arranged in a complete pyramid the base 
of which is a rectangle. 

Let m and n be the number of shot in the long and short side 
respectively of the base. 


that is, 
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The top layer consists of a single row of m—(n—1), or 
m—n +t | shot; 
In the next layer the number is 2 (m1 — n + 2); 
In the next layer the number is 3 (m1 — 1 + 3); 
and so on; 
In the lowest layer the nubmer is (71 — 71 +7). 
S=(m—n+1)+2(m—n+2)+3(m—n + 3) 
+t weak On +n) 
v4 2) pene 2 
SS ny Foes Pa ny ee Cher 20-3: Bi oa) 


“(n= yee Dd) Pig (1 + 1) (2 +1) 


2 6 
{3 (m —n) +21 + 1} 


n(n +1) Gm —n + 1) 


6 
74, To find the number of shot arranged in an incomplete pyramid the 
base of which is a rectangle. 
Let a andb denote the number of shot in the two sides of the top 
layer, 7 the number of layers. 
In the top layer the number of shot is ab; 
In the next layer the number is (a + 1) (b + 1); 
In the next layer the number is (a + 2) (b + 2); 


n(n+1 
6 


and so on; 
in the lowest layer the number is (a +n — 1) (b +n — 1) 
or, ab + (a +b) (a —1) Fr Sag 


| Ssabn+(a+d) D-H) +DO@- 1 


ae ut 2 Renae, 
be oe ere e — hitid) 


= = {6ab + 3(a +b) (1-1) +H = 1) r= DY}. 


75. In numerical examples it is generally easier to use the following 
method. 

Example. Find the number of shot in an incomplete square pile of 16 
courses, having 12 shot in each side of the top. 

If we place on the given pile a square pile having 11 shot in cach side 
of the base, we obtain a complete square pile of 27 courses; 


and number of shot in the complete pile = TRAX = 6930; 
[Art. 71.] 
also number of shot in the added pile = as = 506; 
) 


*. number of’shot in the incomplete pile = 6424. 
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| EXAMPLES. VI. b. 


Find the number of shot in: 


1. 


10. 


11. 


12. 


A square pile, having 15 shot in each side of the base. 

A triangular pile, having 18 shot in each side of the base. 

A rectangular pile, the length and the breadth of the base containing 
50 and 28 shot respectively. 

An incomplete triangular pile, a side of the base having 25 shot, and 
a side of the top 14. 

An incomplete square pile of 27 courses, having 40 shot in each side 
of the base. 

The number of shot in a complete rectangular pile is 24395; if there 
are 34 shot in the breadth of the base, how many are there in its 
length ? 

The number of shot in the top layer of a square pile is 169, and in 
the lowest layer is 1089; how many shot does the pile contain ? 
Find the number of shot in a complete rectangular pile of 15 courses, 
having 20 shot in the longer side of its base. 

Find the number of shot in an incomplete rectangular pile, the number 
of shot in the sides of its upper course being 11 and 18 and the number 
in the shorter side of its lowest course being 30. 

What is the number of shot required to complete a rectangular pile 
having 15 and 6 shot in the longer and shorter side, respectively, of 
its upper course ? 

The number of shot in a triangular pile is greater by 150 than half 
the number of shot in a square pile, the number of layers in each 
being the same; find the number of shot in the lowest layer of the 
triangular pile. . 

Find the number of shot in an incomplete square pile of 16 courses 
when the number of shot in the upper course is 1005 less than in the . 
lowest course. 

Show that the number of shot in a square pile is one fourth the number 
of shot in a triangular pile of double the number of courses. 

If the number of shot in a triangular pile is to the number of shot in 
a square pile of double the number of courses as 13 to 175; find the 
number of shot in each pile, 

The value of a triangular pile of 16 Ib. shot is £51; if the value of iron 
be 10s, 6d. per cwt., find the number of shot in the lowest layer. 

If from a complete square pile of n courses a triangular pile of the 
same number of courses be formed; show that the remaining shot 
will be just sufficient to for another triangular pile, and find the 
number of shot in its side. 


CHAPTER VII 
SCALES OF NOTATION 


76. The ordinary numbers with which we are acquainted in Arithmetic 
are expressed by means of multiples of powers of 10; for instance 
3 =2x 10+ 5; 


4105 = 4x 10°+7x 10 +0 10+5. 

This method of representing numbers is called the common or denary 
scale of notation, and ten is said to be the radix of the scale. The symbols 
employed in this system of notation are the nine digits and zero. 

In like manner any number other than ten may be taken as the radix 
of a scale of notation; thus if 7 is the radix, a number expressed by 2453 


represents 2 X gE a mg eae mE» 3; and in this scale no digit higher 
than 6 can occur. 
Again in a scale whose radix is denoted by r the above number 2453 


2 “ce ' ate 
stands for, 2 + 47° + 5r +3. More generally, if in the scale whose radix is 
r we denote the digits, beginning with that in the units’ place, by 
do, 23, 49, .... 4; then the number so formed will be represented by 


n n-1 oD 2 2 é 
GF Ta, a), Fa, 39°F Pit Gy, W ay t+ ag, 
where the coefficients @,, 4, — ;,4 9 are integers, all less than r; of which 
any one or more after the first may be zero. 

dence in this scale the digits are r in number, their values ranging 
form 0 tor — 1. 

77. The names Binary, Ternary, Quaternary, Quinary, Senary, 
Septenary, Octenary, Nonary, Denary, Undenary, and Duodenary are used 
to denote the scales corresponding to the values two, three,..... twelve of the 
radix. 

In the undenary, duodenary....... scales we shall require sy:abols to 

represent the digits which are greater than nine. It is unusual to consider 
any scale higher than that with radix twelve; when necessary we shall employ 
the symbols t, e, T as digits to denote ‘ten’, ‘eleven’ and ‘twelve’. 

It is especially worthy of notice that in every scale 10 is the symbol 
not for ‘ten’, but for the radix itself. 

78. The ordinary operations of Arithmetic may be performed in any 
scale; but, bearing in mind that the successive powers of the radix are no 
longer powers of ten, in determining the carrying figures we musi not divide 
by ten, but by the radix of the scale in question. 


SCALE OF NOTATION. 53 
Example 1. In the scale of eight subtract 371532 from 530225, and 


multiply the difference by 27. 


530225. 136473 

371532 27 

136473 1226235 
275166 
4200115 


Explanation. After the first figure of the subtraction, since we cannot 


take 3 from 2 we add 8; thus we have to take 3 from ten, which leaves 7; 
then 6 from ten, which leaves 4; then 2 from eight which leaves 6; and so 


on. 


Again, in multiplying by 7, we have 
3x 7= twenty one =2x8+5 


we therefore put down 5 and carry 2. 


Next 7 xX 7 + 2 = fifty one = 6 X 8 + 3; 


put down 3 and carry 6; and so on, until the multiplication is completed. 


In the addition, 
3+6=nine=,1X,.8 + 15. 


we therefore put down 1 and carry 1. 


Similary 2+ 6+1=nine=1X8+1,; 


and 6+1+1=eight=1x8+0; 
and so on. 2 
Example 2. Divide 15et20 by 9 in the scale of twelve. 
9)15et20 
1¢e96...6 


eee ee See 


Explanation. Since 15 = 1 x T + 5 = seventeen = 1 x 9 + 8, 
we put down 1 and carry 8. 
Also 8 x T + e = one hundred and seven =e X 9 + 8;. 
we therefore put down e and carry 8; and so on. 
Example 3. Find the square root of 442641 in the scale of seven. 
442641 (546 
34 
134 T 1026 
| 602 
1416 | 12441 
| 12441 


EXAMPLES. Vil. a. 


Add together 23241, 4032, 300421 in the scale of five. 

Find the sum of the nonary numbers 303478, 150732, 264305. 
Subtract 1732765 from 3673124 in the scale of eight. 

From 3et756 take 2e46(2 in the duodenary scale. 

Divide the difference between 1131315 and 235143 by 4 in the scale 
of six. 
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6 Multiply 6431 by 35 in the scale of seven. 

7. Find the product of the nonary numbers 4685, 3483. 

8. Divide 102432 by 36 in the scale of seven. 

9 In the ternary scale subtract 121012 from 11022201 and divide the 
result by 1201. 

10. _ Find the square root of 300114 in the quinary scale. 

11. Find the square of fttt in the scale of eleven. 

12. Find the G.C.M. of 2541 and 3102 in the scale of seven. 

13. Divide 14332216 by 6541 in the septenary scale. 

14. Subtract 20404020 from 103050301 and find the square root of the 
result in the octenary scale. 

15. Find the square root of eet001 in the scale of twelve. 

16. The following numbers are in the scale of six, find by the ordinary 
rules, without transforming to the denary scale : 
(1) the G.C.M. of 31141 and 3102; 
(2) the L.C.M. of 23, 24, 30, 32, 40, 41, 43, 50. 
79. To express a given integral number in any proposed scale. 
Let N be the given number, and r the radix of the proposed scale. 
Let do, a}, @9,.... d,, be the required digits by which N is to be expressed, 


beginning with that in the units place ; then 


Ab 2 
N= Apr Se a tea hit rbiayetng,. 


We have now to find the values ee Ag, 2}, 22, -.-. Ay. 
Divide N by r, then the remainder is ag and the quotient is 


2 


oe ee ear a +a,r+a). 
If this quotient is divided by 7, the remainder is a); 
if the next quotient ................-+ 7; 
and so on, until there is no further quotient. 
_ Thus all the required digits ao, a}, a2,..a, are determined by 
successive divisions by the radix of the proposed scale. 
Example 1. Express the denary number 5213 in the scale of seven. 


7)5213 
T)T4 ....... 5 
T)106 ....... 2 
BUTS et 
Sven | 


Thus 5213=2x7+1xPtix7T+2x745; 
and the number required is 21125. 
Example 2. Transform 21125 from scale seven to scale eleven. 


e)21125 
e)1244 ....... t 
COL ices 0 
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.. the required number is 3¢0t. 
Explanation. In the first line of work. 
21=2x7+1= fifteen =1xe+4; 
therefore on dividing by e we put down 1 ard carry 4.. 
Next 4 x 7 + 1 = twenty nine = 2 x e + 7: 
therefore we put down 2 and carry 7; and so on. 
Example 3. Reduce 7215 from scale twelve to scale ten by working in 
scale ten, and verify the result by working in the scale twelve. 


7215 
12 } t 7215 
86 : t )874 ...1| 3 
In scale of ten 12 t)t4 .....07¢ In scale of twelve 
1033 t)i0 44 
12 1 ee 2 
12401 


Thus the result is 12401 in each case. 
Explanation. 7215 in scale twelve means 


TTT 40 17 FE 1x 18+ 5 
in scale ten. The calculation is most readily effected by writing this 
expression in the form [{(7 x 12 + 2)} x 12+ 1] x 12+ 5; thus we 
multiply 7 by 12, and add 2 to the product; then we multiply 86 by 12 and 
add 1 to the product; then 1033 by 12 and add 5 to the product. 
80. Hitherto we have only discussed whole numbers; but fractions 
may also be expressed in any scale of notation; thus 


. e2 5 
-25 in scale ten denotes —~ + —>; 


10 40” 
. : 2 
-25 in scale six denotes 6 + 
-25 in scale r denotes + 2. 
fe 


_ Fractions thus expressed in a form analogous to that of ordinary 
decimal fractions are called radix-fractions, and the point is called the 
radix-point. The general type of such fractions in scale r is 

b, by 
a mp rh, Peg 
te bar 
where bj, b>, b3, .... are integers, all less than r, of which any one or more 
may be zero. 
81. To express a given radix fraction in any proposed scale. 
Let F be the given fraction, and r the radix of the proposed scale. 


Let by, b>, b3, .... be the required digits beginning from the left ; then 
by { br  b3 
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We have now to find the values of by, bs, b3, ..... 
Multiply both sides of the equation by 7; then 


by b 
IF = by + + St os 
a 


Hence b, is equal to the integral part of rF; and if we denote the 
fractional part by F;, we have 


b> 
fy gf ip tos 
im 


Multiply again by r; then, as before, b> is the integral part of rF; and 
similarly by successive multiplications by r, each of the digits may be found, 
and the fraction expressed in the proposed scale. 

If in the successive multiplications by 7 any one of the products is an 
integer the process terminates at this stage, and the given fraction can be 
expressed by a finite number of digits. But if none of the. products is an 
integer the process will never terminate, and in this case the digits recur, 
forming a radix- fraction analogous to a recurring decimal. 


1 
Example 1. Express ae as a radix fraction in scale six. 


16 
13 13 x3 7 
161 Sw eps jhubong! 
Pe AE RS 1 
grt 4 =5+% 
i ro 1 
4 6 OF 2 = ie: 
| 
5 x6=3 
. the required fraction = may SS weg + E 
6g 8 6 


= +4513. 
Example 2. Transform 16064-24 from scale eight to scale five. 
We must treat the integral and the fractional parts separately, 


5)16064 “24 
5)264 .... 0 aid 
5)440 ....4 Mi 
Nile iad cate 

5)13 ....2 ou: 

Divo aH 

; 4-04 

aol 

0-24 


After this the digits i in the fractional part recur; hence the required 
number is 212340: 1240. 
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82. In any scale of notation of which the radix is 5, the sum of the digits 
of any whole number divided by r — 1 will leave the same remainder as the 
whole number divided by r — 1. 

Let N denote the number, ag, a}, a9, ....d, the digits beginning with 
that in the units’ place, and S the sum of the digits; then 

N = ap + ayr+ aor +... 4G, of bag": 
S=agta, HA y terns Ty 2h By 


NaS 30, @=Dao? <1) toctaen 1) 
+a, (Fr — 1). 
Now every term on the right hand side is divisible by r — 1; 
N-s ‘ 
aS rs an integer; 
; N 5 
h Sed} 
that 1s, sey iE Ty) 


where / is some integer; which proves the proposition. 

Hence a number in scale r will be divisible by r — 1 when the sum of 
its digits is divisible by r — 1. 

83. By taking r = 10 we learn from the above proposition that a 
number divided by 9 will leave the same remainder as the sum of its digits 
divided by 9. The rule known as “casting out the nines” for testing the 
accuracy of multiplication is founded on this property. 

The rule may be thus explained : 

Let two numbers be represented by 9a + b and 9c + d, and their 
product by P; then 

P = 8lac + 9bc + 9ad + bd. 

Hence a has the same remainder as cs and therefore the sum of 
the cigits of P, when divided by 9, gives the same remainder as the sum of 
the digits of bd, when divided by 9. If on trial this should not be the case, 
the multiplication must have been incorrectly performed. In practice 
b and d are readily found from the sums of the digits of the two numbers 
to be multiplied together. 

Example. Can the product of 31256 and 8427 be 263395312 ? 

The sums of the digits of the multiplicand, multiplier, and product 
are 17, 21 and 34 respectively; again, the sums of the digits of these three 
numbers are 8, 3 and 7, whence bd = 8 x 3 = 24, which has 6 for the sum 
of the digits; thus we have two different remainders, 6 and 7, and the 
multiplication is incorrect. 

84. If N denote any number in the scale of 5 and D denote the difference, 
supposed positive, between the sums of the digits in the odd and the even 
places; then N — D or N + Dis a multiple of r + 1. 

Let ao, @), 49, ... d, denote the digits beginning with that in the units’ 


place ; then ' 
2 3 n- n 
N=ajt+ayr+ar t+ay +... a one a + Gyr 


58 HIGHER ALGEBRA. 
N — a9 +01 — @3. 4:03 — 15 
=a, (r+ 1) +a, (P -1)+43(° +1) +...5 
and the last term on the right will be a, (7° + 1) or aq (r" — 1) according 
as n is odd or even. Thus every term on the right is divisible byr + 1; hence 
~ 4 ON = (ag = 1 + ay — a3 +...) 
ror 
Now a — 4; + a,—43+....= +D; 
N+¥D : 
rad 
which préves the proposition. 
COR. If the sum of the digits in the even places is equal to the sum 
of the digits in the odd places, D = 0, and JN is divisible by r + 1. 
Example 1. Prove that 4-41 is a square number in any scale of notation 


whose. radix is greater than 4. 
Let r be the radix; then 


= an integer. 


is an integer; 


anna Seda (s42), 
r 2 


thus the given number is the square of 2-1. 
Exaniplé 2. In what scale is the denary number 2-4375 vipresbuedl 
by 2°13? 
Let r be the scale; then 
24444 =2-4375 =22; 
re 16’ 
whence 7r” — 16r — 48 = 0; 
that is, (7r + 12) (r — 4) = 0. 
Hence the radix is 4, 
Sometimes it is best to use the following method. 
Example 3. In what scale will the nonary number 25607 be expressed 
by 101215 ? 
The required scale must be less than 9, since the new number appears 
the greater; also it must be greater than 5; therefore the required scale must 
be 6, 7 or 8; and by trial we find that it is 7. 


EXAMPLES. VII. b. 


Express 4954 in the scale of seven. 
Express 624 in the scale of five. 
- Express 206 in the binary scale. 
Express 1458 in the scale of three. 
Express 5381 in powers of nine. 
Transform 212231 from scale four to scale five. 
Express the duodenary number 398e in powers of 10. 


SES PS 


16. 


19. 
20. 


ae Express the septenary fraction Ieag 


’ 
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‘Transform 6¢12 from scale twelve to scale eleven. 


Transform 213014 from the senary to the nonary scale. 
Transform 23861 from scale nine to scale eight. 
Transform 400803 from the nonary to the quinary scale. 
Express the septenary number 20665152 in powers of 12. 
Transform ttteee from scale twelve to the common scale. 


Express = as a radix fraction in the septenary scale. 


Transform 17- 15625 from scale ten to scale twelve. 
Transform 200-211 from the ternary to the nonary scale. 
Transform 71-03 from the duodenary to the octenary scale. 


7626 288 denary vulgar fraction in its 


lowest terms. 

Find the denary value of the septenary nnmbers. -4 and -42. 

In what scale is the denary number 182 denoted by 222 ? 

= denoted by -0302 ? 

Find the radix of the scale in which 554 represents the square of 24. 
In what scale is 511197 denoted by 1746335 ? 

Find the radix of the scale in which the numbers denoted by 479, 698, 
907 are in arithmetical progression. 

In what scale are the radix-fractions -16, 20, -28 in geometric 
progression ? 

The number 212542 is in the scale of six; in what scale will it be 
denoted by 17486 ? 

Show that 148-84 is a perfect square in every scale in which the radix 
is greater than eight. 

Show that 1234321 is a perfect square in any scale whose radix is 
greater than 4; and that the square root is always expressed by the 
same four digits. 

Prove that 1-331 is a perfect cube in any scale whose radix is greater 
than three. 

Find which of the weights 1, 2, 4, 8, 16, .... Ibs. must be used to weigh 
one ton. 

Find which of the weights 1, 3, 9, 27, 81, ... Ibs. must be used to weight 
ten thousand Ibs., not more than one of each kind being used but in 
either scale that is necessary. 

Show that 1367631 is a perfect cube in every scale in which the radix 
is greater than seven. | 

Prove that in the ordinary scale a number will be divisible by 8 if the 
number formed by its last three digits is divisible by eight. 

Prove that the square of rr in the scale of s is 77q0001, where 
q,r, 8 are any three consecutive integers. 


In what scale 1 is the denary fraction 


38. 


39. 


40. 
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If any number WN be taken in the scale r, and a new number N’ be 
formed by altering the order of its digits in any way, show that the 
difference between N and N ' is divisible byr—1. __ 

If a number has an even number of digits, show that it is divisible by 
r+ 1if the digits equidistant from each end are the same. 

If in the ordinary scale S; be the sum of the digits of a number N, 
and 3S, be the sum of the digits of the number 3N, prove that the 
difference between S$; and S is a multiple of 3. 


Show that in the ordinary scale any number formed by writing down 
three digits and then repeating them in the same order is a multiple 
of 7, 11 and 13. 

In a scale whose radix is odd, show that the sum of the digits of any 
number will be odd if the number be odd, and even if the number be 
even. 

If n be odd, and a number in the denary scale be formed by writing 
down n digits and then repeating them in the same order, show that 
it will be divisible by the number formed by the digits, and also by 
9090....9091 containing 2 — 1 digits. 


CHAPTER VIII 
SURDS AND IMAGINARY QUATNTITIES 


85. In the Elementary Algebra, Art. 272, it is proved that the 
denominator of any expression of the form See can be rationalised 


by multiplying the numerator and the denominator by Vb — Vc, the surd 
conjugate to the denominator. 


Similarly, in the case of a fraction of the form — 


Vb + 7 + Vd’ ae 
the denominator involves three quadratic surds, we may by two operations 
render that denominator rational. 

For, first multiply both numerator and denominator by 
vb + vc —Vd; the denominator becomes (vb + ve) - (va) or 
b +c —d+2Vbc. Then multiply both numerator and denominator by 
(b + c — d) — 2 Vbc; the denominator becomes (b + ¢ — d) — 4bc, which 
is a rational quantity. 

12 
Example. Simplify ths es Sh. 
12 (3 + V5 +2V2) 
(3 + V5) — (2v2)° 
12.3 + V5.4, 2 V2) 
= 6+6V5 
2(3+ V5 + 2Vv2) (v5 — 1) 
(v5 + 1) (V5 = 1) 
2+2v5 +2V10 —2v2 
ys 
i =1+V75 + V10 — v2. 
86. To find the factor which will rationalise any given binomal surd. 


CASE I. Suppose the given surd is pVa — ‘vb. 

Let Va =x,/Vb =y, and let n be the L.C.M. of pandq; then 
n 
x" andy’ are is rational. 


The expression = 


Now.” — y’ is divisible by x — y for ali Hace of n, and 


(61) 
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-—]1 -2 n= 3 2 n-1 
x” -y' = (x — y) (x" +x" “y+x “yi.ty )- 


Thus the rationalising factor is 
Bice naishe: Aeptnatcbeyo ee re ey 
and the rational product is x” — y". 
CASE II. Suppose the given surd is?’Va + 4Vb. 
Let x, y,n have the same meanings as before; then 


(1) If nis even, x" —y’ is divisible by x + y, and 


~ - -2 -1 
vy a«ety larg 2y + aficte +x" -y" MS 
Thus the rationalising factor is 
1 Teeee, w= 2 nt 
x = HS are + XY — ; 


and the rational product is x" — y”. 
(2) If n is odd, x" + y’ is divisible by x + y, and 


Mt aaety a tax yt w-a" ? +y"7). 
Thus the rationalising factor is 
Lo ee hee ee 


and the rational product is x + y 
Example 1. Find the factor which will rationalise V3 + °V5. 
1/2 1/3 
Let x =3 
6 6 s/.10M E2b sd23 4~ (85 
Kory PUTS TAY TLY -2 yy 
thus, substituting for x and y, the required factor is 


S72 4/2 4/3 3/2 -~3/3 2/2 /2 f 5/ 
ot EMS ae ESE ees nS 


ae 35/2 _ 9.5/3 4 382.643 _ 15 4 31/2. 54/3 _ 59/2, 
and the rational product is 37265 *= us a2 
Example 2. Express (s? + ed + ee _ 98) 


,y=5 °; then x° and y° are both rational and 


as an equivalent fraction with a rational denominator. 


1/4 


/ 
age » put 


To rationalise the denominator, which is equal to 5 
NG 1/4 \ 
5°" =x,3°> =y; then since 

4 4 
ey =@-y@ try ty’ +y) 
: ees ; 
the required factor is 5 2 b\S Rae vt Geen Sook 3h 
. . . 7 

and the rational denominator is 5”? — 34 = 5?.— 3 = 22. 

. the expression 


xy - 

: 5/2 4 31/4 eves A ky 45/2. 42/4 34), 
: pa 

+ 2-577. 

22 


4/2 / 
= 5 + 2.54.3 4 37/4 + 2.54 car - 34 
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= 144. 5%2.3M4 4 5.3172 4 5172.44 


11 
87. We have shown in the Elementary Algebra, Art. 277, how to find 
the square root of a binomial quadratic surd. We may sometimes extract 


the square root of an expression containing more than two quadratic surds, 
such asa + Vb + Vc + Vd. 


Assume Va + Vb + Vc + Vd = vx + Vy + vz; 
“atvb +Ve+Vd =xtytz+2Vvxy + 2Vic + 2Vyz. 
If then 2 Vxy = Vb, 2 Vaz = Ve, 2Vyz = Vd, 
and if, at the same time, the values of x,y,z thus found satisfy 
x + y +z =a, we shall have obtained the required root. 
Example. Find the square root of 21 —- 4V5 + 8 v3 — 4V15. 
Assume V21 — 4V5 + 8V3 —4V15 =vx + Vy — vz; 
“.21-4V5 +8v3 —-4VI5 =x+y+z+2Vxy -2vxz -—2Vviz. 
Put 2 vxy = 8 V3, 2 Vaz = 4V15, 2Vyz = 45; 
by multiplication, xyz = 240; that is Vz = 4 V15; 
whence it follows that Vx = 2 V3, Vy = 2, Vz = V5. 
And since these values satisfy the equation x +y +z = 21, the 
required root is 2 V3 + 2 —- V5. 
88. [f Va + Vb =x + Vy, then will "Va — Vb =x — Vy. 
For, by cubing, we obtain 
a+Vb =x +3x Vy +3y tyvy. 
Equating rational and irrational parts, we have 
a =x + 3x, Vb = 3x’ Vy ty Wy; 
a —~ vb =x - 3x Wy + 3 —y vy; 
that is,  °Va—vVb =x— Vy. 
Similarly, by the help of the Binomial Theorem, Chap. XIII, it may 
be proved that if 
"Va +Vb =x + Vy, then"Va— Vb =x-— Vy, 
where 7 is any positive integer. 
89. By the following method the cube root of an expression of the 
form a + Vb may sometimes be found. 
_ Suppose °Va + Vb =x + vy; 
then Va — Vb =x — Vy. 
Va —b =x yy Ud) 
Again, as in the last article, 
3 
ax + Svy. wha) 
The values of x and y have to be determined from (1) and (2). 


In (1) suppose that Va —b = c; then by substituting for y in (2) we 
obtain 
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a=x' + 3x (x —¢); 
that is, 4x? — 3cx = a. ; 
If from this equation the value of x can be determined by trial, the 
value of y is obtained from 
y= Poe 
NOTE. We do not here assume Vx + Vy for the cube root, as in the 


extraction of the square root; for with this assumption, on cubing we should 
have 
at+vb =xvx + 3arvy + 3y vx +yVy. 
and since every term on the right hand side is irrational we cannot equate 
rational and irrational parts. 
Example. Find the cube root of 72 — 32 V5. 


Assume V72— 32V5 =x — vy; 


then VIZ¥32V5 =x+ Vy. 
By multiplication, V5184— 1024 x 5 =x —y; 

that is, 4=x° -y ae 
Again 72 — 32V5 =x — 3¢ Wy + 3 — yy; 

whence R=x + 3xy way 


From (1) and (2), 
D=x +3 ea — 4); 
that is, x — 3x = 18, 
By tnal, we find that x = 3; hence y= 5, and the cube root is 


3-5. 


90. When the binomial whose cube root we are seeking consists of 
two quadratic surds, we proceed as follows. 
Example. Find the cube root of 9V3 + 11 v2. 


3 — . 
OV Seer e Vig a 
vere = Vi [a4 V3] 


3 2 
V3 W3teye ae 


By proceeding as in the tast article, we find that 


3 ; . 
a deeb i Va \/ 2 
34=—V<e =1+ VE: 
ee ; a 


”. the required cube root = ¥3 : + 4 


= v3 + v2. 
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91. We add a few harder examples in surds. 
Example 1. Express with rational denominator 
4 


Vo —V5471 


The expression 


 delingat 2 
gee 2. Find the = root of 


= (x — 7 + V2" —- Th - 
Te expression = > 1 (ay -34+2V(Q@eF 1) @—4)}; 
hence, by inspection, the square root is 
oy (VET + vE= 4), 
Example 3. Given V5 = 2-23607, find the value of 
va Vax 
v2 + V7 —3V5° 
Multiplying numerator and denominator by v2, 


the expression = PeVid-ove 


EXAMPLES. VIIl. a. 


-Express as equivalent fractions with rational denominator : 


thin inbteaeeenies 
. 1+ v2 — v3" 
Sor el ee 
v2 + v3 -—V5" 


1 
oO! Te AE 


65 
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4 2Va+1 
* Vva-1-—vV%a+Vat¥1- 

vi0 + V5 — V3 

v3 + ¥10 — V5" 
6 (v3 + V5) (v5 + 2) 
: v2+v3+V5 ~ 
Find a factor which will rationalise : 

1 1 
paps cee oe 8. °V3 + *v2. 9.46 + b4. 
10. 23 —& 12 +v7. 12. V5 - “V3. 
sry ie fo es “Poh Cate. 2 
See 65 4 VE V3 + v2 
3 6 

16. ames 17. vi 13, 27 

v3 + V9 - v8 — V4 5 Se 
Find the square root of : 
19. 16—2V20 —2V28 +2V35. 
20. 244+ 4Vv15 —4Vv21 —2V35. 
21. 6+Vi2 —V24 -V8. 
22. 5S—vi0 —Vv15 + V6. 
23. a+3b+4+4Va —4V3b —2V3ab. 
24. 21+ 3V8 — 6V3 — 6v7 — V24 — V56 + 2V21. 
Find the cube root of : 
25. 10+ 6V3. | 26. 38 + 17V5. 27. 99 — 70 v2. 
28. 38V14-- 100 V2. 29. 54V3 + 41V5. 30. 135 V3 — 87 V6. 
Find the square root of : g 

Vas 

31. atx+Vx+x. 32. 2a — V3a" — 2ab = b’. 
33. l+a+(l+a + ln 3vi+da-e) “* 
35. Naz ue 4 p= find the value of Ja: + llab — Tb”. 


2 - v3’ aeeee 


en ie een eR 2 
36. Ifx= ae y= ze: find the value of 3x” — Sxy + 3y’. 


Find the value of : 


37 ¥26 — 15v3 38.7 / 6 + 2V3 
"  5V2 — V38'+ 5v3° * ¥ 33 -— 19V3 ° 


399. (Bei) ee 


40. (26 + 15V3)” > — (26 + 15V3)7 7, 
41. Given VS = 2-23607, find the value of 
10V2 v10 + V18 
Vi8 —V3+V5 V8+v3-—V5— 


42. Divide x’ + 1 + 3x V2 byx — 1 + V2. 
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43. Find the cube root of 9ab?:+ (b? + 24a”) Vp? — 30°: 


x= 1 1 
44. Evaluate ———=——., when 2x = Va yaks 
x” Vx -1~——. rf 


IMAGINARY QUANTITIES 


92. Although from the rule of signs it is evident that a negative quantity 
cannot have a real square root, yet imaginary quantities represented by 
symbols of the form ie , ¥—1 are of frequent occurrence in mathematical 
investigations, and their use leads to valuable results. We therefore proceed 
to explain in what sense such roots are to be regarded. 

When the quantity under the radical sign is negative, we can no longer 
consider the symbol V as indicating a possible arithmetical operation; but 
just as Va may be defined as a symbol which obeys the relation 
Va x Va =a, so we shall define V—a to be such _ that 
VvV—a x V=a = ~—a, and we shall accept the meaning to which this 
assumption leads us. . 

It will be found that this definition will enable us to bring imaginary 
quantities under the dominion of ordinary algebraical rules, and that 
through their use results may be obtained which can be relied on with as 
much certainty as others which depend solely on the use of real quantities. 

93. By definition, 

v-1xv-1=-1. 
Va-¥—1 x Va-V—-1 =a (- 1); 


that is, (Va-V=1)’ = - a. 

Thus the product Va-V—1 may be regarded as equivalent to the 
imaginary quantity V—a. 

94. It will generally be found convenient to indicate the imaginary 
character of an expression by the presence of the symbol V—1; thus 

V-4 =V4x(-I) =2V-1. 
Vg? = V7q" x (- 1) =av7V—1. 

95. We shall always consider that, in the absence of any statment to 
the contrary, of the signs which may be prefixed before a radical the positive 
sign is to be taken. But in the use of imaginary quantities there is one point 
ot importance which deserves notice. 

Since (— a) X (— b) =ab, 
by taking the square root, we have 

V—-a x V—b = + Vab. 

Thus in forming the product of V— @ and V— b it would appear that 
cither of the signs + or — might te placed before Vab. This ts not the case, 
for 


V—a X V—b =Va-V—1 x Vb-v—-1 
= Vab (V=1) = ~ Vab. 
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96. It is usual to apply the term ‘imaginary’ to all expressions which 
are not wholly real. Thus a + b Y—1 may be taken as the general type of 
all imaginary expressions. Here a and b are real quantities, but not necessarily 
rational. 

97. In dealing with imaginary quantities we apply the laws of 
combination which have been proved in the case of other surd quantities. 

Example 1.a +b V=1 + (c+ dV—1) =a%c+(b+d)v-1 

Example 2. The product of a + bV—landc +dv-1 

=(a+bv-1)(c +dv-1) 

= ac — bd + (bc + ad) V—1. 
98. If a+bV—1 =0, then. a =0, andb =0. 
For, ifa +b V—1 =0, 


then bvV-1=-—-a; 
wibe mots 
2+b7 =0. 


Now a’ and b” are both positive, therefore their sum cannot be zero 
unless each of them is separately zero; that is, a = 0, and b = 0. 

99. Ifa+bV—-1 =c+dV-1, thena=c,andb=d. 

For, by transposition, ac + (b —d) ¥—1 = 0; 
therefore, by the last article, a —c = 0, andb — d= 0, 
that 1s, a=c,andb=d. 

Thus in order that two imaginary expressions may be equal it is 
necessary and sufficient that the real parts should be equal and the imaginary 
parts should be equal. 

100. DEFINITION. When two imaginary expressions differ only in 
the sign of the imaginary part they are said to be conjugate. 

Thus a — b V—1 is conjugate toa + b v—1. 

Similarly V2 + 3 V—1 is conjugate to V2 — 3 V—1. 

101. The sum and the product of two conjugate imaginary expressions 
are both real. 

For a+bV-1l+a-LV-1=2 


Again (a + b V—-1) (a@-—bv=1) = a —(- b’) 
=a + b*. 

102. DEFINITION. The positive value of the square root af 

a’ + b* is called the modulus of each of the conjugate expressions 
a+bv-1anda—bv-I. 

103. The modulus of the product of two imaginary expressions is equal 
to the product of their moduli. 

Let the two expressiors be denoted by a + o V—1 andc +d V—1. 

Then their product = ac — bd + (ad+bc)V—1, which is an 
imaginary expression whose Lie, a a 


ES bes = bay sii oe be)” 


= VQ"? + bed eae d+ +b 


eK 


pe at 


SURDS AND IMAGINARY QUANTITIES. 69 
- wt x Ve + as 
which proves the proposition. 

104, If the denominator of a fraction is of the form a + b V—1, it may 
be rationalised by sees Se numerator and the denominator by the, 
conjugate expression a -- bV—1. 

For instance 

c+dv=i _(c+dv2)(a—bv=1) 
a+bV-1  (a@+bV=1) (4 --bVv-1) 
_ ac + bd + (ad — bc) V-1 
aS As 
2s tod , ad be yay 
a+b a +b 

Thus by reference to Art. 97, we see that the sum, difference, product, 
and quotient of two imaginary expressions is in each case an imaginary 
expression of the same form. 

105. To find the square root of a + b V—1. 

Assume Va+bV-1 =x+yVv-I, 
where x and y are real quantities. 

By squaring, a + b V—-1 =x —y? + 2y VT; 

therefore, by equating real and imaginary parts, 


y—-y=a rl 9 
»=b (2) 
DOD, ro 2,2 2 
(ty) =@ -y) + (2y) 
=a’ +b’: 


rty= Var +b’. mn &)) 


From (1) and (3), we obtain 


ep Va +b +a ae +b =a 


Daioh Dein tte Ons Ona den? 
1 
pitt, [Yea wna 7+ “ta}? pir des +b =a ; 
j fs 2 { Ti 2 ’ 


Thus the required root is obtained. 
Since x and y are real quantities, ve y is positive and therefore in 
(2) the positive sign must be prefixed before the quantity Va + be 


Also from (2) we see that the product xy must have the same sign as 
b; hence x and y must have like signs if b is positive, and unlike signs if b is 
negative. ie 

Example 1. Find the square root of — 7 — 24v—1. 

Assume V— 7— 24V1 =x +yV-1; 
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then ~7-22V=1 =x -y' + 2y v= 1; 
ss ie iil (1) 
and dy = — 24. 
2 Due 2 22 2 
@ +yy =e my) + 2y) 
= 49 + 576 
= 625; 
x + y = 25 ...(2) 


From (1) and (2), x =9 andy” = 16; 
He x=+3,y=2+4. 
Since the product xy is negative, we must take 
x=3,v=-4 0rx = -3,y=4. 
Thus the roots are 3 — 4V— 1 and -3+4V-1: 
that is, V—7 — 24V-—1 =+(3-4Vv-1). 
Example 2. To find the value of a AY 6a 
4 
V— 64a = Vx 8a? V=1 


=.2a ¥2 Vx v—1; 
It remains to find the value of V+ V—1. 
Assume V+ V— 1 =x+yV—1; 


then t+V=1=x -y' + 2wv-T; 
: a iy = 0 and 2y = 1; 


1 1 
wee X= YpY= GOK =— Ty Y= Ty 
VFV=T = + (1-v=0). 


Similarly V=V=T = + Jy (1 - V=T) 
VEVTT = + 75 (1+ VEV=1); 


and finally “V_ 64g* = + 2a(1 + V—1). 
106. The symbol V— 1 is often represented by the letter i; but unitl 
the student has had a little practice in the use of imaginary quantities he 


will find it easier. to retain the symbol Y—1. It is useful to notice the 
successive powers of V— 1 or /; thus 


(V-1) =V—-1, isi... 
(Ved) x etyiodiv ate ts 
WE Tes saw iaiy 
es peek pay 


and since each power is obtained by multiplying the one before it by 
V-- 1, ori, we sec that the results must now recur. 
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107. We shall now investigate the properties of certain imaginary 
quantities which are of very ae an. ea 


Suppose x =7VI;then x =Lorx-1=0; 


that is, @-1) 0? +x+4+1)=0. 
*. either x-1=O0,orr +x+1=0; 
whence x= orx'= aE ieee 


It may be shown by actual involution that each of these values when 
cubed is equal to unity. Thus unity has three cube roots, 
—1+v-3 -1-Vv-3 
i cog i ere Say we Fe 
2 2 
two of which are imaginary expressions. 
Let us denote these by @ and f; then since they are the roots of the 
equation 
x +x+1=0, 
their product is equal to unity ; 


that is, aBp=1; 
8 a a 
. Aa 3 
that is, B=a,sincea =1. 


yaar 2) 
Similarly we may show that a = f°. 
108. Since each of the imaginary roots is the square of the other, it is 
usual to denote the three cube roots of unity by 1, w, a. 


Also w satisfies the equation v+xt A & =.0; 
dt oF w = 0; 

that is, Ome sum of the three cube roots of unity is zero. 

Again, w wr = w= = 1; 
therefore (1) the product of the two imaginary roots is pala 

(2) every integral power of wis unity. 

109. It is useful to notice that the successive positive integral powers 
of w are 1,w, and wo for, if n be a multiple of 3, it must be of the form 
3m; and wo” = 0" = 1. 

If 2 be not a multiple of 3, it must be of the form 3m + 1 or 
3m + 2. 

If n= 3m + 4, og t =y" -w=u: 

If f= Bs 2; oe Sor? vey haste”. 

110. We now see that every quantity has three cube st two of 
which are imaginary. For the cube roots of a’ are those of a x 1 and 
therefore are a,aw,aw*. Similarly the cube roots of 9 are 


3/9, wV9, w* 35 , where 3/9 is the cube root found by the ordinary 
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‘ ; 3 : 
arithmetical rule. In future, unless otherwise stated, the symbol “Va will 
always be taken to denote the arithmetical cube root of a. 


2 

@+3v=1) 4 pyar 

Example 1. Reduce eye to the form A + B : 
4-—9+12v-1 


The expression = os rm cow 
Ree Ss 12 V—i (2 — V-1) 
~  (2+V=1)(2-v-1) 
—10+ 12+ 29V—1 
441 - 


which is of the required form. 
Example 2. Resolve x +y into three factors of the first degree. 


Since x a = (x+y) (c ay +y’) 
ee y =(x+y)@+ ay) a+ wy); 
for o+q@w =-—1l,andw =1. 


Example 3. Show that 
(a + wh + °c) (a + wb + wc) =a" +b? +o — bc — ca —1abi 
PS ee ocd canda + *b + we, 
the coefficients of b? and c” are wo, or 1; 
the coefficient of bc = tik Ge yp gy BIL fh 
the coefficients of ca andab = w* +w = — ab 
x (a + wb + wc) (a + wb + wc) =a’ +b? +c — be — ca —ab. 
Example 4. Show that 
(ite) Ul - ote) =i 
Since 1+ @ +a = 0, we have 
(Sknie d eas when mle dor ee 
— 80° + Bw 


| 

| 
co 
+ 
0 


EXAMPLES. VIII. b. 


Multiply 2V—3 + 3V—2 by4V—3 -—5vV-2. 
~ Multiply 3V— 7 —5V-—2 by3V—7 + 5V—2. 


Ae ee 


Multiplpe sci en “a byes’ ssn! Tt 
Multiply x — tees by x — tows 
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Express with rational denominator : 


: 1 g BYE? + 2V=5 
his RAYS co es eae est 
4 34+2V-1 3-2v-I Fo TiS Mae, les looms oe 
Ki SLA sv epee eer 
mMogAYas »ectab. feebistelan tgs = 11 
a ihc hott ocak hima (ai=1) tees Vey 


11. Find the value of (— V— i)” +3 when nis a positive integer. 
12. Find the square of V9 + 40 V-T + V9 — 40 V-1. 


Find the square root of : 


B. —5+ 12y¥=1, . 14. — 11 — 60 V—1. 
1S. —47+8vV-3. 16. — 8v—I. 
1T lob Fal. 18. 4ab — 2 (a — b”) V=I. 
Express in the form A + iB: 
3+ Si v3 —iv2 
2s dpe ap Fae 
z 4 

dip Se apo kb): 

1-1 3,-1 
xB (a + iby 43 (a — 1b) 

a — ib at+ib 


If 1, w, w” are the three cube roots of unity, prove : 
24. (1+w’)' =o. 
28 (l-wtw)(1+w-0') =4. 
2%. (1-) (1-0) (1-w ) (1-0) =9. 
27. (2+ Sw + Ww’) = (2 + Ww + Sw’)? = 729. 
2% -ot+ oyun? 
29. Prove that 
° +y ey 5 Bayz = & + y +2) ou yo + zw”) (x + yoo" + zw). 
30. If x=a+b,y=aw + bw’,z=aw + ba, 
show that : 
m 3 3 
(1) yz =a +D. 
(2) a ty +2” = bab. 
(3) xt y +72 23 (a + b). 
31. Ifav+cy + bz =X,cx + by + az = Y, bx + ay + cz = Z, show that 
2 2 
(a’ +b bc = be oa ab) (x +y +2 - yz — 2 — xy) 
=X°4 42? -YZ~ XZ = XY. 


+ «w’) (1'= w+ Aa to 2n factors = 27". 


CHAPTER IX 
THE THEORY OF QUADRATIC EQUATION 


111. After suitable reduction every quadratic equation may be written 
in the form 


ax” +bx+c=0 ooe( 1) 
and the solution of the equation is Ss 
—b+Yb — 4ac 
Sea oa aa ...(2) 


We shall now prove some important propositions connected with the 
roots and coefficients of all equations of which (1) is the type. 
112..4 quadratic equation cannot have more than two roots. 


2 : 

For, if possible, let the equation ax” + bx + c = O have three different 

roots a, B, y. Then since each of these values must satisfy the equation, we 
have 


aa t+batc=0 (1) 
ap’ +bB+c=0 (2) 
ay'4 Br +c BO (FB 


From (1) and (2), by subtraction, « 
? mt 
a (a? — f°) +b (a~f) =0; 
divide out by « — 8 which, by hypothesis, is not zero; then 
a(a+B)+b=0. 
Similarly from (2) and (3) 
a(6+y)+b=0; 
.. by subtraction a@(a—y) =0; 
which is impossible, since, by hypothesis, @ is not zero, and a is not equal 
to y. Hence there cannot be three different roots. 
113. In Art. 111 let the two roots in (2) be denoted by a and B, so 


—b+Vb° — 4ac a pe Vp dae 
? 77% 2a ’ 


that 


then we have the following results : 


(1) Ifb” — 4ac (the quantity under the radical) is positive a and B are 
real and unequal. 


(74) 
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(2) If b” — 4ac is zero, a and B are real and equal, each reducing in 


e b 
this case to — — 
ato 


(3) If b” — dac is negative, a and f# are imaginary and unequal. 


(4) If b* — dacisa perfect square, a and B are rational and unequal. 
By applying these tests the nature of the roots of any quadratic may 
be determined without solving the equation. 


Example 1. Show that the equation 2°” — 6 +7=0 cannot be 
satisfied by any real values of x. 
Here a =2,b = —6,c =7; so that 
b* — 4ac = (— 6)” — 4-2-7 = — 20. 
Therefore the roots are imaginary. 


Example 2. If the equationx” + 2(k + 2)x + 9k = 0 has equal roots, 
find k. The condition for equal roots gives 


(k + 2)” = 9k, 
Peds 
(k— 4) (k-1) = 
pelvis is 


Example 3. Show ha the foots: of the equation 
x px +p” cra +2%gr—P =0 
are rational. 
The roots will be rational provided (— 2py- 4 (p’- q+ 2qr — ry 
is a perfect square. But this expression reduces to 4 (q — 2gr + r), or 
4(q - ry’. Hence the roots are rational. 


is SB Vb? Sage = Suit Bote dae 
b14. Since, Gig age a tn aE ie SRE 
we have by addition 
—b+YVb —4ac —b— Yb" — 4ac 


ahp= yr 
2b b 
=—-=- ao 
y 2a a y 
and by multiplication we have 4 Seeks 
(-b+Yb —4ac)(—b-—Yb — 4ac) 
ape Gea te ptr se. 
a 
_ (= 2) F Un Be) 
tae 
ipa 3 (2) 
4da™ a 
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By writing the equation in the form 
x + ae +£=0, 
a a 

these results may also be expressed as follows. 

In a quadratic equation where the coefficient of the first term is unity, 

(i) the sum of the roots is equal to the coefficient of x with its sign 
changed, 

(ii) the product of the roots is equal to the third term. 

NOTE. In any equation the term which does not contain the unknown 
quantity is frequently called the absolute term. 


iS, Since = * =a p and < = a, 
So peare c : 
the equationx” + a > p he 0 may be written 


¥—(a+f)xt+ap=0 (1) 
Hence any quadratic may also be expressed in the form 


ae (sum of roots) x + product of roots = 0 ...(2) 
Again, from (1) we have | 
(x -a)@—f)=0 AS 


We may now easily form an equation with given roots. 
Example 1. Form the equation whose roots are 3 and — 2 
The equation is 
(x — 3) («+ 2) =0, 
Ory, 22 ¥ nah a4. 
When the roots are irrational it is easier to use the following method. 
Example 2. Form the equation whose roots are 2 + V3 and 2 — v3. 
We have _ sum of roots = 4, 
product of roots = 1; 
. the equation is vi a&+1= 0, 
by using formula (2) of the present article. 


116. By a method analogous to that used in Example 1 of the last’ 
article we can form an equation with three or more given roots. 


Example 1. Form the equation whose roots are 2, — 3, and z 


The required equation must be satisfied by each of the following 
suppositions : 


r-2=0,0+3=0,x-2=0, 
therefore the equation must be 
Se) 3) [: ~ ; = 0); 


that is, @ - 2) @ +3) =—7) =o 
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or, Sx? — 2x” — 37x +42 = 0. 
Example 2. Form the equation whose roots are 0, + a, = b 
The equation has to be satisfied by 
x=0,x=a,x=-ax=% 
Oe y= The b ’ 
therefore it is, 


¥(x +4) (X%— a) [:- ¢| = 0; 


; Fa 
that is, x (XX — a”) (bx — c) = 0, 
4 3 Fra Z 

or, Dy =X ~—abr Fac 

117. The results of Art. 114 are most important, and they are generally 
sufficient to solve problems connected with the roots of quadratics. In such 
questions the roots should never be considered singly, but use should be made 
of the relations obtained by writing down the sum of the roots, and their 
product, in terms of the coefficients of the equation. 


Example 1. lf a and f are the roots of 2 px + q = 0, find the value 


of (1) a7 +B, Qa t+ B. 
We have a + B =p, 


aB=q 
a +B = (at py — 2B 
=P — 24. 


ate a 34 B = (a +B - a8) 
=p {(a + Py ~ 348} 
=p (p’ — 34). : 
Example 2. \f a, B are the roots of the equation A” + mx +n = 0, 


a 
find the equation whose roots are Boa’ 


2 2 
Zoning +p 
We have sum of roots = 5 + G = aR 


a= Bs v4 


product of roots = Bia ; 
- .. by Art. 115 the required equation is 
u 2 
x - ak 1=0, 
ap 
2 tiga of 
or apx — (a +B )x + aB =0. 
24 


2 = 2 I 
As in the last example oP de p= ee id and af = 1 
- 
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Yd 
1 A.2 mM_o2nte+ Oe 
the equation 1s 7% - iow Dak x+ do 0, 
pA # 
or nbt — (m™ — 2nl)x + nl =0. 
+5 V-1 
Example 3. When x= ae find the value of 
40: ..3—-5v-1 
a 2x? — Ix + 72; and show that it will be unaltered if iin, aan be 
substituted for x. . 
3+5v-i 
From the quadratic equation whose roots are ioe ein st: 
the sum of the roots =3; 
1 
the product of the roots = a : 
hence the equation is 2x" — ot +. 17 = 1, 
-. 2? — 6 + ITisa quadratic expression which vanishes for either 
3+5v-i 
of the values Se ala 


Now 2x? + 2x” — Tr + 72 =x (20° —@ + 17 +4(2° - Ge +17) +4 
=xx0+4x0+4 
= 4; 
which is the numerical value of the expression in each of the supposed 
cases. 
118. To find the condition that the roots of the equation 
ax’ + bx +c = O should be (1) equal in magnitude and opposite in sign, (2) 
reciprocals. 
The roots will be equal in magnitude and opposite in sign if their sum 
is zero; hence the required condition is 


Sey oh 20. 
da 


Again, the roots will be reciprocals when their product is unity; hence 
we must have 


G 
—=lorc=a. 
a 


The first of these results is of frequent occurrence in Analytical 
Geometry, and the secend is particular case of a more general condition 
applicable to equations of any degrec. 


Example. Find the condition that the roots of ax” + bx + ¢ = 0 may 

be (1) both positive, (2) opposite in sign, but the greater of them negative. 
b c 
We have t+ Pp = —, a8 = =. 
ORE a 8 a 


(1) If the roots are both positive, « B is positive, and therefore c and 
a have like signs. 
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: 4 Seth ee : 
Also, since a + f is positive, q 1S negative; therefore b and a have 


unlike signs. 


Hence the required condition is that the signs of a and c should be 
like, and opposite to the sign of b. , 


(2) If the roots are of opposite signs, @B is negative, and therefore 
c and a have unlike signs. 


Also since a + B has the signs of the greater root it is negative, and 


b. oF , Mis 
therefore as positive; therefore b and a have like signs. 


Hence the required condition is that the signs of a and b should be 
like, and opposite to the sign of c. 


EXAMPLES. IX. a. 


Form the equations whose roots are : 


4 3 m n p-q pt+g 
a aes ie po ete = ay 3: f= , 
Sait, n m Pohqs p-@ 
4. POV, 5. +2v3 —5. 6. —p+2v2q. 
A 20 BOS SB 8. —a + ib. 9) = Pla ='b). 
Bel a 2 
| mae 32° 1%: 779 = — 12. 2% V3, 4 


13. Prove that the roots of the following equations are real : 
(1) x —2ax +a" — bc’ =0, 
(2) (a—b+c)x+4(a—b)x + (a—b—-c) =0. 
14. If the equation x -15-m (2x — 8) = 0 has equal roots, find the 


values of m1. 
15. For what values of mm will the equation 


x — 2v (1+ 3m) +: 7(3 + In) =0 
have equal roots ? 
16. For what values of m will the equation 


x — by om ='1 
ax-c mti 
- have roots equal in magnitude but opposite in sign ? 
17. Prove that the roots of the following equations are rational : 


(1) (a+c—b)x + 2x + (b $c —a) = 0, 
(2) aberx” + 3a7cx + ber — 6a” — ab + 2b” =0. 
If a, B are the roots of the equation ar thx tos 0, find the values of : 


2 suo a 
i. + 8. 19. 0387 + ap" 20. bene 


a 
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Find the value of : 

2. x tx? —x + 22 whenx = 14 2. 

22, x — 3x — & + 15 whenx =3 +i. 

23, x9 — ax’ + 2a'x + 4a? when > = 1 — V=3. 


24. Ifaand are the roots of? + px + g = 0, form the equation whose 
roots are (a — By and (a + By. 
25. Prove that the roots of (« — a) (®¥— b) = h? are always real. 
26. If x}, x are the roots of ax” + bx +c =0, find the value of 
GQ) (ax, +b) + (a +b), 
(2) (ar, +b) > + (ay tb)” 
27. Find the condition that ene root of ax” + bx + c = 0 shall be n times 
the other. 
28.- If a,B are the roots of av t+bxtce= 0, form the equation whose 
roots area’ +B’ and a +f 
29. Form the equation whose roots are the squares of the sum and of the 
difference of the roots of 
2x7 +2 (m+n)x + m +n =0. 
30. Discuss the signs of the roots of the equation. 
pe +qtr=0. 
119. The following example illustrates a useful application of the 
results proved in Art. 113. 


cole If x is a real quantity, prove that the expression 
2 
xi sde edd ‘ . 
od have all numerical values except such as lie between 2 


“its ae 
and 6. 
Let the given a tcc be represented by y, so that 
x +2r-11 ae 
gh jes 


then multiplying up and transposing, we have 
x +2(1-y) +6 -1=0. 
si is a quadratic equation, and in order that x may have real values 
4 At - yy — 4 (6y — 11) must be positive; or dividing by 4 and simplifying, 
y — 8y + 12 must be positive; that is, (y — 6) (y -- 2) must be positive. 
Hence the factors of this product must be both positive , or both negative. 


In the former case y is greater than 6; in the latter y is less than 2. Therefore 
y cannot lie between 2 and 6, but may have any other value. 


THE THEORY OF QUADRATIC EQUATIONS. 81 


In this example it will be noticed that the quadratic expression 
y — 8y + 12 is positive so long as y does not lié between the roots of the 
corresponding quadratic equation y — 8 +12=0. 

This is a particular case of the general proposition investigated i in the 
next article. 

120. For all real values of x the expression ax” + bx +c has the same 


, , 2 
sign as a, except when the roots of the equation ax” + bx + c = O-are real and 
unequal, and x has a value lying between them. 
CASE I. Suppose that the roots of the equation 
ax +bx +c =0 
are real; denote them by a and §, and let a be the greater. 


9) 
Then ax +bx+c=a b+ Be +8) 


=a{x’- (a + B)x + af} 
=a(x-—a)(x-f). 
Now if x is greater than a, the factors x — a,x — B are both positive; 
and ifx is the less than f, the factorsx — a, x — B are both negative; therefore 


in each case the expression (x ~ a), (x — f) is positive, and ax’ + bx +c 
has the same sign as a. But if x has a value lying between a and f, the 
expression (x — a), (x — B) is negative, and the sign of ax’ + bx +c is 
opposite to that of a. 

CASE II. If a and # are equal, then 

ax’ + bx +c =a(x—a)’, 

and (x — a)” is positive for all real values of x; hence ax” + bx +c = 0 has 
the same sign as a. 

CASE III. Suppose that the equation ax” + bx +c = 0 has imaginary 
roots; then 


b c 
ati tenalrs2x+$| 


| af 4ac — b” 
Je Bem tee OR Ga 
2a da? 


a) ° . . . 
But b° — 4ac is negative since the roots are imaginary; hence 
2D 7 


ie Bh is positive, and the expression 


2 heh y 
[r+ #) Sige te 
4a” 


is positive for all real values of x; therefore ax” + bx +c has the same sign 
as a. This establishes the proposition. 
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121. From the preceding article it follows that the expression 
ax + bx +c will always have the same sign whatever real value x may have, 


provided that b> — 4ac is negative or zero; and if this condition is satisfied 
the expression is positive or negative according as @ is positive or negative. 


2 
Conversely, ' in order that the expression ax + bx + c may be always 
positive, Bias tae must be negative or zero, and q must be positive; and in 


order that ax” + bx +c may be always negative b” — 4ac must be negative 
or zero, and a must be negative. 
Example. Find the limits between which a must lie in order that 


Z 
ax —72x+5 


5 — Te +a 
may be capable of all values, x being any real quantity. 
ax — Tx +5 
Put id, aa ia: 
a ie a 
then (a — 5y)x’ — Ik (1—y) + (5- ay) =0 


In order that the values of x found from this quadratic may be real, the 
expression 

49 (1 ~y) — 4(a — Sy) (5S — ay) must be positive, 
that is, (49 — 20a) y +2 (2a + 1)y + (49 — 20a) must be positive; 
hence (20° + 1) — (49 — 20a)? must be negative or zero, and 49 ~ 20a 
must be positive. 

Now (2a? + 1b (49 — 20a)" is enceguye or zero, according as 

Zz (and. 10a + >) x2 (a + 10a — 24) is negative or Zero; 


that is, according as 4(a— 5)? (a + 12) (a — 2) is negative or zero. 

- ‘This expression is negative as long as a.lies between 2 and —12, and 
for ‘such values 49 — 20a is positive; the expression is zero when 
a = 5, —12, or 2, but 49 — 20a is negative when a = 5. Hence the limiting 
values are 2 and —12, and a may have any intermediate value. 


EXAMPLES. IX. b.|_ 


1. Determine the limits between which n must lie in order that the 
equation 


2ax (ax + nc) + (n? —2)c? =0 
may have real roots. 


2. ‘If x be real, prove that + must lie between 1 and — a 
x — x +9 1 

x 

3. Show that ——~ a 


lies between 3 and 2 for all real values of x. 
¢ +x+1 3 


10. 


11. 


12. 


14. 
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Cy Ar 
If x be real, prove that —=——— xt + Bx Pas aa wa can oh no value between 5 


A eed 7 


-and 9. 


Find the equation whose roots are 


va 
VatVa-—b5° 
If a, B are roots of the equation cigs px + q = 0, find the value of 
27 2p-1 2492-1 
(Q) «(BB ~-B)+B Ba —-a), 
a .—4 
(2) (@-p)  +@6-p) 
? 

If the roois of a + nv +n = 0 be in the ratio of p : g, prove that 

P+V%G+VA=0, 

q P eT 
(x +m)" — 4mn 


24t ist} 
except such as lie between 2 and 2m. 


If x be real, the expression admits of all values 


If the roots of the equation ax” + 2bx +c = Obea and B, and those 
of the equation Ax? + 2Bx + C=0bea +6 and + 6, prove that 
a” Cf Bi+ AG 


px ges onal 


Show that the expression —--————, will be capable of all values 


pit3are A 
when x is real, provided that p has any value between 1 and 7. 
: #2 . , : 
Find the greatest value of —;—---—— for real values of x. 
2! tay. 6 
Show that if x is real, the expression 
2 1 
i pabey (rc) 
has no real cole between b and c. 
If the roots of av” + 2bx + ¢ = Obe possible and different, then the 
roots of 
Be 72 
(a +c) (ax? 4 20K + Che 2 hae = Dj) (%, 1) 
will be impossible, and vice versa. 
: ax — b) (dv - 
Show that the expression Lust ON no) 
(hit — @hick = @) 
: “¢ 2 2 2 . 
values when x is real, afa@” — b> ande™ — d° have the same sign. 
*122. We shall conclude this chapter with some nescetlaneous 


will be capable ol all 


theorems and examples. Nt will be convenient here to introduce a 
phraseology and notation whics the stucent will frequently mect with in his 
mathematical reading. 
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DEFINITION. Any expression which involves x, and whose value is 
dependent on that of x, is called a function of x. Functions of x are usually 
denoted by sy mbols of the form f (x), F (x), ¢ (x). 

Thus the equation y = f (x) may be considered as equivalent to a 
statement that any change made in the value of x will produce a consequeat 
change in y, and vice versa. The quantities x and y are called variables, and 
are further distinguished as the independent variable and the dependent 
variable. 

An independent variable is a quantity which may have any value we 
choose to assign to it, and the corresponding dependent variable has its value 
determined as soon as the value of the independent variable is known. 


*123. An expression of the form 


n-\ T= 2 
Pox +p + px + .... + Pn-1* + Pn 

where n is a positive integer, and the coefficients po, pj, P2, ---- Pn do not 
involve x, is called a rational and integral algebraical function of x. In the 
present chapter we shall confine our attention to functions of this kind. 

*124. A function is said to be linear when it contains no higher power 
of the variable than the first; thus ax + b is a linear function of x. A function 
is said to be quadratic when it contains no higher power of the variable 

; 2 ‘ . ‘ . 

than the second; thus ax” + bx + c is a quadratic function of x. Functions 
of the third, fourth, ... degrees are those in which the highest power of the 
variable is respectively the third, fourth, ... Thus in the last article the 
expression is a function of x of the n” degree. 

*125. The symbol f (x, y) is used to denote a function of two variables 
x and y; thus ar+by+c, and ax t+oyt+o +dcteytf are 
respectively linear and quadratic functions of x, y. 

The equations f (x) = 0,f (x,y) = 0 are said to be linear, quadratic, 
according as the functions f (x), f (x,y) are linear, quadratic, .... 


*126. We have proved in Art. 120 that the expression ar’ + bx +c 
admits of being put in the form a (x — a) (x — 8), where @ and B are the 
roots of the equation ax” + bx +c = 0. 

’ ; . 2 y . 

Thus a quadratic expression ax + bx + cis capable of being resolved 
into two rational factors of the first degree, whenever the equation 
ax” + bx +c =0 has rational roots; that is, when ie 4ac is a perfect 
square. 


*127. To find the condition that a quadratic function of x,y may be 
resolved into two linear factors. 


Denote the function by f (x, y) where 
f (xy) = ax” + Yay + by” + 2exr + By tc. 

Write this in descending powers of x, and equate it to zero; thus 
ax’ + 2x (hy +g) + by” Tely +c =. 

Solving this quadratic in x we have 


_ — hy + 8) * V (hy + g)" — a (by" + 2fy +0) 


a 
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or axthy+g=+ Vy" (A? — ab) + 2 (ig — af) + (¢ — a0). 
Now in order that f (x, y) may be the product of two linear factors of 


the form px + gy +r, the quantity under the radical must be a perfect 
square; hence 
(hg — af)” = (h? — ab) (g” — ac). 
Transposing and dividing by a, we obtain 
abc + 2fgh — af — bg” — ch” = 0; 
which is the condition required. 
This proposition is of great importance in Analytical Geometry. 
*128. To find the condition that the equations 
a t+bxtc=0a'e +b +e! =0 
may have a common root. 
Suppose these equations are both satisfied by x = a; then 
ac? + ba+c=0, 
a’a’ + b’'a+c'=0; 
.. by cross multiplication 
pag ok BEEN Conciente 
be'—b'c ca'—c'a  ab'—a'b 
To eliminate a, square the second of these equal ratios and equate 


it to the product of the other two; thus 


a a 1 


(ca’ — clay (be! — Brey “AP aby” 
(ca’ — c'a)’ = (be’ — b’c) (ab’ — a’b), 
which is the condition required. 
It is easy to prove that this is the condition that the two quadratic 


4 Z t , U . 
functions ax + bxy + cy” anda'x’ +b ryte y may have a common linear 


factor. 
EXAMPLES. IX. c. 


1. For what values of m will the expression 
y” + Dy + 2x + my —3 
be capable of resolution into two rational factors ? 
2. Find the values of m which will make 2x” = mxy + 3y’ - Sy=2 
equivalent to the product of two linear factors. 
3. Show that the expression 
2 ca 
A(x -y)—-x(B-C) 
_ always admits of two real linear factors. 

4. If the equations 


x +pxrt+q=0, x +p'x+q' =0 
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6. 


10. 
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have a common root, show that it must be equal to 


Find the condition that the expressions 
#4 2 
le? + my +ny, I'x? +m ‘yy tn'y” 
may have a common linear factor. 
if the expression 
Ye 
3x” + 2Pry + 2y? + Wax — 4y +1 
can be resolved into linear factors, prove that P must be one of the 
: 2 or 
roots of the equation P” + 4aP + 2a +6=0. 
Find the condition that the expressions 
2 2 2 3 
ax +Mytby, ax t+ B'xy + d's 
may be respectively divisible by factors of the form y — ux, my + x. 
Show that in the equation 
2 
x — Ixy + 2)” ~ 2 — By -— 35 = 0, 
for every real value of x there is a real value of », and for every real 
value of y there is a real value of x. 
If x and y are two real quantities connected by the equation 
% 
ox” + Qxy + y" — 92x — Wy + 244 = 0, 
then will x lie between 3 and 6, and y between I and 10, 
Derg ga ‘ P = 
If (ae +bx+c)y ta’x’ +b'x+c' =, find the condition that x 
may be a rational function of y. 


CHAPTER X 
MISCELLANEOUS EQUATIONS 


129. In this chapter we propose to consider some miscellaneous 
equations; it will be seen that many of these cah be solved by the ordinary 
rules for quadratic equations. but others require some special artifice for 
their solution. 


Example 1. Solve 8x = 8x 
Multiply by x" and transpose; thus 


3/2n — 3/2 = 63. 


ge" a 63x" ”" mary 6; 
(/™ — 8) (8x + 1) =0 
3/2n . 1 
= 8, or 9° 
“ an 
wae 3 
= @in0r(-3 ; 
an i 
x=2 sai 
Example 2. sove 2 V ® +3V4- apa, 08, 
Maz ia b 
y: V2 1 
Let = = y; then aes 
a Xiey 
it. Sy REDrn 5 Ba 
Dy bestia Bie’ 
2 


2aby” — 6a’y — b’y + 3ab = 0; 
“ (2ay — b) (by — 3a) = 0; 
3a 


_ bre 3a 
y 2a’ b > 
y 
zi. eBioagy at, 
4, 4a? ~ “bei 
2 3 
, J 9a 
that is, x= B or: =. 
4a b? 
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Example 3. Solve ‘x — 5) (x — 7) (& + 6) & + 4) = 504. 
We have ( —x — 20) ( — x — 42) = 504; 
which, being arranged as a quadratic in fo Xx, gives 
(? — x)? - 62 x” — x) + 336 = 0; 
(7 — x -— 6)  —x ~ 56) = 0; 
es ¢-x~-650,0r —x— 50 =O; 
whence x =3,—2Z 8,'—7. 
130. Any equation which can be thrown into the form 
2 
ax +bx+c+pVaxt+bx+c =4 
may be solved as follows. Putting y = Var + bx +c, we obtain 
y+ py-q=0. 
Let a and Bf be the roots of this equation, so that 
Var + bx +0. =4; Vax + bx +c =8; 
from these equations we shall obtain four values of x. 
When no sign is prefixed to a radical it is usually understood that it 
is to be taken as positive; hence, if a and f are both positive, all the four 


values of x satisfy the original equation. If however a or f is negative, the 
roots found from the resulting quadratic will satisfy the equation 


2 
ax + bx +C—PVax+bxt+c¢=% 
but not the original equation. 
Example, Solve x —r +2 Ve = S.+ 3 = 12. 
Add 3 to each side; then 


Se + 4 VE Ye ed 


Putting Vy? _ sxx +3 =y, we obtain y + 2y —15=0; whence 
y=3or—-S. 
Thus VP a4 3 = +3, or Vx° — Sx +3 = —5. 

Squaring, and solving the resulting quadratics, we obtain from the 
5 + ¥113 
2 
values satisfies the given equation, but the second pair satisfies the equation 

xv ~ Sx — 2 VY = Sr +3 = 12, 
131. Before clearing an equation of radicals it is advisable to examine 
whether any common factor can be removed by division. 


Example. Solve Vy" — Jax + 10a2 — Vx2"+ ak — 6a" =x — 2a. 
We have 
V(x — 2a) (x — 5a) = VG" 22) Ue + 3a) =x— 2a. 


The factor Vx —2a can now be removed from every term; 


Vx = 3a — Ve 43a = VE 2; 


first x = 6 or —1; and from the second x = . The first pair of 
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6258" xi 3e0- 2NG = SAVER) =~ 2a 
oye eal 15a"; 
ay 2 8ax — 60a" = 0; 
(x — 6a) (3x + 10a) = 0; 
xX = 6a,or — oe 
Also by equating to zero the factor Vx — 2a, we obtain x = 2a. 
On trial it will be found that x = 6a does not satisfy the equation : 


thus the roots are — at and 2a. 


The student may compare a similar question discussed in the 
Elementary Algebra, Art. 281. 
132. The following artifice is sometimes useful. 


Example. Solve V3x" — 4, + 34 + V2? — 4y — 11 =9 (1) 
We have identically 
: (3x? — ax + 34) — (3x? - 4x - 11) = 45 ...(2) 


‘Divide each member of (2) by the corresponding member of (1); thus 
Vax" — ax + 34 — V3x? — ae — 11 = 5 (3) 
Now (2) is an identical equation true for all values of x, whereas (1) is 
an equation which is true only for certain values of x; hence also equation 
(3) is only true for these values of x. 
From (1) and (3) by addition 
V3x" — 4x + 34 = 7; 
whence x = 3, or — 3 
133. The solution of an ae of the form 
ax’ +bx° + ox” + bx+a=0, 
in which the coefficients of terms equidistant from the beginning and end 


are equal, can be made to depend on the solution of a quadratic. Equations 
of this type are known as reciprocal equations, and are so named because 


: : ae ; i 
they are not altered when x is changed into its reciprocal ~ = 


For a more complete discussion of reciprocal ere the student 
is referred to Arts. 568 — hag 


iaraplesSOlvetOx AGO HBr Such 12120. 
Dividing by x” and rearfanging, 


12 eae = % [r+ 2) +89 =0, 
x x 


J t 2 
Put x+2=z;thenx’ +5 =2 - 2; 
e ey 
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: 5 13 

whence we obtain r= 5,0 6: 
ad od 
se oS Iie oe 


i 
eae 

134. The following -quation though not reciprocal may be solved in 
a similar manner. 


Example. Solve dx? — 25° + 12? + 25 + 6 = 0. 


NI 
WIN 


By solving these equations we find that x = 2, 


We have (244 - 25 { -t}+2- 0; 
( se 
1 
whence pif zi mek -3| +24=0 


; iH 
whence we obtain =x = 2, — > Doom > 
135. When one root of a quadratic equation is obvious by inspection, 
the other root may often be readily obtained by making use of the oe es 
of the roots of quadratic equations proved in Art. 14. 


Example. Solve (1 — a’) x+a)—-al—x *) = 
This is a quadratic, one of whose roots is clearly a. 
Also, since the equation may be written 


2a” + (1—- a’) x = alr a’) = 0, 
a 


3 Lek a. : 
the product of the roots is — aud and therefore the other root is 
2 
El 5 
2a 


EXAMPLES. X. a. 


(When any of the roots satisfy a modified form of the equation, the 
student should examine the particular arrangeinent of the signs of the radicals 
to which each solittion applies. | 


Solve the following equations : 
a 
33: 2 


= §. 20° -9 HO" By" 
nae SS dnodac 
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yee ee Se. geet he ln Se 
V347V ion! <4 22! 
SV i+7V 55225, i 
6 vx = Sx? — 13. 10. 1+ 8° en 
3*+9=10.3% 12. 5(5S° +5") = 26. 
POA t= Wee a.’ 14, 267 *57 = 65 (2 = 1). 
ae ae 3 V2 ee 9 
Sh ar — Obs 16. VETS a kr 
(c — 7) (x — 3) @ + 5) (+ 1) = 1680. 
G+) e—3) DEES) s 
Meh ~ 2) x 
Ox 7) (x? — 9) (2e + 5) = 91. 
x ares te ee 
— ay + V3? = & — 6 = 18. 
Ragusa Ie + 21 = 16x. 
8+ 9VGx — 1) @—2) = wis 
: 
at —- “wah 
+ V2x7 — §& + 3 Wess 
gs 2 
Loca P=&t1_ (8 1 y 
Xx | vx 
Vac — ke — 15 — Vx - 35, = Vx ~9- 
Ve — Or +4 + 3V > Rew Me? + HE E11. 
7+ ee Eee Bye 4 0. 
Ot a 3 (x - 7x + 6) ee One od 


i: eee A TcEaa TROY | 
ee + 2ax — ae — Vg ee OF Bon! + Bax — &": 


V2_e 4 Sr -2-VOr te -9 = 1 
Vae 49 + VR = a4 = 13. 
Vee et Vor Hea ah 
ie gett a i alla 


Po tx Lay’ +x+1=0. 


| 
— 


xe +4 Sy +1= 3° + Av. 


ce eh or (? + x)= 
i 2 i 
10! +1) — 63x (x” — 1) + 52x" = 0. 
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45 x4 via == weap 1, 40 at+2&xk+Va‘i — 4 _ 
oe age ee i a a Nae a 


3 
vx —1 5 x +H 6 

42. Vyo 4x + = 43 a 

‘ i Vx —-x 2 ror 

2 
44. g .2% =8:1. 45. a (a +1)=(a +4')a. 
4 Svx— 5... Vier / 47 18 (ie — 3) DOV +1 
e ae, SH dee rae eT TOT =3 


48. aoe: +4(a-x)3= S(a oo) 25 
49. Vx? + ax — 1 — Vx" + bx — 1 = Va— Vb. 
EUNe ol piee 
gene eae Bes ae 
51. x! ~ 2x” + x = 380. 52. 2° + 21x +8=0. 

136. We shall now discuss some simultaneous equations of two 
unknown quantities. 

Example 1. Solvex +2+y+3+V(x+2)(yv+3)= 

(x + 2)’ + (y +3)’ + @ + 2) (y + 3) = 741. 
Putx + 2 =u, andy + 3 = v; then 


= 98. 


ut+yv+Vuv = 39 Be ik 
w+ t+uv=741 me 
hence, from (1) and (2), we obtain by division, 
u+yv—Vuv = 19 ...(3) 
From (1) and (3), u+v= 29; 
and Vvuy = 10, 
or uv = 100; 
whence u = 25, or 4;v. = 4, or 25; 
thus x = 23, or 2;y =¥,, or 22. 
Example 2. Solve xv + y" =.82 me 8 
x-y=2 el 
Put x=u+t+yv,andy =u —-y; 
then from (2) we obtain = 1, 


ui ines in (1), (u + 1)" + = ~ 1)" = 82; 

2 (u' + 6u" + 1) = 82; 

u" + 6u” — 40 = 0; 

whence w=4 or —10; 
and u=+2,or +vV—10. 
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Thus x =3,-1,1+V-10; 
y =1,-3, -1+ ¥V—10. 
Example 3. Solve at). aoe (1) 
acy. xs y 15 ss 
Tx + “sh = 29 TAZ): 


OE 15 (2x + ay ty" — 3x” + xy — y”) = 38 (3x? + 2xy — y’); 


129 x” - 2oXy-— 38y" = i 
x (3x — 2y) (48% + 19y) = 
Hence’ 3x = 2y ...(3) 


or 43x = —19y (4) 
Xe bet oy 
F =“+= 
are 243. V 0 
= 1, by equation (2). 
ms FRONT s 
: : vie Ae) 
Again, from (4 ay ep Le 
Gain) Grom yeiiomrycag ee = agg 
.- 2 
= ~ 32 by equation (2), 
6 es leit 
g2 wena 
PL eV = ae ea 
Hence x=2,y=3; orx= 37° = 82° 
Example 4. Solve ao + 3ry+y =8, 
OR 2x"y +a" =1. 
Put y = ux, and substitute in both equations. Thus 
x (4 + 3m + m?) =8 ...(1) 
x (2—2n + m’) =1 hey 
4+ 3m +m — g. 
2-Im +m 
: m?> — 8m? + 19m — 12 = 0; 
that 2 (m — 1) (nm — 3) (m — 4) = 0; 
m = 1, or 3, or 4. 
(i Take #2 = 1, and substitute in either (1) or (2). 
From (2), Pal. x=h % 
and y=m=x=1. 
(ii) Take m = 3; and substitute in (2); 
thus 5° = 1 alate i 2 
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v5h/i 
se 


and y=me = ix 


(iii) Take m = 4; we obtain 


Rendle Biydeey, * Bee # 

1Oe ol’ ah 10° 

Va 

a = =4 = 

and y=em=% 10° 


Hence the complete solution is 


= VaNS 
ee bi 10° 

3 
Por bette ee 
v=1,3 574 10 


NOTE. The above method of solution may always be used when the 
equations are of the same degree and homogeneous. 


Example 5. Solve 31)" = ty" — 1124 + 64=0 .(1) 
eo Ty + ay" +8=0 me 5 
From (2) we have —8 = y= hy + ay"; and, substituting in (1), 
31 xy = Ty" + law @ Ppiy + dy) + ( hy + 4y”)? = 0; 
31 xy — Ty" +00" — Ty + dy’) (14xy + — Tay + ay’) = 0; 
3Lry" = 1 cs (x? + 4y") - (Ixy)? = 0; 


“ 


that is, x 10x"? + 9 =0 (3) 
2 Zee 2 
ee » 1 ey) G? = H) = 0; 
hence x=ty, or x= + 3v. 


Taking these cases in succession and substituting in (2), we obtain 
x=y= +2; 


KS spare \ Su 3 


xy=ErtZy= Ht]; 


a8 AW gel i acl a2 
a3 Wis us 7° 

NOTE. It should be observed that equation (3) is homogeneous. The 
method here employed by which one equation is made homogencous by a 
suitable combination with the other is a valuable artifice. It is especially 
useful in Analytical Geometry. | 


A 


nN 


2 
Example 6. Solve (x + y)3 + 2 (x — y)3 = 3 (e —y 
M- 2y= 13 
ae ‘ ge Le u J 
Divide each term of (1) by (7 — y7)2, or (x + y)2 (x — y)2; 


1 
\3 (1) 
ees 
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L i 
® 2 -— yp 
(saat es 
Xt a ey 
a 
. Baie «wa (eX HEB F i 
This equation is a quadratic in |= ——|, from which we easily find, 
x+y)3 
tee = 2 or 1; whence ml = SOK lt: 
‘ Tx = 9y, ory = 0. 
Corbinins these equations with (2), we obtain 
x=9,y=7;orx = Fp sneeip 
EXAMPLES. X. b. 
Solve the following equations : \ 
162 Se oy Sd. YO Sg 8 RES 33, chy ~— By, =t1, 
xy = 20. y’ — @ = 25. 12xy +\13y" = 25. 
eae anne 2 Pas . 
4 7 oy tt pee 95h 5. x +ayt+y = 84, 
xv -xy ty’ =19. x-—vxy +y =6. 
6 x+Vvxy +y = 65, 7. x+y =7+ vyy, 
x ey te y = 2275. y+ y = 133 ~— xy 
§° 8 3 Sy 7, RE SAS = 1, 10. 3x + 165 = 16x. 
ary — 4y* = 2. Sxy — Gr” = 6. Ixy + 3y” = 132. 
iH. ar? + xy +y? = 15, ier ay —3 = 2y, 
3bxy — 3x” — Sy’ = 45. 2x -6+y =0. 
13. x + y" = 706, 14.0) + y = 272, 15. x= y = 992, 
x+y=8. <i> ye 2: x= y= 2, 
Z 2 
ay yr. = 9 bee 
Cot ae ee oie Satara a5, 
16 eae z Mh ey 18 a +5 5 
: 4 3 pte er 
at — 7 = Tea ada 
i Be a x+y x (CY moe 
" 1 2x 4 
19. x+y = 1072, 20. xy2 + yx2 = 20, wy. 32 EYEE OD, 
ae Lage ie ae! 
x3 + y3 = 16. x3 + y2 = 65. 6(x 2+y 2)=5. 


22, vty +ve-y =4, 23. yt V4 =2, 
y-y=9, vx +1 -vx-—1 = vy. 
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Vz, Vv_10 ve vy , e+ vy _ 17 
ae y" x ie 7 vx+vVy vx-vy 4’ 
gcd 
x+y = 10. x+y = 706. 
26. x + 4y’ — 15x = 10 (3y — 8), xy = 6. ve 


27. xy’ + 400 = 4Ly, y” = Sey — 4x7. 
28. 4x" + Sy = 6 + Wey — Wy” + 2x, Te — lly = 17. 
29. Ox" + 3B — 12 = Lay — Ay" + Dy, x —xy = 18. 
30. (x -y)@- y= lene ot = y*) @? *= 9) = 602 
31. 2 may ty" = 2y, 24! 1 ee = 5, 
32. vty Peete! 2a phe =, 

(+yy @-yp 8 
33. y (y? — dy x) + 24 =0, x(y — xy + 2) +8 =0. 
34. 3 — By ty? + 21=0, x (y—x) = 1. 
35. y" (4x” — 108) =x (x° — 9y°), 2x7 + My Hy” = 108. 
36. ex! + x7y? + 16 = 2x (12r ty) x try —-y=4. 
37, x(a+x)=y(bt+y), atby=(+y). 


2, 2 2. 2 rr 

38. x t+ab=2a,xy tab =2Dy. 
L020 ie 1 1 13> . 
39. oe 3 ee oho Te UF Bao 


40. bx = 10a”bx + 3a°y, ay’ = 10ab’y + 3b°x. 


41, 2a (E-2| + 4a? = ay? + 
y x 


* (Fo 
Il 
—_ 


137. Equations involving three or more unknown quantities can only 
be solved in special cases. We shall here consider some of the most useful 
methods of solution. 


Example 1. Solve xty+2z2=13 We § 3 
x +y +2 =65 4) 
xy = 10 “i(3) 


From (2) and (3), («+ yy +27 = 85. 
Put u for x + y; then this equation becomes 
nae z= 85. 
Also from (1), w+ z= 13; 
whence we obtain u = 7 or 6;z =6or7. 


x+y= 7, x+y = 6, 
Thus we have oe 3 and pe a &| 
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Ffence the solutions are 


x =,5, or 2, x=3+v-I, 

y = 2. or 5, hicor y=3F¥v-I, 

Zz = 6;. z=7. 
Example 2. Solve @Wt+y)@+z)= 
YVtz)Y+x)= 


a (z +x) (z +y) = 18. 

Write u,v, w for y + z,z +x,x + y respectively; thus 

vw = 30, wu = 15, uv = 18 lt) 
Multiplying these equations together, we have 

ww? = 30 x 15 X18 = 15° x 6; 

uvw = +90. 
Chntbining this result with each of the equations in (1), we have 
u=3,v=6,w=5; or u=—3,v= —-6,w= —S; 


y+z=3, yt+z=-3, 

z+x=6,> or z+x=-—6, 

x+y=5S5, x+y=-5S, 

whence x=4,y=1,z=2; or x= —4,y = -1,z = -2. 
Example 3. Solve y + yet 7 = 49 oe 
2) - 

Zee tx =o ees) 
x's xy +y = 39 ...(3) 


Subtracting (2) from (1) 
yuxt+z(y-x) = 30 


that is, (y—x)@+y +z) = 30. (4) 
Similarly from (1) and (3) 
(z —x) (x+y +z) =10 (5) 
Hence from (4) and (5), by division 
b Ars. ae 
btn el 
whence y=3z-2. 


Substituting in equation (3), we obtain 
va + 32” = 13. 
- From (2), veut, =19, 


Solving these homogeneous equations as in Example 4, Art. 136, we obtain 
X= +2,z7= £3; Lh Ba ae + 5; 


il 
or yes vpe = ae: * ; and therefore y = ees a 


Example 4. Solve ee Vw=a, 2 -7x= b?, = x= c. 
Multiply the equations by y,z,x respectively and add; then 
cx +t a’y +b2=0 (1) 
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bx + c’y +a°z = 0 
From (1) and (2), by cross multiplication, 
eR rates a ae 
= = = ppose. 
ep poe ee ab? 
Substitute in any one of the given equations; then 
e+ Ho Oe a2) = 1 
YR ee Nay Bi oe ape Fe 
@ = Odie nbseoie inde 
1 
~ Ee Oe ak eM 
a i+ bec =—3a- dc 
EXAMPLES. X. c. 
Solve the following equations : 
1. &o+y—-& =9, 2. x++y-2=0, 
4x — 8y + 7z = 0, 4x -y —3z = 0, 
yz + 2x + xy = 47. vty 47° = 467. 
3. X= yaz=2, 40 xX 2S 2 StL 
eh Bee 2 ; eee 
XZ yr Hz HZ; x — 4y° +z =37, 
xy =5. xz = 24. 
5. vty? —77 =21, 6. +x +xz = 18, 
3xz + 3yz — 2xy = 18, y +yz +yx +12=0, 
x by zis he 2 +2x +: zy = 30. 
7. x? + 2xy + 3xz = 50, 8. (y—z) (z $x) = 22, 
i Vs 
2y” + 3yz + yx = 10, (z +x) & — y) = 33, 
327 + zx + 2zy = 10. @ -—y) (py -z) =6. 
9. ys" = 12, yeu = 8, yr =1, axy727u = 4. 
10. yz = 12, xyz? = 54, xyz" = 72. 
ll. x2 heey = 12, 2y- 4 +y=1/7, 
x2 + yo 2S 41, 3yz + y — 6z = 52, 
Yo. yor 2 se 27, 6xz + 3z + 2x = 29, 
13. xz PPE a ee OL Ee 2 oe hz, 
14. x +y +p=a, ety Bes =a’, x+y tHiz= a. 
15. 2 Aye 85 SB Pe ee. 
2 2 2 Z 2: 
16. x+y +z =2la yz +zx —xy = 6a, +y — 2z = 3a. 
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Multiply the equations by z, x, y respectively and add; then 


_..(2) 
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138. Suppose the following problem were proposed for solution : 

A person spends Rs. 461 in buying horses and cows ; if each horse 
costs Rs. 23 and each cow Rs. 16, how many of each does he buy ? 

Let x, y be the number of horses and cows respectively; then 

23x + l6y = 461. 

Here we have one equation involving two unknown quantities, and it 
is clear that by ascribing any value we please to x, we can obtain a 
corresponding value for y; thus 1t would appear at first sight that the problem 
admits of an infinite number of solutions. But it is clear from the nature of 
the question that x andy must be positive integers; and with this restriction, 
as we shall see later, the number of solutions is limited. 

If the number of unknown quantities is greater than the number of 
independent equations, there will be an unlimited number of solutions, and 
the equations are said to be indeterminate. In the present section we shall 
only discuss the simplest kinds of indeterminate equations, confining our 
attention to positive integral values of the unknown quantities; it will be seen 
that this restriction enables us to express the solutions in a very simple form. 

The general theory of indeterminate equations will be found in Chap. 
XXVI. 

Example 1. Solve 7x + 12y = 220 in positive integers. 

Divide throughout by 7, the smaller coefficient; thus 


AW = Sh ee 
pie De = Sh ot 73 
xty+ 2 oF a3 (1) 
Since x and y are to be integers, we must have 
wey? integer; 
Ve ee 
y+ 9 a. 
and therefore aye? = integer; 
Ou, rare 
that is, aah re aie = integer; 
any SS 
and therefore a a = integer = p suppose. 
es se y cat 2 a2 Tp, 
or y=ipt+2 ...(2) 


Substituting this value of y in (1). 
x + 7p.+.2.+ Sp +1 = 31; 
that is, x = 28 ~ 12p aa) 
If in these results we give to p any integeral value, we obtain 
corresponding integral values of x and y; but ifp > 2, we see from (3) that 
x is negative; and if p is a negative integer, y is negative. Thus the only 
positive integral values of x and y are obtained by putting p = 0, 1, 2. 
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The complete solution may be exhibited as follows : 
p=9 1 2 


y=2, 9,1 16. 
NOTE. When we obtained 5 = integer, we multiplied by 3 in 


order to make the coefficient of y differ by unity from a multiple of 7. A similar 
artitice always be employed before introducing a symbo! to denote the 
integer. 
Example 2. Solve in positive integess, 14x — lly = 29 LAW 
Divide by 11, the smaller coefficient; thus 


3x Fe 
Xo mn =2+ i 
Ninel : 
——=2-x+t+y= : 
1 2.—x + y = integer, 
hence ieee Bol, integer; 
das lo ayer Toshi 
that is . x-2+ 1-8 = integer; 
ee 
+ ye = integer = p suppose; 
“. x= 1llp+6 
and from (1), fe sg y og: sf 


This is called the general solution of the equation, and by giving to 
p any positive integral value or zero, we obtain positive integral values of 
x and y; thus we have 


| See ee eee We 
e617 ee ee 
ys5, 1983 = “7... 


the number of solutions being infinite. 

__ Example 3. In how many ways can Rs. 5 be paid in 25 nP. and 10 nP. 

pieces ? 
Let x be the number of 25 oP. pieces and ¥ the number of 10 nP. 

pieces; then 


25x + 10y = 560 
ae 
x+ Sy = 20 
( 2 
S = ae = Vi 
0) x = 20 5)" 


2 . ; : 
Now y + = ¥ must be integers and solutions are obtained by ascribing 


Oy tiene willis Gini alae FF 6% 5 
y ger values which make 5) integral, viz., 5, 10, 15, 20, .... 45. The 


number of ways is therefore 9. 
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If however, the sum may be paid either in 25 nP. or 10 nF. pieces only, 
y may also have the values 0 and 50. 

If y = 0, the’ sum is paid entirely in 25 nP. pieces and if y = 50 the 
sum is paid entirely 1 in 10 nP. pieces. 

Thus is zero values of x and y are admissible, the number of ways 
is 11. 

Example 4. The expenses of a party numbering 43 were Rs. 2:29 nP. ; 
if each man paid 10 nP., cach woman 5 nP, and each child 2 nP., how many 
were there of each ? 

Let x,y,z denote the number of men, women, and children, 
respectively then we have 

x+y+z=4 ...(1) 
10¢ + Sy + 2z = 229. 
Eliminating z, we obtain 8x + 3y = 143. 
The general solution of this equation is 


x= 3p +1, 
x= 45 — 8p, 

Hence by substituting in (1), we obtain 
z = 5p - 3. 


Here p cannot be negative or zero, but may have positive integral values 
from 1 to 5. Thus 

FI Se Po ee. eae. ene? 

Kateri, Ja ADC AD, on AO; 

VE Dhl Ch thy nh 

Bey dla bphldni nde. 


EXAMPLES. X. d. 


Solve in positive integers : 
1 3x + 8y = 103. 2. Sx + 2y =53. 


3. Ix + 12y = 152. 4. 13x + lly = 414. 
5. 23x + 25y = 915. 6. 41x + 47y = 2191. 


Find the general solution in positive integers, and the least values of 
x and y which satisfy the equations : 


Toe FOS! 8 ar —- By=1. 
9.° & — 21y = 33. 10. 17y— 13x =0. 
Mt. 19y — 2k = "7. 12. Ty — 30x = 295. 


13. A farmer spends £752 in buying horses and cows; if each horse costs 
£37 and each cow £23, how many of each does he buy ? 

14. In how many ways can £5 be paid in shillings and sixpences, including 
zero solutions ? 

15. Divide 81 into two parts so that one may be a multiple of 8 and the 
other of 5. 

16. What is the simplest way for a person who has only guineas to pay 
10s. 6d. to another who has only half-crowns ? 
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17. Find a number which being divided by 39 gives a remainder 16, and 
by 56 a remainder 27. How many such numbers are there ? 

18. | What is the smallest number of florins that must be given to discharge 
a debt of £1. 6s. 6d., if the change is to be paid in half-crowns only ? 

19. Divide 136 into two parts one uf which when divided by 5 leaves 
remainder 2, and the other divided by 8 leaves remainder 3. . 

20. 1 buy 40 animals consisting of rams at £4, pigs at £2, and oxen at £17 
if I spend £301, how many of each do | buy ? 

21. In my pocket I have 27 coins, which are sovereigns, half-crowns or 
shillings, and the amount I have is £5. 0s. 6d; how many coins of each 
sort have I ? 

& 


CHAPTER XI 
PERMUTATIONS AND COMBINATIONS 


139. Each of the arrangements which can be made by taking some or 
all of a number of things is called a permutation. 

Each of the groups or selections which can be made by taking some 
or all of a number of things is called a combination. 

Thus the permutations which can be made by taking the letters 
a,b,c, d two at a time are twelve in number, namely, 

ab, ac, ad, - be, bd, cd, 
ba, ca, da, cb, db, dc; 
each of these presenting a different, arrangement of two letters. 

The combinations which can be made by taking the letters a, b,c, d 
two at a time are six in number : namely, 

ab, ac, ad, be, bd, cd; 
each of these presenting a different selection of two letters. 
. From this it appears that in forming combinations we are only 
concerned with the number of things each selection contains; whereas in 
forming permutations we have also to consider the order of the things which 
make up each arrangement; for instance, if from four letters a, b,c, d we 
make a selection of three, such’as abc, this single combination admits of 
being arranged in the following ways : 

abc, acb, bea, bac, cab, cba, 
and so gives rise to six different permutations. 

140. Before discussing the general propositions of this chapter there 
is an important principle which we proceed to explain and illustrate by a 
few numerical examples. ; 

If one operation can be performed in m ways, and (when it has been 
performed in any one of these ways) a second operation can then be performed 
in n ways; the number of ways of performing the two operations will be 
mn. i 

If the fifst operation be performed in any one way, we can associate 
with this any of the n ways of performing the second operation : and thus 
we shall have n ways of performing the two operations without considering 
more than one way of performing the first; and so, corresponding to each 
of the m ways of performing the first operation, we shall have 1 ways of 
performing the two; hence altogether the number of ways in which the two 
operations can be performed is represented by the product m xn. 


( 103 ) 
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Example 1. There are 10 steamers plying between Liverpool and 
Dublin; in how many ways can a man go from Liverpool to Dublin and 
return by a different steamer ? 

There are ten ways of making the first passage; and with each of these 
there is a choice of nine ways of returning since the man is not to come 
back by the same steamer); hence the number of ways of making the two 
journeys is 10 x 9, or 90. , 

This principle may easily be extended to the case in which there are 
more than two operations each of which can be performed ina given number 
of ways. 

Example 2. Three travellers arrive at a town where there are four 
hotels; in how many ways can they take up their quarters, each at a different 
hotel? 

The first traveller has choice of four hotels, and when he has made 
his selection in any one way, the second traveller has a choice of three; 
therefore the first two can make their choice in 4 X 3 ways; and with any 
one such choice the third traveller can select his hotel in 2 ways; hence the 
required number of ways is 4 x 3 x 2, or 24. 

141. To find the number of permutations of n dissimilar things taken 
rat a time. 

This is the same thing as finding the number of ways in which we can 
fill up r places when we have n different things at our disposal. 

The first place may be filled up inn ways, for any one of the n things 
may be taken; when it has been filled up in any one of these ways, the second 
place can then be filled up inn — 1 ways; and since each way of filling up 
the first place can be associated with each way of filling up the second, the 
number of ways in which the first two places can be filled up is given by 
the product 1 (n — 1). And when the first two places have been filled up 
in any way, the third place can be filled up in n — 2 ways. And reasoning 
as before, the number of ways in which three places can be filled up is 
win I) (n=). 

Proceeding thus, and noticing that a new factor is introduced with 
each new place filled up, and that at any stage the number of factors is the 
same as the number of places filled up, we shall have the number of ways 
in which r places can be filled up equal to 

h(a 2): Gr?) Rana tor factors; 
and the r'” factor is 
=~ 1)or. Aare 1. 
Therefore the number of permutations of n things taken r at a time 


is WORM TPG Dy ae PAF} 

"COR. The number of permutations of n things taken all at a time is 
n(n — 1) (n — 2)........ ton factors, 

or (1 — T) (71 2), sorscsta Ds. de de 


It is usual to denote this product by the symbol |, which is read 
“factorial n” Also n ! is sometimes used for |n. 
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142. We shall in future denote the number of permutations cf n things 
taken r at a time by the symbol ”P, , so that 


"P,=n(n.—1)(n—- Zee Ut — 7+ 1); 


also "P= 7. 

In working numerical examples it is useful to notice that the suffix in 
the symbol "P, always denotes the number of factors in the formula we are 
using. 

143, The number of permutations of n things taken r at a time may 
also be found in the following manner. 

Let "P, represent the number of permutations of n things taken r at 
a time. 

Suppose we form all the permutations of n things taken r — 1 at a 
time; the number of these will "P,_,. 


With each of these put one of the remaining n — 7 + 1 things. Each 
time we do this we shall get one permutation of n things r at a time; and 
therefore the whole number of the permutations of n things at a time is’ 
of x (n — r + 1); that is, 

P, = "P,_1 X (n-r+1). 
By writing r — 1 for rin this formula, we obtain 
is = Oe Gr Fak 2); 


similarly, is = iy fe x (n—r +3), 


n 


Oe ewarecerecercoseescaeessesasessesosesscoseeseeses 


1s = ai %i(1.= 12), 
"P, = "P, Xi >'9) 


n 
Py =H. 
Multiply together the vertical columns and cancel like factors from 
each side, and we obtain 
“P, =n (n — 1) (t= 2) vee (n.— 7 +1), 
- Example 1. Four persons enter a railway carriage in which there are 
six seats; in how many ways can they take their places ? 

The first person may seat himself in 6 ways; and then the second 
person in 5; the third in 4; and the fourth in 3; and since each of these ways 
may be associated with each of the others, the required answer is 
6x 5x 4~ 3, or 360. 

Example 2. How many different numbers can be formed by using six 
out of the nine digits 1, 2, 3, ....9.? 

Here we have 9 different things and we have to find the number of 
permutations of them taken 6 at a time; 
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.. the required result = °P. 
=9x8x7xK6x5x4 
= 60480. 
144. To find the number of combinations of n dissimilar things taken 
rata time. 
Let "C, denote the required number of combinations. 
Then each of these combinations consists of a group of r dissimilar 
things which can be arranged among themselves in [7 ways. [Art. 142.] 
Hence "C, x [r is equal to the number of arrangements -of n things 
taken r at a time; that is, 


CX hae ae 
=n(ne Ti @=2)x0 (are 8); 
nee Wh — 1) (eZ) ent at t.) 
C, = |r (1) 


COR. This formula for "C, may also be written in a different form; 

for if we multiply the numerator and the denominator by | — r we obtain 
a(n —1)(-2)..@-—r+ 1) frar 

The-numerator now consists of the product of all the natural numbers 

from n to 1; 
nn n 

It will be convenient te. remember both these expressions for ty = : 
using (1) in all cases where a numerical result is required, and (2) when it 
is sufficient to leave it in an algebraical shape. 

NOTE. If in formula (2) we put r = n, we have 


[n |O [0’ 
but “C,, = 1, so that if the formula is to be true for r = n, the symbol [0 
must be considered as equivalent to 1. 

Example. From 12 books in how many ways can a selection of 5 be 
made, (1) when one specified book is always included, (2) when one 
specified book is always excluded ? 

(1) Since the specified book is to be included in every selection, we 
nave only to choose 4 out of the remaining 11. 

Hence the number of ways = esi 

. _11x10x9x8 
Seep neDSery pelg 
= 330. 
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(2) Since the specified book is always to be excluded, we have to 
select the 5 books out of the remaining 11. 
Hence the number of ways = ne 
FL RAO XO XOX 7 
ae) ae ae ta ea 
= 462. 
145. The number of combinations of n things r at a time is equal to the 
number of combinations of n things n — r at a time. 
In making all the possible combinations of n things, to each group of 
r things we select, there is left a corresponding group of n — r things; that 
is, the number of combinations of n things r at a time is the same as the 
number of combinations of n things n — r at a time; 
“ af coe ee OS 
The proposition may also be proved as follows : 


n £9 [n 
Gasnie |n—r|n-—(n—7r) 
n 

~ faerie 

a oi 
Such combinations are called complementary. 
NOTE. Put r =n, then Cy = "C,, = 1. 
The result we have just proved is useful in enabling us to abridge 


arithmetical work. 
Example. Out of 14 men in how many ways can an eleven be chosen ? 


[Art. 144.]} 


The required number = BCH 


14 
eeoCy 


14°— 13 x 12 
Tx 2 xis 
= 364. 


If we had made use of the formula von we should have had to 
reduce an expression whose numerator and denominator each contained 
11 factors. 

146. To find the number of ways in which m + n things can be divided 
into two groups, containing m and n things respectively. 

This is clearly equivalent to finding the number of combinations of 
m +n things m al a time, for every time we select one group of 7 things 
we leave a group of # things behind. 


2 mtn 
Thus the required number = ait 
py til 
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NOTE. If. = m, the groups are equal, and in this case the number 
| 2 A S2 
j é ivision is =——,——> ; for in any one way it 1s 
of different ways of subdivision 1 ie ate y i 
possible to interchange the two groups without obtaining a new distribution. 
147. To find the number of ways in which m +n + p things can be 
divided into three groups containing m,n, p things severally. 
First divide m+n + p things into two groups containing m and 
n + p things respectively : the number of ways in which this can be done is 
jm tntp 
ln |n+p- 
Then the number of ways in which the group of 1 + p things can be 
divided into two groups centaining n and p things respectively is 
n+p 
ln [p’ 
Hence the number of ways in which the subdivision into three groups 
containing 7, , p things can be made is 


jtntp |na+p [lp +n+p 
[alto “fale [ata 


NOTE. If we put 2 = p = m, we obtain ; but this formula 


| 3r1 
[m [m [mi 
regards as different all the possible orders in which the three groups can 
ceccur in any one mode of subdivision. And since there are |3 such orders 
corresponding to each mode of subdivision, the number of different ways in 


which subdivision into three equa! groups can be made is ——~——~——— 


Lm [mn [m [3° 


Example. The number of ways in which 15 recruits can be divided 
pls 
into three equal groups is Ta and the number of ways in which 


they can be drafted into three different regiments, five into each, is 
[15 
LS 15 Ls 
148. In the examples which follow it is important to notice that the 


formula for permutations should not be used until the suitable selections 
required by the question have been made. 


Example 1. From 7 Englishmen and 4 Americans a committee of 6 is 


to be formed; in how many ways can this be done, (1) when the committee 
contains exactly 2 Americans, (2) at least 2 Americans ? 


(1) We have to choose 2 Americans and 4 Englishmen. 
The number of ways in which the Americans can be chosen is "es: 


and the number of ways in which the Englishmen can be chosen is ies 
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Each of the first groups can be associated with each of the second; hence 
the required number of ways = "65 s ca) 
valfaiald 
~RR EB 
7 
Piyeent car, 
[2 [2 [3 

(2) The committee may contain 2, 3, or 4 Americans. 

We shall exhaust all the suitable combinations by forming all the 
groups containing 2 Americans and 4 Englishmen; then 3 Americans and 
3 Englishmen; and lastly 4 Americans and 2 Englishmen. 

The sum of the three results will give the answer. Hence the required. 
number of ways = 464 x ac So 4G x hs § + ar x lis 

LS shou Wl nap Lo petabediog vpgar weet 
“B2" 4B BBL Bis 
= 210 + 140 + 21 = 371. 

In this Example we have only to make use of the suitable formulae 
for combinations, for we are not concerned with the possible arrangements 
of the members of the committee among themselves. 


Example 2. Out of 7 consonants and 4 vowels, how many words can 
be made each containing 3 consonants and 2 vowels ? 


The number of ways of choosing the three consonants is Yon and the 


number of ways of choosing the 2 vowels is ‘Cy; and since each of the first 
groups can be associated with each of the second, the number of combined 
groups, each containing 3 consonants and 2 vowels, is fé, x an 
Further, each of these groups contains 5 letters, which may be 
arranged among themselves in [5 ways. 
Hence the required number of words = fo x "CS x [5 


= ae x tol ise x [5 
34 2B 
— 5 x |7 
= 25200. 
~ Example 3. How many words can be formed out of the letters 
article, so that the vowels occupy the even places ? 

Here we have to put the 3 vowels in 3 specified places, and the 4 
consonants in the 4 remaining places; the first operation can be done in 
|3 ways, and the second in [4. 

Hence the required number of words = [3 x |4 = 144. 

In this Example the formula for permutations is immediately 
applicable, because by the statement of the question there is but one way 
of choosing the vowels, and one way of choosing the consonants. 
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EXAMPLES. XI. a. 


In how many ways can a consonant and a vewel be chosen out of the 


letters of the word courage ? 

There are 8 candidates for a Classical, 7 for a Mathematical, and 4 
for a Natural Science Scholarship. In how many ways can the 
Scholarships be awarded ? 

Find the value of 8P,, >Ps, "C., C14. 

How many different arrangements can be made by taking 5 of the 
letters of the word equation ? 

If four times the number of permutations of n things 3 together is 
equal to five times the number of permutations of n — 1 things 3 
together, find 7. 

How many permutations can be made out of the letters of the word 
triangle ? How many of these will begin with ¢ and end with e ? 
How many different selections can be made by taking four of the 
digits 3, 4, 7, 5, 8, 1 ? How many different numbers can be formed 
with four of these digits ? 


If "C3 :"Cy = 44:3, find n. 
How many changes can be rung with a peal of 5 bells ? 


How many changes can be rung with a peal of 7 bells, the tenor always 
being last ? 


. On how many nights may a watch of 4 men be drafted from a crew 


of 24, so that no two watches are identical ? On how many of these 
would any one man be taken ? 

How many arrangements can be made out of the letters of the word 
draught, the vowels never being separated ? 

In a town council there are 25 councillors and 10 aldermen; how many 
committees can be formed each consisting of 5 councillors and 3 
aldermen ? 

Out of the letters. A, B, C, p, g, r how many arrangements can be made 
(1) beginning with a capital, (2) beginning and ending with a capital ? 
Find the number of combinations of SO things 46 at a time. 

If EC = ger find Sus BS ee 

In how many ways can the letters of the word vowels be arranged, if 
the letters oe can only occupy odd places ? 

From 4 officers and 8 privates, in how many ways can 6 be chosen 
(1) to include exactly one officer, (2) to include at least one officer ? 
In how many ways can a party of 4 or more be selected from 10 
hs ? 


1G Co oe "ind. (Ce. 


Out of 25 consonants and 5 vowels how many words can be formed 


each consisting of 2 consonants and 3 vowels ? 
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22. Ina library there are 20 Latin and 6 Greek books; in how many ways 
can a group of 5 consisting of 3 Latin and 2 Greek books be placed 
on a shelf ? 

23. In how many ways can 12 things be divided equally among 4 persons ? 

24. From 3 capitals, 5 consonants, and 4 vowels, how many words can be 
made, each containing 3 consonants and 2 vowels, and beginning with 
a capital ? 

25. At an election three districts are to be canvassed by 10, 15, and 20 
men respectively. If 45 men volunteer, in how many ways can they be 
allotted to the different districts ? 

26. In how many ways can 4 Latin and 1 English book be placed on a 
shelf so that the English book is always in the middle, the selection 
being made from 7 Latin and 3 English books ? 

27. A boat is to be manned by eight men, of whom 2 can only row on 

‘bow side and 1 can only row on stroke side; in how many ways can 
the crew be arranged ? 

28. There are two works each of 3 volumes, and two works each of 2 
volumes; in how many ways can the 10 books be placed on a shelf so 
that volumes of the same work are not separated ? 

29. In how many ways can 10 examination papers be arranged so that 
the best and worst papers never come together ? . 

30. An eight-oared boat is to be manned by a crew chosen from 11 men, 
of whom 3 can steer but cannot row, and the rest can row but cannot 
steer. In how many ways can the crew be arranged, if two fo the men 
can only row on bow side ? 

31. Prove that the number of ways in which p positive and 7 negative 
signs may be placed in a’row so that no two negative signs shall be 


Pe se it 
together is Cy... 


32. If °P. 462° P43 = 30800 : 1, find r. 


33: How many different signals can be made by hoisting 6 differently 
coloured flags one above the other, when any number of them may 
be hoisted at once ? 

34. 1f 2C5.:4C2,_4 = 225: 11, find. 

149. Hitherto, in the formulae we have proved, the things have been 
regarded as unlike. Before considering cases in which some one or more 
sets of things may be /ike, it is necessary to point out exactly in what sense 
the words like and unlike are used. When we speak of things being 
dissimilar, different, unlike, we imply that the things are visibly unlike, so as 
to be easily distinguishable from each other. On the other hand we shall 
always use the term /ike things to denote such as are alike to the eye and 
cannot be distinguished from each other. For instance, in Ex. 2, Art. 148, 
the consonants and the vowels may be said each to consist of a group of 
things united by a common characteristic, and thus in a certain sense to be 
of the same kind; but they canot be regarded as like things, because there 
is an individuality existing among the things of each group which makes 
them easily distinguishable from each other. Hence, in the final stage of 


112 HIGHER ALGEBRA. 


the example we considered each group to consist of five dissimilar things 
and therefore capable of |5 arrangements among themselves. 
[Art. 141 Cor.] 

150. Suppose we have to find all the possible ways of arranging 12 
books on a shelf, 5 of them being Latin, 4 English, and the remainder in 
different languages. 

The books in each Janguage may be regarded as belonging to one 
class, united by a common characteristic; but if they were distinguishable 
from each other, the number of permutations would be | 12, since for the 
purpose of arrangement among themselves they are essentially different. 

If, however, the books in the same language are not distinguishable 
from each other, we should have to find the number of ways in which 12 
things can be arranged among themsleves, when 5 of them are exactly alike 
of one kind, and 4 exactly alike of a second kind : a problem wkich is not 
directly included in any of the cases we have previously considered. 

151. To find the number of ways in which n things may be arranged 
among themselves, taking them all at a time, when p of the things are exactly 
alike of one kind, q of them exactly alike of another kind, r of them exactly 
alike of a third kind, and the rest all different. 

Let there be n letters; suppose p of them to be a,q of them to be 
b,r of them to be c, and the rest to be unlike. 

Let x be the required number of permutations; then if the p letters 
a were replaced by p unlike letters different from any of the rest, from 
any one of the x permutations, without altering the position of any of the 
remaining letters, we could form |p new permutations. Hence if this change 
were made in each of the x permutations we should obtain x x « 
permutations. > 

Similarly, if the q letters b were replaced by q unlike letters, the 
number of permutations would be 

xx [px lg. 

In like manner, by replacing the:r letters c by r unlike letters, we 
should finally obtainx x |p x |g x |r permutations. 

But the things are now all different, and therefore admit of |n 
permutations among themselves. Hence 


xx [px |qx [r= |n; 
Aine cri 
Le la Le’ 


which is the required number of permutations. 

___ Any case in which the things are not all different may be treated 

similarly, : 
Example 1. How many different permutations can be made out of the 

letters of the word assassination taken all together ? 


We have here 13 letters of which 4 are s,3 are a, 2 are i, and 2 are 
x. Hence the number of permutations 


[13 


 LBEE | 
13 .141)104 9.5827.1345 


that is, 
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= 1001 x 10800 = 10810800. 
Example 2. How many numbers can be formed with the digits 1, 2, 
3, 4, 3, 2, 1, so that the odd digits always occupy the odd places ? 
The odd digits 1, 3, 3, 1 can be arranged in their four places in 
4 


Ri ways ...(1) 


The even digits 2, 4, 2 can be arranged in their three palces in . 


3 
> Ways ...(2) 
Each of the ways in (1) can be associated with each of the ways in 
: 3 
(2). Hence the required number = 22 x p =6x3=18. 


152. To find the number of permutations of n things 1 at a time, when 
each thing may be repeated once, twice, ....... up to x times in any arrangement. 

Here we have to consider the number of ways in which r places can 
be filled up when we have different things at our disposal, each of the 
n things being used as often as we please in any arrangement. 

The first place may be filled up in 7: ways, and, when i it has been filled 
up in any one way, the second place may also be filled up in 7 ways, since 
we are not precluded from using the same thing again. Therefore the nue, 
of ways in which the first two places can be filled up is n x n or n?, The 
third place can also be filled up in n ways, and therefore the first three 


places in nr? ways. 


Proceeding in this manner, and noticing that at any stage the index 
of n is always the same as the number of places filled up, we shall have the 


number of ways in which the r places can be filled up equal to n’. 

Example. In how many ways can 5 prizes be given away to 4 boys, 
when each boy is eligible for all the prizes ? 

Any one of the prizes can be given in 4 ways; and then any one of the 
remaining prizes can also be given in 4 ways, since it may be obtained by 
the boy who has already received a prize. Thus two prizes can be given 
away in rs ways. three prizes in 4 ways, and so on. Hence the 5 prizes can 


be given away in 4, or 1024 ways. 
~ 153. To find the total number of ways in which it is possible to make a 
selection by taking some or all of n things. 

Each thing may be dealt with in two ways, for it may either be taken 
or left; and since either way of dealing with any one thing may be associated 
with either way of dealing with each one of the others, the number of ways 
of dealing with the 7 things is 

2x2x 2x 2..... ton factors. 
But this includes the case in which all the things are left, therefore, 


rejecting this case, the total number of ways is 2” — 1. 
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This is often spoken of as “the total number of combinations” of n 
things. 

Exampie. A man has 6 friends; in how many ways may he invite one 
or more of them to dinner ? 

He has to select some or all of his 6 friends; and therefore the number 


of ways is py 1, or 63. 
This result can be verified in the following manner. 
The guests may be invited singly, in twos, threes, ....... ; therefore the 
number of selections = yoo an et + ~~ Ss oe oh sa + ee 
=6+15+20+15+6+1=63. 
154. To find for what value of t the number of combinations of n things 


rat a time ts ae 
_n(n-l Rest) oe Rot +2) a= rt 


Sine fs2u3 <@ Ae 
n Or Type) (n —7r +2) 
ane r= 1.2) 2G =) 
anal Gh: x2 r+1 
es gl tes , . 
The multiplying factor annie may be written Pisco 40 1, which 
shows that it decreases as r increases. Hence as r receives the values 1, 2, 
eer) in succession, “C, is continually increased until sat oe ah 1 becomes 
equal to 1 or less than 1. , 
Now | ait «I> i, 
so long as ait ad 
that is, aes -7. 


We have to choose the greate value of r consistent with this inequality. 
(1) Let n be even, and equal to 2; then 
Ge OR Wm 1 


and for all yaluss. of r up to mm inclusive this is greater than r. Hence by 


putting r =m = =, we find that the greate number of combinations is 


ns 
"Car: 

(2) Let 2 be odd, and equal to 271 + 1; then 
4 +BY _ 2n+2 + 2. 


3 > Mt: cha dis 
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and for all values of r up to 7 inclusive this is greater than 7, but when 

r =m + 1 the multiplying factor becomes equal to 1, and 

Gas = A a that is, Gy +1/2>= er -—1/2) 

and therefore the number of combinations is greatest when the things are 
Rtt ih jengh fork 

7 1S 

155. The formula for the number of combinations of n things r at a 

time may be found without assuming the formula for the number of 

permutations. c saeTEN 


taken at a time; the result being the same in the two cases. 


Let "C, denoté the number of combinations of n things taken r at a 
time; and let the 7 things be denoted by the letters a, b, c,d, .... 


Take away a; then with the remaining letters we can form + Telenor 
combinations of 7 — 1 letters takenr — 1 at a time. With each of these write 
a; thus we see that of the combinations of n things 7 at a time, the number 
of those which contain a is ssi Sy ; similarly the number of those which 
contain b is” 1C,_, ; and so for each of then letters. 


Therefore n x” “C,_, is equal to the number of combinations 7 at 
a time which contain a, together with those that contain b, those that contain 
c, and so on. 

But by forming the combinations in this manner, each particular one 
will be repeated r times. For instance, if r = 3, the combination abc will be 
found among those containing a, among those containing b, and among 
those containing c. Hence 


6 pe P Tee t8 x x 
By writing n — 1 andr — i instead of n and r respectively, 
n-1 n-2 i= 1 
C-1= C,-2 X es hos 
ed - ert: 
n-r+2 n-7+1 Tha Pee? 
x C, ns C; x 2 2 
and finally, eae Pre 


Multiply together the vertical columns and cancel like factors from 
each s:de; thus 


to. BaD 2) som @? = 2+.1) 
| i ar . 


156. To find the total number of ways in which it is possible to make a 
selection by taking some or all out of p+ q +1 + ....... things, whereof p are 
alike of one kind, q alike of a second kind, r alike of a third kind; and so en. 
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The p things may be disposed of in p + 1 ways; for we may take 0, 1, 
2, 3, ...... p of them. Similarly the q things may be disposed of in q + 1 ways; 
the 7 things in r + 1; and so on. 

Hence the number of ways in which all the things may be disposed 
of is(p +1) (q+) +1)... 

But this includes the case in which none of the things are taken; 
therefore, rejecting this case, the total number of ways is 

+I Qt)t1)..w- L 

157. A general formula expressing the number of permutations, or 
combinations, of n things taken 7 at a time, when the things are not all 
different, may be somewhat complicated; but a particular case may be solved 
in the following manner. 

Example. Find the number of ways in which (1) a selection, (2) an 
arrangement, of four letters can be made from the letters of the word 
proportion. 

There are 10 letters of six different sorts, namely 0, 0,0 3p, p;7,75 
Bia. 

In finding groups of four these may be classified as follows : 

(1) Three alike, one different. 

{2) Two alike, two others alike. 

(3) Two alike, the other two different. 

(4) All four different. 

(1) The selection can be made in 5 ways; for each of the five letters, 
P, 1, t,i,n, can be taken with the single group of the three like letters o. 

(2) The selection can be made in c ways; for we have to choose 
two out of the three pairs 0, 0; p, p;r,r. This gives 3 selections. 

(3) This selection can be made in 3 x 10 ways; for we select one of 
the 3 pairs, and then two from the remaining 5 letters. This gives 30 
selections. 

(4) This selection can be made in .C} ways, as we have to take 4 
different letters to choose from the sixo, p, r, t, i, 1. This gives 15 selections. 

Thus the total number of selections is 5 + 3 + 30 + 15; that is, 53. 


_ __ In finding the different arrangements of 4 letters we have to permute 
in all possible ways each of the foregoing groups. 


4 
(1) gives rise to 5 x iB’ or 20 arrangements. 
b ait J 4 
(2) gives rise to 3 X fer or 18 arrangements. 


Male dak 4 
(3) gives rise to 30 x i: or 360 arrangements. 


(4) gives rise to 15 x |4, or 360 arrangements. 5; 


gs the total number of arrangements is 20 + 18 + 360 + 360: tha 
is 756. 
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EXAMPLES. XI.‘b. 


Find the number of arrangements that can be made out of the letters 
of the words 

(1) independence, (2) superstitious, _ (3) institutions. 

In how many ways can 17 billiards balls be arranged, if 7 of them are 
black, 6 red, and 4 white ? 

A room is to be decorated with fourteen flags; if 2 of them are blue, 
3 red, 2 white, 3 green, 2 yellow, and 2 purple, in how many ways can 
they be hung ? 

How many number greater than a million can be formed with the 
digits 2, 3, 0, 3, 4,2,3?. 

Find the number of arrangements which can be made out of the letters 
of the word algebra, without altering the relative positions of vowels 
and consonants. ; 

On three different days 2 man has to drive to a railway station, and 
he can choose from 5 conveyances; in how many ways can he make 
the three journeys ? 

I have counters of n different colours, red, white, blue, .:...; in how 
many ways can I make an arrangement consisting of r counters, 
supposing that there are at least r of each different colour ? 

In a steamer there are stalls for 12 animals, and there are cows, horses, 
and calves (not less than 12 of each) ready to be shipped; in how 
many ways can the shipload be made ? 

In how many ways can n things be given to p persons, when there is 
no restriction as to the number of things each may receive ? 

In how many ways can five things be divided between two persons ? 
How many re arrangements can be made out of the letters in 


the expression a 357c4 when written at full length ? 

A letter lock consists of three rings each marked with fifteen different 

letters; find in how many ways it is possible to make an unsuccessful 

attempt to open the lock. 

Find the number of triangles which can be formed by joining three 

angular points of a quindecagon. 

A library has a copies of one book, b copies of each of two books, 

c copies of each of three books, and single copies of d books. In how 

many ways can these books be distributed, if all are out at once ? 

How many numbers less than 10000 can be made with the eight digits 

1, 2, 3, 0, 4, 5, 6, 7? 

In how many ways can the following prizes be given away to a class 
of 20 boys : first and second Classical, first and second Mathematical, 

first Science, and first French ? 

A telegraph has 5 arms and each arm is capable of 4 distinct positions, 

including the position of rest; what is the total number of signals that 

can be made ? 
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In how many ways can 7 persons form a ring ? In how many ways can 

7 Englishmen and 7 Americans sit down at a round table, no two 

Americans being together ? 

In how many ways is it possible to draw a sum of money from a bag 

containing a sovereign, a half-sovereign, a crown, a florin, a shilling, 

a penny, and a farthing ? 

From 3 cocoa nuts, 4 apples, and 2 oranges, how many selections of 

fruit can be made, taking at least one of each kind ? 

Find the number of different ways of dividing smn things into n equal 

groups. 

How many signals can be made by hoisting 4 flags of different colours 

one above the other, when any number of them may be hoisted at 

once ? How many with 5 flags ? ; 

Find the number of permutations which can be formed out of the 

letters of the word series taken three tegether ? 

There ‘are p points in a plane, no three of which are in the same 

straight line with the exception of g, which are all in the same straight 

line; find the number (1) of straight lines, (2) of triangles which result 

from joining them. 

There are p points in space, no four of which are in the same plane 

with the exception of q, which are all in the same plane; find how 

many planes there are each containing three of the points. 

There are 1 different books, and p copies of each; find the number 

of ways in which a selection can be made from them. 

Find the number of selections and of arrangements that can be made 

by taking 4 letters from the word expression. 

How many permutations of 4 letters can be made out of the letters 

of the word examination ? 

Find the sum of all numbers greater than 10000 formed by using the 

digits 1, 3, 5, 7, 9, no digits being repeated in any number. 

Find the sum of all numbers greater than 16000 formed by using the 

digits 0, 2, 4, 6, 8, no digit being repeated in any number. 

If ofp + q +r things p be alike, and q be alike, and the rest different, 

show that the total number of combinations is 
(p+1)(q+1)2-1 

Show that the number cf permutations which can be formed from 

2n letters which are either a@’s or b’s is greatest when the number of 

a’s is equal to the number of b’s. 

If the n + 1 numbers a, b,c, d,.... be all different, and each of them a 

prime number, prove that the number of different factors of the 

expression a”"bed..... is (m + 1) 2” — 1. 


CHAPTER XIil 
MATHEMATICAL INDUCTION 


158. Many ~important mathematical formulae are not easily 
demonstrated by a direct mode of proof; in such cases we frequently find 
it convenient to employ a method of proof known as mathematical 
induction, which we shall now illustrate. 


Example 1. Suppose it is required to prove that the sum of the cubes 


2 
j : 1 (n + 1) 
of the first n natural numbers is equal to emi 5 


We can easily see by trial that the statement is true in simple cases, 
such as when = 1, or 2, or 3; and from this we might be led to conjecture 
that the formula was true in all cases. Assume that it is true when 71 terms 
are taken; that is, suppose 


" 
3 3 + OT 
iT Mohaey + fe ton + Lterms = {MED} 


- - 


Add the (n + 1% term, that is, (1 + 1)° to each side; then 


2 
1) 1 
are Me Go a ton + 1 terms = at "(nF 1)° 


2 
=(n+1) ened 


i 1) (n’ + 4n + 4) 


aa 4 


etic + 1) (1 + 2) 
ay L 


which is of the same form as the result we assumed to be true for 1 terms, 
n + f taking the place of 1; in other words, if the result is true when we 
take a certain number of terms, whatever that number may be, it is true 
when we increase that number by one; but we see that it is true when 3 
terms are taken; therefore it is true when 4 terms are taken; it is therefore 
true when 5 terms are taken; and so on. Thus the result is true universally. 

Example 2. To determine the product of n binomial factors of the 
form x + a. 

By actual multiplication we have 


(x +a) (x +b) @+C) =x + (a+b +¢)x + (ab + bc + ca) x + abc; 
(119 ) 


2 


? 
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(taletb)atoatd=axrt+atbtct+ax 
+ (ab + ac + ad + be +bd +cd)x" 
+ (abc + abd + acd + bcd)x + abcd. 

In these results we observe that the following laws hold : 

1. The number of terms on the right is one more than the number of 
binomial factors on the left. 

2. The index ofx in the first term is the same as the number of binomial 

factors; and in each of the other terms the index is one less than that of the 
preceding term. 

3. The coefficient of the first term is unity; the coefficient of the 
second term is the sum of the letters a, b,c, .....; the coefficient of the third 
term is the sum of the products of these letters taken two at a time; the - 
coefficient of the fourth term is the sum of their products taken three at a 
time; and so on; the last term is the product of all the letters. 

Assume that these laws hold in the case of n — 1 factors; that is, 
suppose 


(x +a) (x +b)... thy ax") + px"? + px" 7 
ae oe alee = cow Fez — 3 
where Py=atbt+crt...h; 
Pz =abt+act+...tah+bce+bd+....; 
P3 = abc + abd + ....; 


Peecenccvscsosescesesescesesesosesoese 


Multiply both sides by another factor x + k; thus 
(XK +a)+b)... eth) K+K) 
=x" + (p, + kx" + (P+ pik) x" * + (D3 + pk) x" > + 
ane Pn-1 k. 
Nowp, +k=(a+b+c+... +h) +k 
= sum of all the n letters a,b,c, ... k; 
P2+ pik =pztk(atb+... +h) 
= sum of the products taken two at a time of all the n 
letters a, b,c, ... k; 
p3 + pak = p3+k (ab +ac+...+ah+be +...) 
= sum of the products taken three at a time of all the n 
letters a,b,c, ... k; 
Pn — 1k = product of all the n letters a, b,c, ... k. 
If therefore the laws hold whenn — 1 factors are multiplied together. 
they hold in the case of.n factors. But we have seen that they hold in the 


case of 4 factors; therefore they hold for 5 factors; therefore also for 6 
factors; and so on; thus they hold universally. Therefore 
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(Qe ta)(x+b) tc)... @ tk =x" +52" 145,277? 


| “Soa + eS, 
where S; = the sum of all the 7 letters a,b,c ... k; 


S>= = the sum of the precucts taken two at a time of these 7 letters. 


Sy = the product of all the n letters. 

159. Theorems relating to divisibility may often be established by 
induction. 

Example. Show that x" — 1is divisible byx — 1 for all positive integral 
values of n. 

x -1 party ory ne dots 1 

By division pase at + Ait alo. 
if therefore x" ' — 1 is divisible by x —1, then x" — 1 is also divisible by 
x-1. But x’ — 1 is divisible by x — 1; therefore x — 1 is divisible by 
x= 1; thereforex’ — 1is divisible byx — 1, andso on; hence the proposition 
is established. 

Other examples of the same kind will be found in the chapter on the 
Theory of Numbers. 

160. From the foregoing examples it will be seen that the only theorems 
to which induction can be applied are those which admit of successive cases 
corresponding to the order of the natural numbers 1, 2, 3, ..... 2. 


EXAMPLES. Xil. 


Prove by Induction : 
 eaish wie ga Se a ps a ee 
yee : 
QOL Ie DES ee i 11 = en(n +i) Qn+ J). 


ae ENG ee ET, hr ae 


4 whorgade a aphig ton terms = ——. 
iy Oe wae Bie GeO eer pars n+1 


5. ~ Prove by Induction that x" — y’ is divisible by x + y when n is even. 


CHAPTER XIill 


BINOMIAL THEOREM. POSITIVE INTEGRAL 
INDEX 


161. It may be shown by actual multiplication that 

(et+ay(xt+b)ae+c)@+ad) 

=x + (a +'D Fc + d)x° +-(ab +ac + ad +be + bd + cd) x" 

+ (abc + abd + acd + bcd) x + abcd .(1) 

We may, however, write down this result by inspection; for the 
complete product consists of the sum of a number of partial products each 
of which is formed by multiplying together four letters, one being taken 
from each of the four factors. If we examine the way in which the various 
partial products are formed, we see that 


(1) the term x’ is formed by taking the letter x out of each of the 
factors. 


(2) the terms involving. x are formed by taking the letter x out of any 
three factors, in every way possible, and one of the letters a, b,c, d out of 
the remaining factor. 


(3) the terms involving x are formed by taking the letter x out of any 
two factors, n every way possible, and nwo of the letters a, b,c, d out of the 
remaining factors. 

(4) the terms involving x are formed by taking the letter x out of ay 
one factor, and three of the letters a, b, c,d out of the remaining factors. 

(S) the term independent of x is the product of all the letters 
a, Dee ak 

Example 1. (x — 2) (« + 3) @— 5) @ + 9) 

=x) + (-2+3-549)x° + (-6 + 10 — 18 — 15.4 27 = 45) x 
+ (30 — 54 + 90 — 135)x + 270 
=x" + Sr — 47x — 69x + 270. 
Example 2. Find the coefficient of x° in the product 
@-3)@+5)@—- 1) @ +2) @ = 8). 


The terms involving x° are formed by multiplying together the x in 
any three of the factors, and two of the numerical quantities out of the two 
remaining factors; hence the coefficient is equal to the sum of the products 
of the quantities — 3, 5,— 1,2, — 8 taken two at a time. 


(122) 
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Thus the required coefficient 
= —-15+3-6+24-—5+10-40-2+8-16 
= —39. 

162. If in equation (1) of the preceding article we suppose 
b=c =d =a, we obtain ; 

(x + a) =x) + dar? + 6a°x? + 4a°x + a°, 

The method here exemplified of deducing a particular case from a 
more general result is one of frequent occurrence in Mathematics; for it 
often happens that it is more easy to prove a general proposition that it is 
to prove a particular case of it. 

We shall in the next article employ the same method to prove a formula 
known as the Binomial Theorem, by which any binomial of the form 
x +a can be raised to any assigned positive integral power. 


163. To find the expansion of (x + a)" when n is a positive integer. 
Consider the expression 
Fa) (CFD). HZ)» EK), 
the number of factors being 7. 

The expansion of this expression is the continued product of the n 
factors, x + a,x + b,x +, .....x +k, and every term in the expansion is of 
n dimensions, being a product formed by multiplying together n letters, one 
taken from each of these n factors. 


The highest power of x is x", and is formed by taking the letter x from 
each of the n factors. 


The terms involving x" " are formed by taking the letter x from any 
n — 1 of the factors, and one of the letters a, b,c, ... k from the remaining 


factors; thus the coefficient of x"! in the final preduct is the sum of the 
letters a, b,c, ...... k; denote it by Sj. 


The terms involving x" * are formed by taking the letter x from any 
n—2 of the factors, and two of the letters a,b,c,...k from the two 


—?, i 
remaining factors; thus the coefficient of x" ~ in the final product is the 
sum of the products of the letters a, b,c, ... k taken two at a time; denote 
it by 5. 


And, generally, the terms involving x" are formed by taking the 
letter x from any n — r of the factors, and r of the letters a, b,c, ... k from 


the r remaining factors; thus the coefficient of x" in the final product is 
the sum of the products of the letters a, b, c, ... k takenr at the time; denote 
it by S,. 

The last term in the product is abc ..k; denote it by S,. 

Hence (x +a) (x +b) (x +C)....@ +k) 


ad 


=x" +S,x" |) +522" St ta Sp ot Spe 
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In S$; the number of terns isn; in S> the number of terms is the same 
as the number of combinations of n things 2 at a time; that is, "Co: in S3 the 
number of terms is "C3; and so on. 

Now suppose b,c, ... k, each equal to a; then S becomes "€j a; Sz 
becomes "C> a’ S3 becomes "C; a’: and so on; thus 


& =i 2 3 nes 
(+a) =x" +"C,axr’ lt at +"C3a te 


Ae nant aaa a’; 
substituting for "Cj, ”C), .... we obtain 
= n(n—1) 2n-2 
(x +a)" =x" + nax’ ty a 


te sae . 

n(n—1)(n-2) 3 n-3 n 
+... + 

per PR FOR CEB - 


the series containing n + 1 terms. 
This is the Binomial Theorem, and the expression on the right is said 


to be the expansion of (x + a)’. 

164. The Binomial Theorem may also be proved as follows : 

By induction we can find the product of the n factors 
xX +a,x+b,x+0,...x +k as explained in Art. 158, Ex. 2; we can then 


deduce the expansion of (x + a)" as in Art. 163. 
165. The coefficients is the expansion of (x + a)" are very conveniently 


expressed by the symbols "Cs gets "ie We shall, however, 
sometimes further abbreviate them by omitting n, -and writing 
Cj, C, C3, ... C,. With this notation we have 


Goto) ex ath aes AAO hint Cra". 
If we write —a in the place of a, we obtain 
(x — a)" =x" @C, (—a)x" 1+ Cy (=a)? x"? +.03(-a)? x" 3 

+ ...4+C,(-a)" 
Bk ae God he Cre ee (-1)'C,a’. 
Thus the terms in the expansion of (x + a)" and (x — a)" are 


: Nee. es 
numerically the same, but in (x — a)" they are alternately positive and 


negative, and the last term is positive or negative according as n is even or 
odd. 


Example 1. Find the expansion of (x + y)’. 
By the formula, 


G LMG AE 2 
(x+y) =x + Cy vy he oxy + °C3°y° ne °C, xy" rn oe y te og 
=x° + ory + 15x47 + 20° + 1504 + Ey? + 
on calculating the values of °¢ b> eo fé ee : 


BINOMIAL THEOREM. POSITIVE INTEGRAL INDEX. 125 


Example 2. Find the expansion of (a — 2x)’, 
7. oy oT 96 dais hei ohs MI A 3 
(a — 2x) =a -—'Cya (2) + Coa (2%) -— Cya (2c) +... to8 
terms. aE 
Now remembering that "C,="C,,_,, after calculating the 
coefficient up to 4 the rest may be written down at once; for 


er = ley ; for = om and so on. 


Hence 
— 2x) = a! — Ta® Ory ¢ og (ayy? — 28:5 04 oy? 
(a-—2x) =a —7a +754 (2x) 1232 (2x) +... 


° (2u)? — 350° (2x)? + 35a? (2x)' 


—21a” (2x)° + Ja (2x)® — (2x)’ 
=a’ ~ 140°r + 84a — 280? 56008! 
~6720°° + 448ax° - 128’. 


=a’ — 7a° (2x) + 21a 


Example 3. Find the value of 
(a+ Va" —- ryt (a - Va? — 8 

We have here the sum of tvo expansions whose terms are numerically 
the same; but in the second expansion the second, fourth, sixth, and eight 
terms are negative, and therefore destroy the corresponding terms of the 
first expansion. Hence the value 

= 2{a’ + 21a (a — 1) + 35a’ (a — 1)" + 7a (a’ — 1)°} 
= 2a (64a° — 112 + 56a” — 7). 

166. In the expansion of (x + a)", the coefficient of the second term 
is "C; of the third term is "Co; of the fourth term is "C3; and so on; the 
suffix in each term being onc less than the number of the term to which it 
applies; hence "C, is the coefficient of the (r + ie term. This is called the 
general term, because by giving to r different numerical values any of the 
coefficients may be found from” C,; and by giving tox anda their appropriate 


indices any assigned term may be obtained. Thus the (ry) term may be 
w. :tfen / 
f Nee sft ed n(n-DY@a- i we (t — r+ 1) eo 
In applying this formula to any particular case, it should be observed 
that the index of a is the same as the suffix of C, and that the sum of the 
indices of x and a is n. 
Example 1. Find the fifth term of (@ + 2x7)”, 
The required term = OP a? (2x°)' 
MA TY St6G45') 14 eae en 
WMD. 314 
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= 38080 a’? x". 

Example 2. Find the fourteenth term of (3 — a). 

The required term = eG (3)° (-a)? 
= BG) (00") (Art. 145.] 
= -945 q. 


167. The simplest form of the binomial theorem is the expansion of 
(1 +x)". This is obtained from the general formula of Art. 163, by writing 
1 in the place of x, and x in the place of a. Thus 

(4x) =14"Cyxt "Ox +... + "Ga +. + "Cx" 


= lef axet AO oo? +... 42°: 


the general term being 
me (tel) Gris Zeon ST HT) v 
[ ah 
The expansion of a binomial may always be made to depend upon 
the case in which the first term is unity; thus 


(x +y)" = . fi +2 | 
y 


ae a (1 + ik where z =~. 


* 


Example 1. Find the coefficient of x'° in the expansion of 
gay 


tee 4 5\ 2 
We have (x — 2x)!° =; t = : 


10 
i 200T gers 7 : 
and, since x” multiplies every term in the expansion of [1 - vi , we have 


in this expansion to seek the coefficient of the term which contains —. 


4 
x 
Hence the required coefficient = “i 4 (— 2) 
O30 9s Sid 
iss evi Bas 
= 3360. 
In some cases the following method is simpler. 
n 
Example 2. Find the coefficient of x’ in the expansion of ‘ + > 
x 


Suppose that.x’ occurs in the (p + i" term. 
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} 
=| 

b.5 


But this term contains x’, and therefore 21 — Sp=r,orp= 


The (p + 1)""term ="C,@°y' ? 


sii Ops 
* Cx . 


2n- fr 
5 


Thus the required coefficient = yer = PC Ls 
~, |n 
Bree 1 : 
[5 (2n —r) [5 (3n +r) 
Ps) aap 
5 
| gg - 
x in the expansion. 


Unless is a positive integer there will be no term containing 


168. In Art. 163 we deduced the expansion of (x +a)" from the 
product of factors (x + a) (x +b)... (¢ +k), and the method of proof 
there given is valuable in consequence of the wide generality of the results 
obtained. But the following shorter proof of the Binomial Theorem should 
be noticed. 

It will be seen in Chap. xv. that a similar method is used to obtain 


the general term of the expansion of (a+b +c +...)". 
169. To prove the Binomial Theorem. 


The expansion of (x + a)’ is the product of 1 factors, each equal to 
x + a, and every term in the expansion is of n dimensions, being a product 
formed by multiplying together n letters, one taken from each of the n 


factors. Thus each term involving x" "a is obtained by taking a out of 
any r of the factors, and.x out of the remaining n — r factors. Therefore the 


number of terms which involve x” ’ a’ must be equal to the number of 
ways in which r things can be selected out of 11; that is, the coefficient of 
Cee hes and by giving to r the values 0, 1,-2, 3, ... 2 in succession we 
obtain the coefficients of all the terms. Hence 


1 " Mt _, n—t n m= 22) 2 Hw iS oak n 
GC tng) te x ket farm ie hes Geter came Cerra + a 


. 1 T . 
since "Cg "C,, are each equal to unity. 


: EXAMPLES. XIll. a. 


Expand the following binomials : 
fo te: 2. (3x + 2p)". 3. (2x -y). 
au Lae 5.(x° +x). 6. (1 — xy)’. 


3?) 2\° oii 
x s 

he ; ae) Qype). 
iE c a 8 (5 | | 5 
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6 8 10 
pe 1 ey ot - 
10. ee = " ; 11. ( +a] . is ( F 
Write down and simplify : r 
13. The 4"" term of (x — 5). 14. The 10" term of (1 — 2x)”. 


Kt) 
15. The 12" term of (2x —1). 16. The 28"" term of (5x + 8y)- 


10 
17. The qin term of (a + 0 
\ 


3 
8 
18. The sth term of (2 =~ 3] - 
4x — 
5 


9 
19. The 7" term of is = : 


gd SA 
20. TheS term of 2 43 : 


Find the value of : 

21. (x + V2)) + (x — v2)". 

2. (V2_, 2) —- WP 
a Wet = 

24. (2-Vvi=x)° + (2+ VI—x)’. 

25 


10 
Find the middle term of (2 + | 4 


14 

26. Find the middle term of f 7 5] : 
15 

27. Find the coefficient of x'8 in [< + | ° 


28. Find the coefficient of x’® in (ax' - bx)’. 


3 


AA 
29. Find the coefficient of x2 andx = tindxi— 3| ; 
x 


9 
3 
30. Find the two middle terms of [ _ 7 : 


9 
31. Find the term independent of x in Gaia = 3| . 


18 
32. | Rinaythets! Yenmears (ete iy" 
3 vx 
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n 
33. Ifx’ occurs in the expansion of [ 2 ;| , find its coefficient. 


2 


3n 
34, Find the term independent of x in : = ;| 
x 


an 
35. Ifx occurs in the expansion of b? + : , prove that its coefficient 


[2n 

'* [T73 (4n — p) [173 (Qn + py 

170. In the expansion of (1 + x)" the coefficients of terms equidistant 
from the beginning and end are ae 

The coefficient of the (r + ty term from the beginning is "C,. 


The (r + 1)" term from the end hasn + 1 — (r + 1), orn — r terms 
before it; therefore counting from the beginning it is the (n — r + i term, 


and its coefficients is a which has been shown to be equal to EG. [Art. 
145.] Hence the proposition follows. 


171. To find the greatest coefficient in the expansion of (1 + x)". 


The coefficient of the general term of (1 + x)" is "C, ; and we have 
only to find for what value of r this is greatest. 


By Art. 154, when 7 is even, the greatest coefficients is "C,, 72,5 and 
when n is odd, it is Ca: ~ 1)/2, OF ee + 1)/2; these two coefficients being 
equal. 

172. To find the greatest term in the expansion of (x + a)". 


n 
a 
We have (x +a) =x" [1 + 4 : 
n 
: ue} : pa es : 
therefore, since x" multiplies every term in f + A , it will be sufficient 
to find the greatest term in this latter expansion. © 
Let the r'” and (r+ ie be any two consecutive terms. The 


iplyi an 
+ 1) term is obtained by multiplying the r” tech by =— a. 4. thay 
ais a si 1] : [Art. 166.] 
x 


? th 
— 1 decreases as r increases; hence the (r + 1) 


+ 
The factor BF 2 


a 


: th A Bes wee" 
term is not always greater than ther term, but only until ae 1 - 


hecomes equal to 1, or less than 1. 
q 
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Now ( st ee 1] £> iS 
so long as Fe 1> = 
that is, ni SE yt, 
r a 
or ax- >r ool EI 
hak 
pati +1 


le ——— be an integer, denote it by p; then if r = p the multiplying 
- ks | 
factor becomes 1, and the (p + Wi term is equal to the p'; and these are 


greater than any other term. 
i ae | 


;. be not an integer, denote its integeral part by q; then the 
~ 41 
a 


greatest value of r consistent with (1) is g; hence the (q + 1)" _term is the 
greatest. 

Since we are only concerned with the numerically greatest term, the 
investigation will be the same for (x — a)’; therefore in any numerical 
example it is unnecessary to consider the sign of the second term of the 
binomial. Also it will be found best to work each example independently 
of the general formula. 


Example 1. If x = > find the greatest term in the expansion of 
(1 + 4x)®. 
Denote the r" and (r+ 1" terms by 7, and 7, 4 ; respectively; then 
-r+1 
Tra. Sart 4x x T, 
es nee x : T;; 
hence | Tiyan dT, 
so lon as SR ibess 7: 
& hee 
that is 36 — 4r > 3, 
or 36 > 7r. 


The greatest value of r consistent with this is 5; hence the greatest 
term is the sixth, and its value 


« 5 5 
8 4 8 4 57344 
= Ge XS [pos ea Rg pe cen 
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Example 2. Find the greatest term in the expansion of (3 — 2x)? when 


re 9 
lg [1 3) ; 


9 
thus it will be sufficient to consider the expansion of [i - A ; 


x=1. 


Here Th+1= oath) = x T,, numerically, 
10-r 2 
eieer x 3 xT; 
hence De eee b- 
so long as" ye & | 
r 6 fe 
that is, 20 > Sr. 


Hence for all values of r up to 3, we have 7, + ; > 7,; but if r = 4, 


then 7, 4 , = 7,, and these are the greatest terms. Thus the 4" and 5" 
are numerically equal and greater than any other term, and their value 


3 
=3° x °C; x 3) = 3° x 84 x 8 = 489888. 


173. To find the sum of the coefficients in the x coin of (1 +x)". 
In the identity (1 +x)" =1+Cy+ Cx ¥ cx? +0467", 
put x = 1; thus 
Fw (att bees erties Aor 
= sum of the coefficients. 
COR. Cy. +O +34... #C, 22" -1: 
that is “the total number of combination of n things” is Z' — 1. [Art. 153] 


174. To prove that in the expansion of (1 +.x)", the sum of the 
coefficients of the odd terms is equal to the sum of the coefficients of the 
even terms. 

In the identity (1 + x)" = 1+ Cyx + Cor? + Cx? Maen en ee ae 
put x = —1; thus 

0=41—'C, +e Cz Ce Cy + 
1+. Co t.€, + teoves =C, + C3 +:Cs + 


= ; (sum of all the coefficients) 


n=] 
=? : 


175. The Binomial Theorem may also be applied to expand 
expressions which contain morc than two terms. 
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Example. Find the expansion of rem + 2 = 1)°. 
Regarding 2x — 1 as a single term, the expansion 
= (x7)3 +3002)" (2x 1) + 3x” (2 — 1) + (2-1)? 
ex + ox + ox! - ae - On? + 6 — 1, on reduction. 
176. The following example is instructive. 
Example. If (1 +x)" =Co tc t+ cox” ¥ ol Ho, 
find the value of cg + 2c} + 3c2 + 4€3 +... + (2 + IDC, (1) 
and cy + 2c," + 3c” aS Jae Ney? sae 2) 
The series (1) 
= (co + cy. + C2 + «... F &gt kez 1202 + 3c3 +. Tey) 


oo, Pe, 
=2' +n 1 On 1h ee et 
Los 
=0'4 (EY Pa? SPE 
To find the value of the series (2), we proceed thus; 
cy + 2cax° " 3¢3¢° APT Pat NCyx 


mae dali tite Luckie Puen ie at ta 
1.2 
=mx(1+x)' |; 
hence, by changing x into + we have 

im i. 2 ne a 
++ 43 +a (i+) (3) 
Xe oie al ee x 

Also. cg tcp + cox" Te. .i bax, =(1+ x)" ...(4) 


If we multiply together the t-vo series on the left-hand sides of (3) 
and (4), we see that in the product the term independent of x is the series 
(2); hence the series (2) 

vuesrel 
= term independent of x in : (1 +x)" f + | 
. x 


_ ae. an - 
= term independent of x in ail +x)" 


x 
; . : 2 — | 
= coefficient of x" inn (1 +x)” 
= Ih 
Gr 


| Qn Se) 


ribet; olf lttete Ip 


un 
=" xX 
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EXAMPLES. XiIll. b. 


In the following expansions find which is the greatest term + 


1. 
2. 
3 


4. 


(x eT nei when x = 11, y = 4. 
(2x — 3y)* when x =9,y = 4. 
(2a + br when a = 4,b = 5. 
(3 + 2x) when x = 2. 


In the following expansions find the value of the greatest term : 


5 


6. 


17. 


18. 


(1 + x)” whenx = 2 n= 6. 


(a + x)" when a tok rein =9 
Show that the coefficient of the middle term of (1 + x)" is equal to 


the sum of the coefficients of the two middle terms of (1 + x)" ie 


If A be the sum of the odd terms and B the sum of the even terms in 
the expansion of (x + a)", prove that A” - B? = (x - a’)". 

The apf. 37.4" terms in the expansion of (x + yy" are 240, 720, 1080 
respectively; find x, y, 7. 

Find the expansion of (1 + 2x — x)", 

Find the expansion of (3x — 2ax + 3a)? 

Find the r'" term from the end in (x +a)". 


2n'+1 
Find the (p + ij" term from the end in oa 1) 


In the expansion of (1 + x)? the coefficients of the (27 + 1)" and 
the (r+ 2" terms are equal; find r. 
Find the relation between and n in order that the coefficients of the 
37" atid (r+ Yee terms of (1 + x)" may be equal. 
Show that the middle term in the expansion of (1 + x)" is 

Lad a ='l) yy 
If C9, C1,C2,--.C, denote the coefficients in the expansion of 


(1 +x)", prove that 
C+ 2c, + 3e3 4+... +nc, =n. 2", 
Cn; Aa Swed 1 


Pk oMaieat 3 
3 te 


Cy 
n+1 n+l 


cots 


22. 


23. 
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Cc 2c 3c nc +1 
pt pa terete ED 


Co ty ¢2 1 @ Hea ioe 
n 
» €4CQ oo. Cy (n+ 1) 
(Co + Cy) (Cy +9)... (Cy ~1 Hep) = Re Sains ara 
guns “a1 , Ben 2'c3 pz len geri 
ot 3 4 te BOE eit 
[2n 


P icy? coh cbt. ce t,,2 
¢ Cy c eeee Cc = , 
. : ? fe n |n 


[2n 


“Os EG Tp CRT ZEN Op DRE nets steed 


CHAPTER XIV 
BINOMIAL THEOREM ANY INDEX 


177. In the last chapter we investigated the Binomial Theorem when 
the index was any positive integer; we shall now consider whether the 
formulae there obtained hold in the case of negative and fractional values 
of the index. 

Since, by Art. 167, every binomial may be reduced to one common 
type, it will be sufficient to confine our attention to binomials of the form 


(1 +x)". 
By actual evolution, we have 
1 
= 1 Eas 
+x)2= +x = —yi— EH ie eae 
(l+x)2=vil+x 1+5x g* + 36% ; 
and by actual division, 
(j-x)?= : =14+rt3 + 44 Mis . 
(1-x)” 


{Compare Ex.1, Art. 60.] 
and in each of these series the number of terms is unlimited. 
In these cases we have by independent processes obtained an 
1 


expansion for each of the expressions (1 + x)2 and (1 +x) ° We shall 
presently prove that they are only particular cases of the general formula 
for the expansion of (1 + x)", where n is any rational quantity. 

This formula was discovered by Newton. 

178. Suppose we have two expressions arranged in ascending powers 
of x, such as 


- -1 —2 
l+m+™ -s : Yee a z we Hody (1) 
=] pet | =—2 
and +mr+2G—D 4% a WE : ¥ A. ete) 


The product of these two expressions will be a series in ascending 
powers of x; denote it by 
L+Ax + Bx 4 :CO.R DS + ins 
then it is clear that.4, B, C, ..... are functions of nt and n, and therefore the 
actual values of A, B,C, ..... in any particular case will depend upon the 
_values of m and n in that case. But the way in which the coefficients of the 
powers of x in (1) and (2) combine to give A, B, C, ..... is quite independent 


( 135 ) 
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of m and n; in other words, whatever values m and n may have, A, B, C, .... 
preserve the same invariable form. If therefore we can determine to form of 
A, B, C, .... for any value of m and n, we conclude that A, B, C, .... will have 
the same form for all values of m and n. 
The principle. here explained is often referred to as an example of 
“the permanence of equivalent forms;” in the present case we have only to 
recognise the fact that in any algebraical product the form of the result will 
be the same whether the quantities involved are whole numbers, or fractions; 
positive, or negative. 
We shall make use of this principle in the general proof of the Binomial 
Theorem for any index. The proof which we give is due to Euler. 
179. To prove the Binomial Theorem when the index is a positive 
fraction. 
_ Whatever be the value of m, positive or negative, integral or fractional, 
let the symbol f (nz) stand for the series 
mcm —1) % m(a— 1) an — 2) 4 
1+mrt 1.2 x > 1.2.3 ¥ 
then f (7) will stand for the series 
n(n—1) 2. n(n—1)(n—-2) 3 
1 + et 7) oor 1.2.3 itcien 
If we multiply these two series together the product will be another 
series in ascending powers of x, whose coefficients will be unaltered in form 
whatever m and n may be. 
To determine this invariable form of the product we may give tom and 
n any values that are most convenient; for this purpose suppose that 772 and 
n are positive integers. In this case f(m) is the expanded form of 


(1 +x)”, and f (n) is the expanded form of (1 + x)”; and therefore 
fim) xf) = (1 +x)” x (1 +x)" =(1 tx)" 7", 


but when m and n are positive integers the expansion of (1 + x)” pie 


mtn)(m+n—-1 
1+(m+n)x+ ae eo recs 


This then is the form of the product of f (m) x f (7) in all cases, 
whatever the values of 2 and n may be; and in agreement with our previous 
notation it may be denoted by f (7 + 7); therefore for all values of m and n. 

f(m) x f(r) =f(m +r). 
Also f(m) xf (n) Xf (p) =f (m +n) x fp) 
=f (m +n +p), similarly. 
Proceeding in this way we may show that 
fm) x f(r) x fp)... tok factors = f(m +n +p + ... tok terms). 


Let each of these quantities m, n, p, .... be equal to where h and 


+ 4.43 


k are positive integers; 


(0) 0 
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but since h is a positive integer, f (h) = (1 + x)"; 


| a h 
(1+x)k =f ) 


but f (#) stands for the series 


— ho 1 
Fe 5. 
| ey 20F ey eee ee ee, 
x 1.2 Seat 4 
h th 
Pe —|{—-1 
ae h k \k 2 
+x)k = _ 
(1: +x) 1+ 7xt 1D a ; 


which proves the Binomial Theorem for any positive fractional index. 
180. Jo prove the Binomial Theorem when the index is any negative 
quantity. 
It has been proved that 
f(m) Xf(v) =f(m +n) 
for all values of m and n. Replacing m by —n (where 7: is positive), we have 


f(-n) xX f(x) =f(—n +n) 


= f (0) 
_ = 1, 
since all terms of the series except the first vanish; 
1 
Fa f(-n) 
but f(7) = (1 + x)’, for any positive value of n; 
1 
eet br Vy 
(1+ x) 
or (1+x)." =f(—n). 
But f (—/2) stands for the series 
4 nyse 2 jas x tn ; 


(—n)(—n — 1).2 

i Quedw 
which proves the Binomial Theorem for any negative index. Hence the 
theorem is completely established. 

181. The proof contained in the two preceding articles may not appear 
wholly satisfactory, and will probably present some difficulties to the 
student. There is only one point to which we shail now refer. 

In the expression for f (nt) the number of terms is finite when m is a 
positive integer, and unlimited in all other cases. See Art. 182. It is therefore 
necessary to enquire in what sense we are to regard the statement that 


{tsi (1 +x) "=14+(-n)x+ 
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f(m) x f(n) =f(m +n). It will be seen in Chapter XXI,, that when 
x<1, each of the series f(m),f(n),f(m+n) is convergent, and 
f (m+n) is the true arithmetical equivalent of f(m) x f (1). But when 
x > 1, all these series are divergent, and we can only assert that if we multiply 
the series denoted by f (nt) by the series denoted by f (2), the first r terms 
of the product will agree with the first x terms of f (m + 1), whatever finite 
value r have. [See Art. 308.] 


Example 1. Expand (1 — x 3/2 +9 four terms. 
24 Siam (2-1) (3-2] 
3 7" 2\2 2 3 
(l—x)2=1+ 2 (=x) z 2 (-x)? - 3 (th itis 


2 2 12; 
5 32. gtd 
Sal et teak thet 44 = 
Example 2. Expand (2 + 3x) 4 to four terms. 
. —4 
(2+ 3x) '=24 [+3] : 


Re - 


-abecol] 20) 


Pal 2 
1 gv abst of thas 
=p (t-oe+ Be Bee). 


3 
eMC (x) _] 


182. In finding the general term we must now use the formula 
a(n — 1) (2 =)2)0.2an—rrk dl) oF 
ae er Es eT ae ETL 4) ARSE Tae tO 
|r 
written in full; for the symbol "C, can no longer be employed when nv is 
fractional or negative. 


Also the coefficient of the general term can never vanish unless one 
of the factors of its numerator is zero; the series will therefore stop at the 


‘= term, when n —r + 1 is zero; that is, when r = n + 1; but since r is a 
positive integer this equality can never hold except when the index n is 
positive and integral. Thus the expansion by the Binomial Theorem extends 
ton + 1 terms when n is a positive integer, and to an infinite number of 
terms in all other cases. 


1/2 


Example 1. Find the general term in the expansion of (1 + x) 


The (r + 1" term = 


_ 1(=1) ($3) ($5) ws (= 2r + 3) ra 
4 |r 
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The number of factors in the numerator is r, and r — 1 of these are 
negative; therefore, by taking — 1 out of each of these negative factors, we 
may write the above expression 
r-11.3. 531 (2-3) ; 

zy |r 
1/n 


Example 2. Find the general term in the expansion of (1 — nx)”. 


(-)) 


The (7 + »™ term = (—nx) 


s(k ~ T)ik 
ee) aa) es Pd ot) rn iF 


(-1) nx 
n |r 
Be aa 1(1- oat ~ a (ite t+) lon) v 
ava 71 @— DD (n=). Lin —A) or 
afl) G2) ae eae ee 
_ (a =1) QiPaje (¥-ia~1) yr 
= : : 
since (-1) (-1)" 71 = (-1)7 "1 = -1. 
Example 3. Find the general term in the expansion of (1 — SSr?, 
23D): 4): 6-3) wae 6S spre 
The (r + 1" term = SeB) (78) G28) Nee (=F pyr) (—x)’ 


: 2 
te eye ae (atx 


4 93-4. 5 cx(r 2)" 
a ee as awe 


wt) ee yy 
a V2 
by removing like factors from the numerator and denominator. 


EXAMPLES. XIV. a. 


Expand to 4 terms the following expressions : 


are 3 ed eke 3 we Sop gy! it 
ee x reed | 

ae Xe ye ei) Cl ar 
3 
-3 a 
-1/2 x =a 2 
Tre Rye. s. [145] m= g(t) 
1 i 3 -3 u 
10. (i + #| leas § years ae 12. (9 + 2x)2. 


- . -1/2 
13. (8 + 120)- *. 14, (9 - 6x)”, 15. (4a — 8x)”, 
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Write down and simplify : 


16. The 8" term of (1+ 2x) 2. 
pa 

17. The 11'" term of (1 — 2x°)?. 
16 


18. The 10" term of (i+ 3a”) .; 
19. The 5‘ term of (3a — 2b). 
20. The (7 + 1)" term of (1—x) 


21, °? Ther + 1)" term of (1 — x 


1 

22... “These ij term of (1 + x)?. 
11 
th a 2 
23. The (r+ @~ term of (1 +a) ~. 
13 


24. The 14" term of (2'? = 2’x)?. 
rv 
25. The 7" term of (3° + 6 x)‘. 
183. If we expand (1. — x)? by the Binomial Theorem, we. obtain 
(=x) 7 1443 444.05 
but, by referring to Art. 60, we see that this result is only true when x is less 


than 1. This leads us to enquire whether we are always justified in assuming 
the truth of the statement 
(1+x)'=1 ee ee 


sey 


and, if not, under what conditions that expansion of (1 + x)" may be used 
as its true equivalent. 
Suppose, for instance, that n = —1; then we have 
= 3 ) ; 
(liz x) Portege te ex +... ie Fy) 
in this equation put x = 2; we then obtain 
(Sy STS TSS SS ee. 
This contradictory result is sufficient to show that we cannot take 


1 +m + 2G— DY eA, 


as the true arithmetical equivalent of (1 +x)" in all cases. 


Now from the formula for the sum of a geometrical progression, we 
know that the sum of the first r terms of the series (1) 
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and, when x is numerically less than 1, by taking r sufficiently large we can 
r 


make 


x : : ‘ 
Lowes small as we please; that is, by taking a sufficient number of 


terms the sum can be made to differ as little as we please from i A x But 


i 


when x is numerically greater than 1, the aint of; increases with fr, 
—X 


and therefore no such approximation to the value of i sy is obtained by 


taking any number of terms the series 


eB x + x Bre ; 

It will be seen in the chapter on Convergency and Divergency of 
Series that the expansion by the Binomial Theorem of (1 + x)" in ascending 
powers of x is always arithmetically intelligible when x is less than 1. 

But if x is greater than 1, then since 44 general term of the series 

gins )). 


1+nx 1.2 ae hee 


contains x’, it can be made greater than any finite quantity by taking r 
sufficiently large; in which case there is no limit to the value of the above 


series; and therefore the expansion of (1 + x)" as an infinite series in 
ascending powers of x has no meaning arithmetically inteiligible when x is 
greater than 1. 

184. We may remark that we can always expand (x + y)” by the 
Binomial Theorem; for we may write the expression in either of the two 


following forms : 
: n n 
x” f +3) aay [+2] ; 
73 y 


and we obtain the expansion from the first or second of these according as 
x is greater or less than y. 
ee To find in its simplest form the general term in the expansion of 


(l—x)" 
The ¢ + i)" term 
: a is nice waaay 
= (-1) n(a+ a LE 
ar ae) ee -1) r 
Sep Ue e Ge ety 
_n(nti(n+2)u.ntr=1) yr 


a F 
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From this it appears that every term in the expansion of (1 — x) "is 
positive. 

Although the genral term in the expansion of any binomial may always 
be found as explained in Art. 182, it will be found more expeditious in 
practice to use the above form of the general term in all cases where the 
index is negative, retaining the form 

n(n —1)(n-2)...(2—r+1) 7 
SY 
. le 
only in the case of positive indices. 


Example. Find the general term in the expansion of enue eas 
3VI —& 


Oy cae 


shal (5 +2] Ls tr] 
“ (3x) 


If the given expression had been (1 + 3x) 3 we should have used the 
same formula for the general term, replacing 3x by —3x. 


186. The following expansions should be remembered; 


eS 2 
(1 — x) Wot+x tube to. +x +... 


(L—x) 714 %t3 tart wt (rte tae 


eeeee 


(1—x) ?=14+3e+ 6 + 10° +... 4 rer y + 0... 


187. The general investigation of the greatest term in the expansion 


of (1 +x)", when v7 is unrestricted in value, will be found in Art 189; but 
the student will have no difficulty in applying to any numerical example the 
method explained in Art. 172. 


Example. Find the greatest term in the expansion of (1 + x)" when 


2 
x= 3? and n= 20. 
n+r—1 
We have T, . ) = —————.x x T,, numerically, 
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a's T,+1>T, 
so long as cee > 1; 
that is, 38 > r. 


Hence for all values of r up to 37, we have 7,4 ,>T;; but if 
r = 38, then T, , ; = T,, and these are the greatest terms. Thus the 3g" and 


39"" terms are equal numerically and greater than any other term. 
188. Some useful applications of the Binomial Theorem are explained 
in the following examples. 
Example 1. Find the first three terms in the expansion of 
1 jh 
(1 + 3x)? (1 — 2x) 3. 
Expanding the two binomials as far as the term containing x’, we have 


If in this Example x = -002, so that v= -000004, we see that the 
third term is a decimal fraction beginning with 5 hers. If therefore we were 
required to find the numerical value of the given expression correct to 5 
places of decimals it would be sufficient to substitute -002 for x in 
1+ By, neglecting the term involving x. 

Example 2. When x is so small that its square and higher powers may 
be neglected, find the value of c® 


1+2x) + VO¥2 
V(i4+x) 


Since x” and the higher powers may be neglected, it wil! be sufficient 
to retain the first two terms in the expansion of each binomial. Therefore 


the expression 
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-1 
eit 17 3 
epaeaeree += 
“30-2 (+34) 
1 


“-8) OH 


the term involving x being tesa 


Example 3. Find the value of =~ to four places of decimals. 


r v47 


1, 1 +3 1 my5. 1 
Spe ae ae ee et So ee ee 
7 ees 2 Po 2 of 
The obtain the values of the several terms we proceed as follows 
7)2 
: ud 
1 og Sv v pineal “er 
7) -020408 
7) 002915 ..ccccecseeees =4, 
? 
7) -000416 
000059 .eoeeereee =4, 
5 
7 
and we can see that the term 2. us is a decimal fraction beginning with 5 
7 
ciphers. 
1 
V4] = 142857 + -002915 + -000088 


= - 14586, 
and this result is correct to at least four places of decimals. 


Example 4. Find the cube root of 126 to 5 places of decimals. 
1 1 


(126)3 = (5° + 1)3 


1 
3 
=sf1+ 
5 
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fe wad Kas ae la 
= hag. 9°67 81°39 
Tee SS. oe han Be ae 
=543-5 Osta a 
‘wr TR ee ee 
=54+5.55-2.4.4+—-.4- 
Pom? Wee 
_ 5 204 _ 00032 , -0000128 
' = aes Gives 
= 5+ -013333 ... — -000035 .2 + 


= 5-01329, to five places of decimals. 


EXAMPLES. XIV. b. 


Find the (r+ 1)" term in each of the following expansions 7 


1 i 
1 (1 tx) 2 231 xy” 3. (1 + 3x)?. 
2 
apo" ED Sey 6.(1—2x) ? 
7. (a+bx)! si(% 2x) *: 9. °Vig 4 
1 ; 1 2 
10. ose: fee ee eee | aera ocmationd! 
vA “Va — 3x)" "Va — nx 
Find the greatest term in each of the following expansions : 
—7 ng Ee 
13... (4 +x). when — 15° 
21 
14. (1 +x)2 whenx => 
ll 1 
15. (1-7) 4 whenx= 3 


16. (2x + Sy)? when x = 8 and y = 3. 


fs ~ 
7... hed, ee) 7 when o> 5 
18. (3x? + 4)” wh = 9,y =2,n=15. 
Find to five places of decimals the value of : 
19. V98. 20. V998. 21. ¥1003. —-22. V2400. 
4 3 
23% newt 24, fi 1 )* 25.(630) 4. 26.008. 
VIB 250 
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If x be so small that its square and higher powers may be neglected, find 
the value of : = 

pS 2 “7 
27. (1—7)3 (1+ 2x) 4. 28. V4 —x . (3 - 3 


2 . | 2.) 4 
(8 + 3) r 1+3% x (4 + 3x)2 
i (2 + 3x) V4 — &” : 2 = : 
(4 +x) 
Vi-3e + (1+ 34] 


6 ; 
VE+ ax — VI-x 


31. 32, 
3 . V x I 
vi + 2x + 1-= é 


3 
2 (1 + Sx)> + [++ 


1 
33. Prove that the coefficient of x in the expansion of (1 — 4x) 2 is 


Lae 


2 
(1) , 
oe SP en +d) fi As 
34. Prove that (1 + x) “th "T4x7 1.2 | Ous. } 
35. Find the first three terms in the expansion of 
1 
(L+x°) I+ & 


36. Find the first three terms in the expansion of 
3 
(1+x)4+v1+ 5 
| (l-x) 
37. Show that the n'" coefficient in the expansion of (1 — x) ” is double 
th 
of the (1-1). 
189. To find the numerically greatest term in the expansion of 


(1+ x)", for any rational value of n. 


Since we are only concerned with the numerical value of the greatest 
term, we shall consider x throughout as positive. 

Case I. Let 1 be a positive integer. 

th ; } Ba ak 

The (r +1) term is obtained by multiplying the 7” term by 
n-r+l : ers : 
arenes tinal is, by Se 1} x; and therefore the terms continue 
to increase so long as 

ek 
r 


~i)x>4 
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that is, + Dep sale 
T 
ae (nt x 5 


1+x 


+t 
Ot D2 ye be an integer, denote it by p; then if r = p, the multiplying 


factor is 1, and the (p + wo term is equal to the p" , and these are greater 
than any other term. 


+1 EIT alt 
If mrs be not an integer, denote its integral part by q; then the 
greatest value of r is g, and the (q + 1)" term is the greatest. 
Case II. Let 7 be a positive fraction. 


‘ 


As before, the (r + ijt term is obtained by multiplying the 7” term 


by eco 


(1) Ifx be greater than unity, by increasing r the above multiplier can 
be made as near as we please to —x; so that after a certain term each term 
is nearly x times the preceding term numerically, and thus the terms increase 
continually, and there is no greatest term. 

(2) Ifx be less than unity we see that the multiplying factor continues 
positive, and decreases until r > + 1, and from this point it becomes 
negative but alv-ays remains less than 1 numerically; therefore there will be 
a greatest term. 

As before, the multiplying factor will be greater than 1 so long as 


(1 + 1)x ies 


Paes 
(nt) : 
If a a) =i ee integer, denote it by p; then, as in Case I., the 


(p + 1)" term is cqual to the p, and these are greater than any other term. 
WP Tyy ; ol 
If a ag be not an integer, let g be its integral part; then the 


c+ igen term is the greatest. 
Case HI. Let 1 be negative. 
Let 2 = —, so that m1 is positive; then the numerical value of the 


fete: edits ttels tid 
multiplying factor is pape 


a 5 id | x. 


(1) Ifx be greater than unity we may show, as in Case If, that there 
is no greatest term, 

(2) Ifx be less _ unity, the multiplying factor will be grcater than 
1, so long as 


_x; that is 
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ret ac: 


m-—1)x 


that is, ; >1-x, 
Pe Ga— Dx 
; 1-—x 


If was ~ be a positive integer, denote it by p; then the (p + 1)"" 


term is equal to the p™ term, and these are greater than any other term. 
If os be positive but not an integer, let g be its integral part; 
“7555 
then the (q + i term is the greatest. 


If (1: = AX 
x 


1 be negative, then 71 is less than unity; and by writing the 


1- 


multiplying factor in the form f - . x, we see that it is always less 


than 1; hence each term is less than the preceding, and consequently the 
first term is the greatest. 

190. To find the number of homogeneous products of r dimensions that 
can be formed out of the n letters a, b, c, .... and their powers. — 

By division, or bv the Binomial] Theorem, we have 


4 =l+atax+ar + uliid i 
1-a 
1 

=1l+bet bret bret... 
1 — be 

22 

i Hltatertert net ; 
hie" 


Seeman eee see eer ese ee eeeee esse ee eeeeeseee ts Eeesewastossaene 


leauiediael he “a lcs 
22 23 Pig 
at (Eh Oe Fadl Me ot oC Ge Bd cr ee 
a lt+e(asib iSite J+ C+ ab +a +b" + be ee Foes 
=1+S\x+ Sx si Sx’ + ..... suppose; 
where $1, 5, $3, ..... are the sums of the Speaeiraay products of one, two, 
three, ...... dimensions that can be formed of a, b,c, .... and their powers. 
To obtain the number of these products, put a, ,B, ¢, .... each equal to 

1; each term in $4, S3,53,..... now becomes 1, and. the values of 
Sy, $2, S3, ..... So obtained give the number of the Henibigenbcll products of 
one, two three, ..... dimensions. 


1 1 
ee l-a I- eh 1l-a 
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becomes he ope or(1—x)-”. 
(1 =x) 


Hence S, = coefficient of x’ in the expansion of fax) 


iia (7 8) QU 2). ht £9 +1) 


CR OhN i 
els 3 


191. To find the number of terms in the expansion of any multinomial 
when the index is a positive integer. 


In the expansion of (a, + a, +a3 +... + an, 
every term is of n dimensions; therefore the number of terms is the same 
as the number of homogeneous products of dimensions that can be formed 
out of the r quantities a), a, ... a,, and their powers; and therefore by the 

| ath 1 
Ea: Gea 

192. From the result of Art. 190 we may deduce a theorem relating 
to the number of combinations of n things. 

Consider v1 letters a, b, c, d, .....; then if we were to write down all the 
homogeneous products of r dimensions which can be formed of these letters 
and their powers, every such product would represent one of the 
combinations, r at a time, of the 7 letters, when any one of the letters might 
occur once, twice, thrice, .... up to r times. 

Therefore the number of combinations of n things r at a time when 
repetitions are allowed is equal to the number of homogeneous products 
of r dimensions which can be formed out of n letters, and therefore equal 

n+r-1 NAR=A 
to [r [an Pee 

That is, the number of combinations of 1 things r at a time when 
repetitions are allowed is equal to the number of combinations of 
n +r — 1 things r at a time when repetitions are excluded. 

193. We shall conclude this chapter with a’ few miscellaneous 
examples. 


preceding article is equal to 


C;. 


= 2x)’ 

Qi +x) 

The expression = (1—4¢ + 4x”) (1 + pyx + pyr +... + px + ...) suppose. 
The coefficient of x’ will be obtained by multiplying p,, p; — 1, Pr - 2 


vy 1, — 4, 4 respectively, and adding the results; hence 
the required coefficient = p, — 4p, — 1 + 4p, — 2. 


I 
Bi ied ceper (Ex. 3, Art. 182. 


- Example 1. Find the coefficient of x’ in the expansion of 
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Hence the required coefficient 


+1 +2 tr red ‘ — OT — Lake 
EF (ay tt DES Be soy er) + 4-17 : 


= Mee ne t2) +44 1) + 4r(r - 1)] 


Z ( (97 + 3r + 2). 


Example 2. Find the value of the series 
, ayaad . Sette “0 


os) 
nN 
| 
WwW 
n 
ee 
| 
wo) 
an 


Jrofma 
NO 
ws) 
+ 
ia ay) 


ta} 42, | 


wwlw GUolbo 
Fete 
ete 
[oo 
ee 


fo . 
ie 


™ 


t 
ne Ps 
WIR 


(2 hus 


II 


| 
Lo 


as mn 

2 2? 
Pia 

Example 3. If n is any positive integer, show that the integral part of 
43+ V7)" is an odd number. 

Suppose / to denote the integral and f the fractional part of 
(3 + v7)". 
Then] +f=3'+C,3' LWT + oo} 4 oe eee 


Now 3 — V7 is positive and less than 1, therefore (3 — v7). 4 
proper fraction; SENN. it by fs 


Rofaku3wst Gi Juiw  Yobakulee & 7 akiesates 3 » Va) sk << 2) 
Add together (1) and (2); the irrational terms disappear, and we have 
l+ftf =23' +O 3 - aise a ....) = an even integer. 
By since f and f’ are proper fractions ‘i sum must be 1; 
= an odd integer. 


EXAMPLES. XIV. c. 


Find the coefficient of : 


100 . : : 
1. x in the expansion of it 
(1 =x)" 


13. 


14. 
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12. J 4429 + a 
a in the expansion of ns ge Sa 
(1 + a) 
4 
n. ie x -2 
x in the expansion of - =; 
Be a a 


2+x +4 


Find the coefficient of x” in the expansion of a7 
(1 +x) 


Prove that 


,22 1,13 1135 1, 1357 8 Ae Suga 
ZI Dic de 4oigt, Behe O 99. Ore FeOe 8. ea ee PENG 
Prove that 
3 3.545 (esha ts, 
V5 thing * 4g | a B12 
Prove that 
Sica er we due 2n (2n + 2) (2n + 4) 
3 Sei, ¥ 
ah) alg BO tt) Fat Dts ot 
zt 3.6 3.6.9 
Prove that 
n(a- Dan n(n-1)(n—-—2 
Wiehe 7.14 Tee es eae 
Raw nee n(nt+i(nt+2y, 
=4 Antets Dam & 22 wes E 


Prove that approximately, aa x is very small, 


Show that the integral part of (5 + 2 V6)" is odd, if n be a positive 
integer. 


Show that the integral part of (8 + 3 V7)" is odd, if 1 be a positive 
integer. 
Find the coefficient of x" in the ee of 


Pa RRP 4A >.) 


4n 
Show that the middle term of (+ + : is equal to the coefficient 


of x" in the expansion of (1 — 4x) ( i 3). 
Prove that the expansion of (1 — x)" may be put into the form 


152. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


23. 
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e2. mia = 3) 2 an — 4 
(1 — x) +e ay oot japan teats EE ae 
: : : 1 , 
Prove that the coefficient of x” in the expansion nn onrs 1S 150, 
L + ct ¥ 


— 1 according as 1 is of the form 3m, 3m — 1, or 3m + 1. 


In the expansion of (a + b + cys find (1) the number of terms, (2) the 
sum of the coefficients of the terms. 
Prove that if m be an even integer, 

14 Meco | 


1 oe 


| 1 1 1 ry aes 
Tat? piss As peest + Gs tei 


If co, Cy, C2, ---- Cn are the coefficients in the expansion of (1 + x)", 
when #7 is a positive integer, prove that 
r r [1-1 
(1) co — Cy hcg + C3 +... + “1) & = (-F) +: tae oe 
(2) cy — 2c, + 3cy — 45 +... + (-1)" (n + 1), = 0. 
n 

(3) co” sa o + C3 - C3 eps ae (-1)" one = 0, or (-1)? Cn, 

2 

according as n is odd or even. 


_ If 5, denote the sum of the first n natural numbers, prove that 


(1) (1 xy? = 54+ sxe oe ye 


n+4 
(2) 2 (51 Sa_ + S28a_ — 1 + + Snin+ = TS 1-1 fan 1 


If gy = 23ST =D ove that 


Dee One eet 
1 
(1) dan +1 + 41920 + 9292 1 + + Gn -19n +2 + In In +1 = 5 
aif 
(2). 2 {Gon — 9192 —1 + 9292-2 + + (=I) In - 1 Gn 4.1} 


j ieee 


n2 
= Qn + (-1) Qn - 

Find the sum of the products, two at a time, of the coefficients in the 

expansion of (1 +x)", when n is a positive integer. 


If (7 + 4V3)" =p +B, where n and p are positive integers, and B a 
proper fraction, show that (1 — £) (p+ 8) = 1. 


If co, Cy, C2, ....C_ are the coefficients in the expansion of (1 +x)", 
where #1 is a positive integer, show that 

ies 
ae Caiyrist pied 1 


shee +" = = —,. 
) 3 in AT ae act 
& 


CHAPTER XV 
MULTINOMIAL THEOREM 


194. We have already seen in Art. 175, how we may apply the Binomial 
Theorem to obtain the expansion of a multinomial expression. In the present 
chapter our object is not so much to obtain the complete expansion of a 
multinomial as to find the coefficient of 4 assigned term. 


Example. Find the coefficient of : “»°c°d in the expansion of 


(@ Did + a)’ 4 
The expansion is the product of 14 factors each equal to 
a+b-+c +d, and every term in the expansion is of 14 dimensions, being 
a product aoe taking one letter out of each of these factors. Thus to 


form the term a‘b’c ees we take a out of any four of the fourteen factors, 
b out of any two of the remaining ten, c out of any three of the remaining 
eight. But the number of ways in which this can be done is clearly equal to 
the number of ways*of arranging 14 letters when four of them must be a, 
two b, three c, and five d; that is, equal to 
[14 
4YeBLs 

This is therefore the number of times in which the term a‘b’c°a? 
appears in the final product, and consequently the coefficient required is 
2522520. 

195. To find the coefficient of any assigned term in the expansion of 


Gehrcrat Aiba where p is a positive integer. 

The expansion is the product of p factors each equal to 
a+b+ct+dt...., and every term in the expansion is formed by taking 
one letter out of each of pee p factors; and therefore the number of ways 
in which any terma’ b’ c’ @ ... will appear in the final product is equal to 
the number of ways of arranging p letters when a of them must be a, 6 must 
be b, y must be c; and so on. That is, 

lp 


the coefficient of @*Dc'd ... is le 1B ly [6-..” 


[Art. 151.] 


wherea+Pt+y+oO+... =p. 
COR. In the expansion of 


od 
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eueE a® (bx¥’ (cx)! (ae’)’ ... 
of pe hee eet 


wherea+Pt+y+6+....=p. 
This may be called the general term of the expansion. 


Example. Find the coefficient of x in the expansion of 


(a + bx + cx’)? 
The general term of the expansion is 


at oh P+ ...(1) 


wherea +B+y =9. 
We have to obtain by trial all the positive integral values of 6 and y 
which satisfy the equation 6 + 2y = 5; the values of a can then be found 
from the equation at+tBt+y=9. 
Putting y = 2, we have 8 = 1, anda = 6; 
Putting y = 1, we have 8 = 3, anda = 5; 
Putting y = 0, we have 6 = 5, and a = 4, 
The required coefficient will be the sum of the corresponding values 
of the expression (1). 
Therefore the coefficient required 
Set Pe Gk 5,3 19 45 
= to Elles ss sideret ar fant? 
= 252.a°bc* + 504a°b°c + 126a°b?. 
196. Jo find the general term in the expansion of 
(atbxtert+adr+..)”, 
where n is any rational quantity. 
By the Binomial Theorem, the general term is 
a(t — Ty (n = 2)... (=p + }) r- 


Pibxtax+de +...) 


where p is a positive integer. 
And, by Art. 195, the a term of the expansion of 
(bx + a tact, Je 


pre +30 + 
sam ferere “oy. 


where 8, y, 6 ... are positive integers whose sum is p. 
Hence the general term in the expansion of the given expression is 


n(nt— eric (n —p +1) ag? ee ia lan aes 


where BPt+y+dO+...=p. 


iS 
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197. Since (a + bx + ce + de + ..) may be written in the form 
ne 
a" f te um + £2 oe ee SEveEeeS |) 6 
a a a 
it will be sufficient to consider the case in which the first term of the 
multinomial is unity. s 
Thus the general term of 
(ltbxt+a° tar +..” 
n(n~1)(1~2)...-pt)) Bap Ptyt%tn 
IF Ly 19 ng 
where PB +y+O+... =p. 


Example. Find the coefficient of x in the expansion of 
2: 


AAS IES 
(1 = Be cde" + Gr)”. 
The general term is 


(39 (2) (6) fe) 


- We have to obiain by trial all the positive integral values of B, y, 6 
which satisfy the equation 8 + 2y + 36 = 3; and then p is found from the 
equation p = 6 + y + 4. The required coefficient will be the sum of the 
corresponding values of the expressicn (1). 

In finding B,y,6,... if will be best to commence by giving to 6 
successive integral values beginning with the greatest admissible. In the 
present case the values are found to be 

d=1, y=0, B=0, pH=tl; 
6=0, \ KTH P= 1, "p= 2; 
o=0,, y=Q, Ps, p=3. 


3 


Exaniple. Find the coefficient of x’ in the expansion of 
me 2.3 . 
(Lak Fee). . 
The required coefficient is found by picking out the coefficient of 
; : : 2-3 
x" from the first few terms of the expansion of (1 — 2x — 3x") ~ by the 
Binomial Theorem; that is, from 
2.2 ee 2.4 
1 +3 (2x = 3x") + 6 (Qe — 3x)? $+ 10 (2x — 2°)? + 15 (2x - 3°)’; 
we stop at this term for all the other terms involve powers of x higher than 


4 
bee 
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The required coefficient = 6.9 + 10.3 (2) (—3) +,15 (2)° 
= —66. 


EXAMPLES. XV. 
Find the coefficient of : 


a’b°c'd in the expansion of (a —-b —c + dy. 
a’b°d in the expansion of (a +b —c — d)*. 
a°b°c in the expansion of (24 + b + 3c)’. 

xyz" in the expansion of (ax — by + cz)’. 

x° in the expansion of (1 + 3x — 2x’)°, 

x’ in the expansion of (1 + 2x + 3x”). 

x° in the expansion of (1 + 2x — ry. 

x in the expansion of (1 — 2x + ae = 4x°)* 
Find the coefficient of : 

9. x” in the expansion of (1 — 2x + ar ry. 


Sees Se ee eee ee ee 


1 

10. x° in the expansion of (1 — 2x + 3x") 2. 
1 
ll. x inthe expansion of (1 — 2x + Bars 4x°)2. 


8 vx ; 
12. x inthe expansion of |1 — a i ol: 


13. x" in the expansion of (2 — 4x + 3x7)? 
y ae 
14. x° in the expansion of (1 + 4x" + 10x* + 20x°) ‘. 


15. x’? in the expansion of (3 — 15x? + 18r°) 71. 
1 


16. Expand (1 — 2x — 2x")4 as far asx. 
2 

17. Expand (1 + ae Gx°) 3 as far as x. 
= 

18. Expand (8 — Ox? + 18x")3 as far as x°. 


2 n 2 
19. -If(l+x4+x° +... +2)" = a9 +ayx + Gt Fe 33 PAM 
prove that 


n 
(1) 49 + 4) +42 +... + dnp = (p +1). 


(2) ay + 2ay + 3a3+... + MD. dnp = 5 np (p + 1)". 


20. 


21. 
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If ag, 21, 22, 23... are the coefficients in order of the expansion of 
or ae xy", prove that 


2 PR — as fe ag 2 1 n 
ap =a; +07 -— a3 +... +(-1)" Gn —-1=54n {1 - (+1). ay}. 


If the expansion of (1 + x + xy" 


be ay + ayx + ax" + tax +... ape 

show that 

v7, =] 
ao +a,t+agt+...=a,t+a,+a7+... =a,tastagt...=3" . 


CHAPTER XVI 
LOGARITHMS 


i: 


199. DEFINITION. The logarithm of any number to a given base is 
the index of the power-to which the base must be raised in order to equal 


the given number. Thus if a’ = N,x is called the logarithm of N to the 
base a. 
Examples. (1) Since 3’ = 81, the logarithm of 81 to base 3 is 4. 
(2) Since 10' = 10, 10” = 100, 10° = 1000, ..... 
the natural numbers 1, 2, 3, ... are respectively the logarithms of 10, 100, 
1000, .... to base 10. 
200. The logarithm of N to base a is usually written log, N, so that 
the same meaning is expressed by the two equations 
ad =N;x = log, N. 
From these equations we deduce 
log, V 
N=a : 
an identity which is sometimes useful. 
Example. Find the logarithm of 32 V4 to base 2 V2. 
Let x be the required logarithm; then, 


by definition, (2 V2)" = 32 V4; 
l 2 


(2422 y oednt DP: 
3 2 
zak SS 
Salle ae Me 
; om 3 27 
hence, by equating the indices, 5 OS 
ta 
wee 3-6 


201. When it is understood that a particular system of logarithms is 
mm use, the suffix denoting the base is omitted. Thus in arithmetical 
calculations in which 10 is the base, we usually write log 2, log 3, .... instead 
of logyp 2, logy 3, .... 


Any number might be taken as the base of logarithms, and 
corresponding to any such base a system of logarithms of ali numbers could 
be found. But before discussing the logarithmic systems commonly used, 


(158) 
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we shall prove some general propositions which are true for all lograrithms 
independently of any particular base. 


202. The logarithm of 1 is 0. 

For a? = 1 for all values of a; therefore log 1 = 0, whatever the base 
may be. 

203. The loganthm of the base itself is 1. 

For a! = a; therefore log, a = 1. 

204. To find the logarithm of a product. 

Let MN be the product; let a be the base of the system, and suppose 

x = log, M, y = log, N; 

so that a= M, a =N. 

Thus the product MN =a’ x @ 


x+y 
=a - 


whence, by definition, log, MN =x + y 
= log, M + log, N. 
Similarly, log, MNP = log, M + log, N + log, P; 
and so on for any number of factors. 
Example. log 42 = log (2 x 3 x 7) _ 
= log 2 + log 3 + log 7. 
205. To find the logarithm of a fraction. 


Let a be the fraction, and suppose 
i 


x = log, M, y = log, N; 


so that a= M, a =N. 
x 
Thus the fraction fe = 
‘ae, 
a a -). 
oe M 
whence, by definition, log, wot 
= log, M — log, N. 
2 30 
Example. log (4 ae log 7 
= log 30 — log 7 


= log (2 x 3 x 5) — log7 
= log 2 + log3 + log 5 — log 7. 

206. To find the loganthm of a number raised to any power, integral or 
fractional. 


Let log, (M’) be requircd, and suppose 
x = log, M, so that a =M: 
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then M =(ay 
ais 
whence, by definition, log, (M?) = px; 
that is, log, (M’) = p log, M. 
1 
Similarly, log, (M") = * log M. 


207. It follows from the results we have proved that 

(1) the logarithm of a product is equal to the sum of the logarithms 
of its factors; 

(2) the logarithm of a fraction is equal to the logarithm of the 
numerator diminished by the logarihe of the denominator; 


(3) the logarithm of the p * power of a number isp times the logarithm 
of the number; 


(4) the logarithm of the r'” root of a number is equal to th of the 


logarithm of the number. 

Also we see that by the use of logarithms the operations of 
multiplication and division may be replaced by those of addition and 
subtraction; and the operations of involution and evolution by those of 
multiplication and division. 

3 

Example I. Express the logarithm o = 

c 


log c. 
; 3 
Va a? & 
log 3 = log 3 
cD 
3 


= log a — log (c°b?) 


= 5 log a — (log C+ log b’) 


= S ioga — Slogc — 2logb. 
Example 2. Find x from the equation a°.c "= b 
Taking iogarithms of both sides, we have 

x log a — 2x loge = (3x + 1) logb; 
“x (log a — 2logc — 3 logb) = logb; 
i log b 
~ loga — 2loge — 3 logb’ 
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EXAMPLES. XVI. a. 


Find the logarithms of : 
1. 16 of base V2, and 1728 to base 2 V3. 
i to base 5 v5 and -25 to base 4. 
ae to base 2 V2, and - -3 to base 9. 
-0625 to base 2, and 1000 to base -01. 


-0001 to base -001, and -1 to base 9 V3. 


ee 


af ae | 15 
6. "Seg * a 2 to basea. 


i 
a2 


7. Find the value of 
1 1 
loge 128, loge 716° logo7 ar logz4g 49. 
Express the following seven logarithms in terms of log a, log b, and log c. 
8. log(Yab iy 
9. log (Va? x Vb°). 
ae 
10. log(Ve “b°). 
SS mars 
1. log(Va “bx Vab~>). 


3 Ft 
12. log(¥a vb + Vb va). 


3 _ 
Vab'¢ 
13 10g eer 
(ane ba “46 
=3 5 
<2 zi 
bc Bere 
14. log = = — 
4 10 
cd ees a | 2 2 
=> are = 10g 3: 
15. Show that log 5 ; 4 1085 5 log 2 3 log 
16. _ Simplify log V 729 Y9°'.27°%°. 


ays 
17. Prove that log 2 — 2log 2 0g s— 743 = log 2. 


Solve the following equations : 
18, wguamnchis 19.47 b=} 
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: 3y 5 
ate phe a... =m | 


20. : W : 
ae, PRAT = 


22. If log (x’y°) = a, and lo : = b, find log x and log y. 


2 eats an» 5 x +5 


Z3. -ifa .b =a _b** show that x log 2) = loga. 


24. Solve the equation 
en —? 
(a' — 24h? + b*y" | = (a-b)* (a +b)”. 


| COMMON LOGARITHMS. | 


208. Logarithms to the base 10 are called Common Logarithms; this 
system was first introduced, in 1615, by Briggs, a contemporary of Napier, 
the inventor of logarithms. 


From the equation 10 = N, it is evident that common logarithms will 
not in general be integral, and that they will not always be positive. 


For instance 3154 > 10° and < 10°: 


log 3154 = 3 + a fraction. 


Again, -06 > 10 7 and < 10}; 


log -06 = —2 + a fraction. 
209. DEFINITION. The integral part of a logarithm is called the 
characteristic, and the decimal part is called the mantissa. 
The characteristic of the logarithm of any number to the base 10 can 
be written down by inspection, as we shall now show. 
210. To determine the charactenstic of the logarithm of any number 
greater than unity. 


Since 10' 40. 
10” = 100, 
~ 10° = 1000, 


Perret err rr rere ress 


it ions that a number with two digits in its integral part lies between 
10) and 10°; a number with three digits in its integral part lies between 
10° and 10°; : and - on. Hence a number with n digits in its integral part 
lies between 10” and 10”. 
Let N bea abet whose integral part contains 7 digits; then 
N=10" (2 +a fraction; 
log N = (n — 1) + a fraction. 
Hence the characteristic is n — 1; that is, the characteristic of the 
logrithm of a number greater than unity is less by one than the number of 
digits in its integral part, and is positive. 
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211. To determine the characteristic of the logarithm of a decimal 
fraction. 


Since 10° = 1, 
o™ me) arp 
10? = = = -01, 
th = — = -001, 


See Pees ener ereee eres neccersceearesesee 


it follows that 2 decimal with one cipher immediately after the decimal 
point, such as -0324, being greater than -01 and less than -1, lies between 


* and 10; a number with two ciphers after the decimal point lies 
_- -? 
between10 >and 10”: ; and so on. Hence a decimal fraction with ciphers 
immediately after the decimal point lies between 10 @+)) and 10” 


Let D be a decimal beginning with 1 ciphers; then 
D=107 (2 + 1) + a fraction . 


logD=-(n+1)+a fraction. 

Hence the characteristic is — (n + 1); that is, the charactenstic of the 
logarithm of a decimal fraction is greater by unity than the number of ciphers 
immediately after the decimal point, and is negative. 

212. The logarithms to base 10 of all integers from 1 to 200000 have 
been found and tabulated; in most Tables they are given to seven places of 
decimals. This is the system in practical use, and it has two great advantages : 

(1) From the results already proved it is evident that the characteristics 
can be written down by inspection, so that only the mantissae have to be 
registered in the Tables. 

(2) The mantissae are the same for the logarithms of all numbers 
which have the same significant digits; so that it is sufficient to tabulate the 
mantissae of the logarithms of integers. 

~ This proposition we proceed to prove. 

213. Let N be any number, then since multiplying or dividing by a 

power of 10 merely alters the position of the decimal point without changing 


the sequence of figures, it follows that N x 10°. and N = 107, where p and 
q are integers, are numbers whose significant digits are the same as those 
of N. 


~ Now log (N Xx 10’) = log N + p log 10 


= log N + p alt} 
Again, log (N + 107) = log N — q log 10 
= log N -y a2) 


In (1) an integer is added to fog N, and in (2) an inteyer ts autre ted 
from log N; that is, the mantissa or decimal portion of the logaritha: remains 
unaltered. 
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In this and the three preceding articles the mantissae have been 
supposed positive. In order to secure the advantages of Briggs’ system, we 
arrange our work so as always to keep the mantissa positive, so that when 
‘the mantissa of any logarithm has been taken from the Tables the 
characteristic is prefixed with its appropriate sign according to the rules 
already given. 

214. In the case of a negative logarithm the minus sign is written over 
the characteristic, and not before it, to indicate that the characteristic glone 
is negative, and not the whole expression. Thus 4- 30103, the logarithm of 
-0002, is equivalent to —4 + -30103, and must be distinguished from 
—4-30103, an expression in which both the integer and the decimal are 
negative. In working with negative logarithms an arithmetical artifice will 
sometimes be necessary in order to make the mantissa positive. For instance, 
a result such as —3-69897, in which the whole expression is negative, may 
be transformed by subtracting 1 from the characteristic and adding 1 to the 
mantissa. Thus 

—3-69897 = —4 + (1 — -69897) = 4-30103. 

Other cases will be noticed in the Examples. 

Example 1. Required the logarithm of -0002432. ( 

In the Tables we find that 3859636 is the manussa of log 2432 (the 
decimal point as well as the characteristic being omitted); and by Art. 211, 
the characteristic of the logarithm of the given number is — 4; 

log -0002432 = 4-3859636. 


Example 2. Find the value of >V¥-Q0000105, given 
log 165 = 2-2174839, log 697424 = 5-8434968. 
Let x denote the value required; then 


log x = log (-00000165); = = log (- 00000165) 


i“ = (6:2174839); 


the mantissa of !og 00000165 being the same as that of log 165, and the 
characteristic being prefixed by the rule. 


Now = 62174839) uk = (10 + 4-2174839) 


= 2-8434968 
and *8434968 is the mantissa of log 697424; hence x is a number consisting 
of these same digits but with one cipher after the decimal point. [Art. 211.] 

Thus xX = -0697424. 

215. The method of calculating logarithms will be explained in the 
next chapter, and it will there be seen that they are first found to another 
base, and then transformed into common logarithms to base 10. 

It will therefore be necessary to investigate a method for transforming 
, system of logarithms having a given base to. a new system wit a different 
Vase. 
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216. Suppose that the logarithms of all numbers to base a are known 
and tabulated, it is required to find the logrithms to base b. 
_ Let N be any number whose logarithm to base b is required. 


Let y = logy N, so that b’ = N; 
log, (b’) = log, N; 


that is,  -ylog, b = log, N; 
vf 1 
y= foust x log, N, 
or log, N = ay x log, N ...(1) 


Now since N and b are given, log, N and log, b are known from the 
Tables, and thus log, N may be found. 
Hence it appears that to transform bneer ings from base a to base 


b we have only to multiply them all by —— + this is a constant quantity 


O84 b” 
and is given by the Tables; it is known as the modulus. 
217. In equation (1) of the preceding article put a for N; thus 


lo quale Seeks get 
De ot KGa Bock fo (© olQRy B 
log, a x log, b = 1. 


This resuit may also be proved directly as follows : 


Let x = log, b, so that a’ =b; 
then by taking logarithms to base b, we have 
x log, a = logy b 
= 1; 


log, b x log,a = 1. 

218. The following examples will illustrate the utility of logarithms in 
facilitating arithmetical calculation; but for information as to the use of 
Logarithmic Tables the reader is referred to works on Trigonometry. 

Example 1; Given log 3 = -4771213, find 


4 Sys. 
x 4 s 
log {(2-7)” x (-81)> + (90)4}. 
Th Mae ie a oa foe 
e require vaiue = og 10 5 8500 4 ig 


$ = 3 (log3 1) + £ (log 3* = 2) - 2 (log3” + 1) 


16: 5 (re 
= [o+ 5 -3 log 3 — [s+ $+ 3) 


97 17 
Sage? 
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= 4-6280766 — 5°85 
= 2-7780766. 


The student should notice that the logarithm of 5 and its powers can 
always be obtained from log 2; thus 


log 5 = log = log 10 — log 2 = 1 — log. 


Example 2. Find the number of digits in 875'°, given 
log 2 = -3010300, log 7 = «8450980. 


log (875°) = 16 log (7 x 125) 
16 (log 7 + 3 log 5) 
16 (log 7 + 3 — 3 log 2) 
= 16 x 2:9420080 
= 47-072128; 
hence the number of digits is 48. 
Example 3. Given log 2 and log 3, find to two places of decimals the 
: SoA oN RS 
value of x from the equation 6 .4 = 8. 
Taking logarithms of both sides, we have 
(3 — 4x) log 6 + (« + 5) log 4 = log 8; 
(3 — 4x) (log 2 + log 3) + @ + 5) 2 log 2 = 3 log 2; 
x (—4 log 2 — 4log3 + 2 log 2) = 3 log 2 — 3 log 2 — 3 log3 
— 10 log 2; 


_ 10 log2 +3 log3 
~ 2log2+4log3 
_ 4:4416639 
~ 2+5105452 


| EXAMPLES. XVI. b. | 


i. Find by inspection, the characteristics or the logarithms of 21735, 
238) 350)22 0352-2; 487, 387R 

2. The mantissa of log 7623 is -8821259; write down the logarithms of 
7-623, 762-3, -007623, 762300, -000007623. 

3. | How many digits are there in the integral part of the numbers whose 
logarithms are respectively 

4-30103, 1-4771213, 3-69897, - 565158 

4. Give the position of the first significant figure in the numbers whose 
logarithms are 2-7781513, -6910815, 5- 4871384. 

Gian (08 2 = - 3010300, log 3 = - 4771213, log 7 = -8450980, find the 

vaiue OL: 


5. log 64. 6. log 84. 7. log - 128. 


I 

j= 
~ 
el 


g. log -0125. 9. log 14-4. 10. log a3 : 
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3 \/ 
11. log v2. 12. log 2. 13. log V-0105. 


14. Find the seventh root of -00324, having given that 
log 44092388 = 7: 6443636. 


15. Given log 194-8445 = 2-2896883, find the eleventh root of (39: 2)”. 
16... Find thé product of 37-203, 3-7203, -0037203, 372030, having given 
that 
log 37-203 = 1-5705780, and log 1915631 = 6-2823120. 


_ 


; [a2 
17. Given 168 2 and log 3, find log as : 


1 
18. Given log 2 and log 3, find log (°V48 x 1084 + ’V6). 
19. Calculate to six decimal places the value of 
294 x 125 
42 x 32 
given log 2, log 3, log 7; also log 9076-226 = 3-9579053. 
20. Calculate to six places of decimals the value of 
(330 + 49)’ + °V22x 70; 
given log 2, log 3, log 7; also 
log 11 = 1-0413927, and log 17814-1516 = 4-2507651. 
21. Find the number of digits in 3 2 0% 


1 100 
22. Show that S is greater than 100. 
23. Determine how many ciphers there are tinted the decimal point — 
1000 

and the first significant digit in 5 
Solve the following equations, having given log 2, log 3, and log 7. 
24, 3° 7 =5. 25. 5° = 10°. et ee 
NOS ee ae ae BM Crs easy FT 

vty _ Pear yLoUryi] 
I Slats Withee NT 

ety oft} 1 3 x 


31. Given logy9 2 = -30103, find logy, 200. 
32. - Given logyg 2 = -30103, logi9 7 = *84509, find log7 V2 and logy 7. 
© 


CHAPTER XVII 
EXPONENTIAL AND LOGARITHMIC SERIES 


219. In Chap. xvii. it was stated that the logarithms in common use 
were not found directly, but that logarithms are first found to another base, 
and then transformed to base 10. 

In the present chapter we shall prove certain formulae known as the 
Exponential and Logarithmic Series, and give a brief explanation of the 
way in which they are used in constructing a table of logarithms. 


220. To expand a’ in ascending powers of x: 
By thé Binomial Theorem, if 1 is greater than 1, 


nx 
+5 


n 
[2 E Ber a 
By putting x = 1, we obtain 
1\" eH melt = 
te Sly = ; 
fi ;| 1+1+ 2 + B vu. ...(2) 


mf -[(ted) f 


hence. the series (1) is the xn power of the series (2); that.is 


‘a Reo ae 
Ae oP 4 


a 

1+1+——"4 “2 (vet) 3) ; See 

and this is true however great n may vo If therefore n be indefinitely 
increased we have 


( 168 ) 
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Ash sha cobs ‘ 1 1 1 < 
iPo mp ei cs stk lin ta ar hae et ed es te ea 4... 5 
[eh es | at (3/" [4 * 
: 1 1 1 
The series ed) St ee 
EGR Acie 
is usually denoted by @; hence 
*, 3 4 
5 eas 


e ae ee ee 
o3 


Write cx for x, then 


Now let e* = a, so that c = log, a; by substituting for c we obtain 


x (log, a) x (log, a) 
[2 13 


This is the Exponential Theorem. 
COR. When » is infinite, the /imit of (1 Se =e. [See Art. 266.] 


a= 1+xlog.a+ 


Also as in the preceding investigation, it may be shoe that when 7 
is indefinitely increased, 


c\" x x x! 
[+2] = LRT eS Pag a + a 


[2 


that is, when 7 is infinite, the limit of i + 


SATX 1 
By putting — = — —, we have 
yp as al 


(:-2) - b+)" =| +4) ' 


Now 1 is inifinite when 71 is infinite; 
n 
thus the limit of f _ *| =e”. 
n 
Hence the limit of | 1 - i] =e! 
221. In the preceding article no restriction is placed upon the value 
of x; also since : is less than unity, the expansions we have used give results 


arithmetically intelligible. [Art. 183.] 
But there is another point in the foregoing proof which deserves 
notice. We have assumed that when 77 is infinite the limit of 
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eae /G 
is 2s 
iz lr 
for all values of r. 
Let us denote the value of 


l 
ah B 
opal sill! n Pay Ve 


Since n is infinite, we have 
uy 


a : 3 
= =; that is, wu, = =u, — 4. 
U,p—4y 6 : 
y v Pe 
It is clear that the limit of w2 is 75 i hence the limit of u3 is F> 3° that 
4 r 
ars AS: 
of wy is 7; and generally that of uw, is 7-. 
mts [4 g j r [r 


222. The series 


dla dete 15 ‘at —_ : 


which we have denoted by e, is very important as it is the base to which 
logarithms are first calculated. Logarithms to this base are known as the 
Napierian system, so named after Napier their inventor. They are also called 
natural logarithms from the fact that they are the first logarithms which 
naturally come into consideration in algebraical investigations. 

When logarithms are used in theoretical work it is to be remembered 
that the base e¢ is always understood, just as in arithmetical work the base 
10 is invariably employed. 

From the series the approximate value of e can be determined to any 
required degree of accuracy; to 10 places of decimals it is found to be 
2- 7182818284. 

Example 1. Find the sum of the infinite series 

1 1 1 
i2* 14" 16 


Wehavee=1+1+75 + +4... 


AE BL 


i + +o, 


and by putting x = —1 in the series for ¢, 
=I 1 1 1 

e =1-1l+—->+—-... 
(2! +s t4 

re = ages Sp Neen LR a: ; 
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hence the sum of the series is 5 (e+ e & 


Example 2. Find the coefficient of x in the expansion of 


> an x7 
a A 
é€ 
t—a-x : 
Ste eens (l-ax—x)e* 
2 3 ek 
2 x & (a) x. 
—a oo = man ge FES yes Se 
(1 —ar—x) 41 x45 -7gtet “E : § re 8 
(oat 1 >? 
The coefficient required = (ly = DG tan), 
le [rp=1 rae 


Saat +ar—r(r—1)}. 
223. To expand log, (1 + x) in ascending powers of x. 
From Art. 220, 
3 5 
y (log, a) vy (log. a) 
a@=1+tyl + + 
ylogea 2 B 


In this series write 1+ x Ae a; thus 


(1 +xy =1+ylog.(1+.x) + ¥ {lose +x)? + ¥ {loge (1-+3))°+ 


Also by the Binomial Theorem, when x < 1 we have se 
(tay = 1+ pepe ea aS caeaete wes 
Now in (2) the coefficient of y is 

Xr C2? + nico 7 = xy ‘ sddine) (3 x at: 


in? 23 AR ccd 


ge leckgow ie! 
tar rok ee Hae fei 
that is, ar aah wm Tag 
Equate this to the coelficient of y in (1); thus we have 
2 3 4 
2 specie ate Sele 
loge 1 ha). x — > + gist = se 


This is known as the Logarithmic Senes. — : 

Example. If x < 1, expand {log, (1 + x)}? in ascending powers of x. 

By equating the coefficicnts cfy” in the series (1) and (2), we see that 
the required expansion is double the coefficient of y?in 


yiy-1) 2, ¥¥-N)Y-2 3, yO-NY-DY=3) 4, 
ore W237 {22°34 a 
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that is, double the coefficient of y in 


y=12, 0 DY=D | Oe me eae s395; 


ch OT weeee 


hee eae 12358 
Thus 
2 je ae ee 1, ies 
{log, (1 +x)} =2 {3s -$(1+5 x +t i453) ee | 


224. Except when x is very small the series for log, (1 + x) is of little 
use for numerical calculations. We can, however, deduce from it other series. 
by the aid of which Tables of Logarithms may be constructed. 


; tid 
By writing S for x we obtain log, a ; hence 
1 1 N 
log, (aeF 1) Ge tog.n & ~)— 5 + — 5 — - wh 2} 
(ite lid 


By writing -< for x we obtain log, — hence, by changing signs 


on both sides of the equation, 
log. n — log, (n — 1) = nay ae + + + if wAes 
i an. See 
From (1) and (2) by addition, 
log, (2 + 1) — log, (2 — 1) =2 = + a + 4 ee 
on Sn 
From this formula by putting n = 3 we obtain log, 4 — log, 2, that is 
log, 2; and by effecting the calculation we find that the value of 
log, 2 = -69314718 ...; whence log, 8 is known. 
Again by putting 2 = 9 we obtain log, 10 — log, 8; whence we find 
log, 10 = 230258509 ... 


To convert Napierian logarithms into logarithms to base 10 we 


multiply by ie 98 which is the modulus [Art. 216} of the common system, 


1 
Pee ee ee -A%AD ; ; 
530258509 °° 43429448 ...; we shall denote this modulus 


and its value is 
by “. 

In the Proceedings of the Royal Society of London, Vol. xxvii. page 88, 
Professor J.C. Adams has given the values of e, “, log, 2, log, 3, log, 5 to 
more than 260 places of decimals. 

225. If we multiply the above series throughout by «, we obtain 
formulae adapted to the calculation of common loganthms. 


Thus from (1), « log. (n + 1) — « log.n = ag ct Pisgah 
nN an? 
that is, 


€ 
logig (71 + 1) — logign = . -~.44-.. (A) 
2n 


we, 
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Similarly from (2), 


logig 2 — logy9 (nx — 1) = ey a + oa He ase 02) 
Mh gy BbotewiRo 

From either of the above results we sce that if the logarithm of one 
of two consecutive numbers be known, the logarithm of the other may be 
found, and thus a table of logarithms can be constructed. 

It should be remarked that the above formulae are only needed to 
calculate the logarithms of prime numbers, for the logarithm of a composite 
number may be obtained by adding together the logarithms of its component 
factors. 

In order to calculate the logarithm of any one of the smaller prime 
numbers, we do not usually substitute the number in either of the formulae 
(1) or (2), but we endeavour to find some value of n by which division may 
be easily performed, and such that either + lor — 1 contains the given 
number as a factor. We then find tog (n + 1) or log (n — 1) and deduce the 
logarithm of the given number. 

Example. Calculate log 2 and log 3, given u = - 43429448. 

By putting = 10 in (2), we have the value of log 10 — log 9; thus 

1 — 2log3 = -043429448 + -002171472 + -000144765 + -000010857 

+ -Q00000868 + -000000072 + - 000000006; 

1 — 2log 3 = -045757488, 

log 3 = -477121250, 
Putting 7 = 80 in (1), we obtain log 81 — log 80; thus 
4 log 3 — 3 log 2 — 1 = -005428681 — -000033929 + -000000283 
— -000000003; 
3 log 2 = -908485024 — -005395032, 
log2 = - 301029997. 

In the next ‘article we shall give another series fer 
log, (1 + 1) — logen which is often useful in the construction of 
Logarithmic Tables. For further information on the subject the reader ts 
referred to Mr. Glaisher’s article on Loganthms in the Encyclopedia 
Britannica. 


226. In Art. 223 we have proved that 
Sa 
loge (1 + x) ae ta = as 


changing x ir*o —x, we have 


2 3 
- : x. w 
PO i ay a hen’ ; 
By subtraction, 
3 5 
it 1a Hey 
Sige A Pdi ten hareate 
8 Li ¥ 5 } 
| Ds a eam eae! f ie ; : 
Put = ——, so thal x = + we thus obtain 


1-x n 2n + 1 
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1 1 1 
lo n+1)-lo R=) Se ST eee bs 
ie Gobi 2a +1 3(%% +4)? 5 (Qn 1) 


NOTE. This series converges very rapidly, but in practice is not 
always so convenient as the series in Art. 224. 
227. The following examples illustrate the subject of a chapter. 


Example 1. If a,B are the roots of the equation a t+bxt+c= 0, 
show that : 
iz 
+ + 3 
log (a — bx + cx’) = loga + (a Peppa Bp e 3 
Since a + B = — a ap = a we have 
a-bx+c=a{lt (a + B)x + aBx’} 
=a(1+ ar) (1+ Ar). 
log (a — bx + cx’) = loga + log (1 + ax) + log + Bx) 


2e2 3.3 2 3 
Gy ay Bx Bx 
=loge hax eS =e ee + a 


ie 3 2 2 
2 3 
=loga+(a em, a ee | 


Example 2. Prove that the coefficients of x" in the expansion of 
hod 2 SST , ote 3 ; 
log (1 +x + x’) is — 7 or according as 7 is or is not a multiple of 3. 


3 


ord 
Jog (1 +x + x’) = log i = = log (i —x°) — log (1 -— x) 
Pegs tala x sae r 
a = 2+ bee a th Say 
2 oaiS r r 


If n is a multiple of 3, denote it by 37; then the coefficient of x” is 
J : 200k : 5 
~— from the first series, together with 3 from the second series; that is, 


: ; 3 1 2 
the coefficient is — + + —, or — =. 
7) acmonl 


n 

Ifn is not a multiple of 3, x" does not occur in the first series, therefore 
the required coefficient is _ 

228. To prove that e is incommensurable. 

For if not, let e = ce where #1 and 7 are positive integers; 


1 
then == +49 4 4-4 tS 1 dpi 


n iho ln ba 1 
multiply both sides by [1 ; 


is a proper fraction, for it is greater than 
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; 1 1 
[72 — 1 = int See ene ee 
mu ee watt (n +1) (n + 2) 
1 
iea dS aaa eat ad BapaeT abate 
rf, (2 + 1) (1 + 2) (n + 3) 
But 1 1 1 


er (1 + 1) (n + 2) * (DS Daed. 


and less than the geometrical 
n+] 8 s 


progression 


tp ee ie Bales Bice 
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that is, less than = hence an integer is equal to an integer plus a fraction, 
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which is absurd; therefore e is ncommensurable. 


| EXAMPLES. XVII. | 
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Find the numerical values of the common logarithms of 7, 11 and 13; 
given “« = 43429448, log 2 = - 30103000. 
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1 : : : 
3 be expanded in a series of ascending powers 
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of x, show that the coefficient of x” is — u if n be odd, or of the form 
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If log, aie — a, loge ae — b, loge = = c, show that 
log. 2 = 7a — 2b + 3c, log. 3 = 1la — 3b + Sc, 
log. 5 = 16a — 4b + 7c; 

and calculate log, 2, log, 3, log, 5S to 8 places of decimals. 


CHAPTER XVIII ) 
INTEREST AND ANNUITIES 


229. In this chapter we shall explain how the solution of questions 
connected with Interest and Discount may be simplified. by the use of 
algebraical formulae. 

We shall use the terms /nterest, Discount, Present Value in their 
ordinary artithmetical sense; but instead of taking as the rate of interest 
the interest on £ 100 for one year, we shall find it more convenient to take 
the interest on £ 1 for one year. 

230. To find the interest and amount of a given sum in a given time at 
simple interest. 

Let P be the principal in pounds, r the interest of £ 1 for one year, 
n the number of years, / the interest, and M the amount. 

The interest of P for one year is Pr, and therefore for n years is Par, 
that is, 


I=Pnr ...(1) 
Aisc M=P+iI, 
- that is, M = P(1+nr) ...(2) 


From (1) and (2) we see that if of the quantities P,n,r,J, or 
P,n,r, M, any three be given the fourth may be found. 

231. To find the present value and discount of a given sum due in a@ 
given time, allowing simple interest. 

Let P be the given sm, V the present value, D the discount, r the 
interest of £ 1 for one year, n the number of years. 

Since V is the sum which put out to interest at the present time will 
in 2 years amount to P, we have 


P=V(1 +nr). 
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l+oar 
é Te 

And ' D=P-V=p-— . 
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NOTE. The value of D given by this equation is called the true discount. 
But in practice when a sum of money is paid before it is due, it is customary 
to deduct the interest on the debt instead of the true discount, and the 
money so deducted is called the banker’s discount; so that 


(178) 
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Banker’s Discount = Pnr. 
Pnr 
nr 
Example. The difference between the true discount and the banker’s 
discount on £ 1900 paid 4 months before it is due is 6s . 8d. ; find the rate 
per cent., simple interest being allowed. 
Let r denote the interest on £ 1 for one year; then the = s discount 
1900 r 


True Discount = 


el r , ; 
is 523 and the true discount is 


| 1l+=r 


whence 1900r? =3 + Ps 
_ 1+v1+22800 1+ 151 
a 3800 me Bo. ; 


rate per cent. = 1007 = 
232. To find the interest and amount of a given sum in a given time at 
compound interest. 
Let P derote the principal, R the amount of £ 1 in one year, n ‘the 
number of years, 7 the interest, and M the amount. 
The amount of P at the end of the first year is PR; and, since this is 
the principal for the second year, the amount at the end of the second year 


is PR X R or PR’. Similarly the amount at the end of the third year is 
PR? and so on; hence the amount 1172 years 1s PR’; that is, 


M = PR’; 
= P(R’ — 1). 
NOTE. Ifr ace the interest on £ 1 for one year, we have 
R= 1 


233. In business transactions when the time contains a fraction of a 
year il is usual to beet simple interest e the fraction of the year. aa the 


amount of £ 1 in 5 year is reckoned 1 + ~ 53 ; and the amount of P in 42 3 years 
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ne ihe interest ts payable more than once a vear there 3s a distinction 
between the nominal annual rate of interest and that actually received, 
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which may be called the true annual rate ; thus if the interest is payable 
twice a year, and if r is the nominal annual rate of interest, the amount of 


- £1 in half a year is 1 + © and therefore in the whole year the amount of 
2 2 

£°T 18 fi + ;| ,orl +r+ re: so that the tne annual rate of interest is 
~ 
+—, 
aa 

234. If the interest is payable q times a year, and ifr is the nominal 

annual rate, the interest on £ 1 for each interval is i and therefore the 


qn 
: , ; r 
amount of P inn years, or qn intervals, is P | 1 + : 


In this case the interest is said to be “converted into principal” q 
times a year. 
If the interest is convertible into principal every moment, then q 


tonics 1 
becomes infinitely great. To find the value of the amount, put = 5 80 that 


q = ™; thus 


’ qn 1 amr 1 xy 
the amount =P [1+] mat +4) -P{(1 +3] Y 
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~~ = Pe”, [Art. 220. Cor.,] 

since x is infinite when g is infinite. 

235. To find the present value and discount of a given sum due in a 
given tune, allowing compound interest. 

Let P be the given sum, V the present value, D the discount, R the 
amount of £ 1 for one year, n the number of years. 

Since V is the sum which, put out to interest at the present time, will 
int years amount to P, we have 


P= PR; 
V= a = PR”; 
R 
and D=P(1—R"). 


Example. The present value of £ 672 due in a certain time is £ 126; if 
compound interest at 4* per cent. be allowed, find the time; having given 


log 2 = -30103, log 3 = -47712. 
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Let 2 be the number of years; then 


or 
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25 

672 = 126 — “se 
n log 22 = = log we 
24 126’ 

n log 100 = log = ze 
96 3% 
.. n (log 100 — log 96) = log 16 — log 3, 
4 log 2 — log3 
era log 2 — log 3 
= ae = 41, very nearly, 


thus the time is very nearly 41 years. 


10. 


EXAMPLES XvVIIi. a. 


- When required the following logarithms may be used. 


log 2 = -3010300, ‘log3 = -4771213, 

log 7 = -8450980, log 11 = 1:0413927. 
Find the amount of £ 100 in 50 years, at 5 per cent. compound interest; 
given log 114-674 = 2-0594650. 
At simple interest the interest on a certain sum of 1 oney is £ 90, and 
the discount on the same sum for the same time anc at the same rate 
is £ 80; find the sum. 
In how many years will a sum of money double itself at 5 per cent. 
compound interest ? 
Find, correct to a farthing, the present value of £ 10000 due 8 years 
hence at 5 per cent. compound interest; given 

log 6768394 = 4-8304856. 

In how many years will £1000 become £ 2500 at 10 per cent. compound 
interest ? 
Show that at simple interest the discount is half the harmonic mean 
between the sum due and the interest on it. 
Show that money will increase mose than a hundredfold in a century 
at 5 per cent. compound interest. 
What sum of money at 6 per cent. compound interest will amount to 


-£ 1000 in 12 years ? Given 


log 106 = 2-0253059, log 49697 = 4- 6963292. 
A man borrows £ 600 from a money-lender, and the bill is renewed 
every half-year at an increase of 18 per cent. : what time will elapse 
before it reaches £ 6000 ? Given log 118 = 2-071882. 
What is the amount of a farthing in 200 years at 6 per cent. compound 
interest ? Give log 106 = 2-0253059, log 115-1270 = 2-06118000. 


182 | HIGHER ALGEBRA. 


ANNUITIES 


236. An annuity is a fixed sum paid periodically under certain stated 
conditions; the payment may be made either once a year or at once a year 
or at more frequent intervals. Unless it is otherwise stated we shall suppose 
the payments annual. 

An annuity certain is an annuity payable for a fixed term of years 
independent of any contingency; a life annuity is an annuity which is payable 
during the lifetime of a person, or of the survivor of a number of persons. 
_. Adeferred annuity, or reversion, is an annuity which does not begin 
until after the lapse of a certain number of years; and when the annuity is 
deferred for years, it is said to commence after n years, and the first 
payment is made at.the end of n + 1 years. 

If the annuity is to continue for ever it is called a perpetuity; if it does 
not-commence at.once it is called a deferred perpetuity. 

An annuity left unpaid for a certain number of years is said to be 
forborne for that number of years. 

237. To find the amount of an annuity left unpaid for a given number 
of years, allowing simple interest. 

Let A be the annuity, r the interest of £1 for one year, n the number 
of years, M the amount. 

At the end of the first year A is due, and the amount of this sum in 
the remaining 7 — 1 years isA + (n — 1) +A; at the end of the second year 
another A is due, and the amount of this sum in the remaining (n — 2) years 
is A + & “ 2) rA; and so on. Now M is the sum of all these amounts; 

.M = {A+ (n— 1) rA} + {A + (n — 2) PA} +... + (A + 7A) +4, 
the series consisting of 2 terms; 
M2 nA (1 2 sian + TPE 


=ndA + AOD a. 


238. To find the amount of an annuity left unpaid for a given munber 
of years, allowing compound interest. 

Let A be the annuity, R the amount of £1 for one year, n the number 
of years, M the amount. 

At the end of the first year A is due, and the amount of this sum in 


the remaining 72 — 1 years is AR"! ; at the end of the second year another 


A is HE, and the amount of this ‘sum in the remaining n — 2 years is 


it 
AR ?. and so on. 
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239. In finding the present value of annuities it is always customary 
to reckon compound interest; the results obtained when simple interest is 
reckoned being contradictory and untrustworthy. On this point and for 
further information on the subject of annuities the reader may consult the 
Text-books of the Institute of Actuaries, Parts I. and II., and the article 
Annuities in the Encyclopaedia Britannica. 

240. To find the present value of an annuity to continue for a given 
number of years, allowing compound interest. 

Let A be the annuity, R the amount of £ 1 in one year, n the number 
of years, V the required present value. 

The present value of A due in 1 year is AR + : 
the present value of A due in 2 years is AR’, 


the present value of A due in 3 years is AR; 
and so on. [Art. 235.] ; 
Now V is the sum of the present values of the different payments; 
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NOTE. This result may also be obtained by dividing the value of M, 


given in Art. 238, by R”. [Art. 232.] 
COR. If we make n infinite we obtain for the present value of a 
perpetuity Cre 
4 A A 
Suit Re gry 
241. If 714 is the present value of an annuity A, the annuity is said to 
be worth m years’ purchase. . 


In the case of a perpetual annuity mA = 2 ; hence 


r rate per cent. ’ 
that is, the number of years’ purchase of a perpetual annuity is obtained by 
dividing 100 by the rate per cent. 

As instances of perpetual annuities we may mention the income 
arising from investments in irredeemable Stocks such as many Government 
Securities, Corporation Stocks, and Railway Debentures. A good test of 
the credit of a Government is furnished by the number of year’s purchase 


of its Stocks; thus the me p.c. Consols at 90 are worth 36 years’ purchase; 


Egyptian 4 p.c. Stock at 96 is worth 24 years’ purchase; while Austrian 5 p. 
c. Stock at 80 is only worth 16 years’ purchase. 
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242. To find the present value of a deferred annuity to commence at the 
‘end of p years and to continue for n years, allowing compound interest. 

Let A be the annuity, R the amount of £ 1 in one year, V the present 
value. 

The first payment is made at the end of (P + 1) years. [Art. 236.] 

Hence the present values of the first, second, third .... payments are, 
respectively 

AR &+ 1) AR~ AP 2) AR™ sii 4); ie 


yap Or aR OO AR P+3), ton terms 


—n 
= 4R7@*) BSB 


{= 
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Boe Ac Rela 


COR. The present value of a deferred perpetuity to commence after 
p years is given by the formula 


243. A freehold estate is an estate which yields a perpetual annuity 
called the rent; and thus the value cf the estate is equal to the present value 
of a perpetuity equal to the rent. 

It follows from Art. 241 that if we know the number of years’ purchase 
that a tenant pays in order to buy his farm, we obtain the rate per cent. at 
which interest is reckoned by dividing 100 by the number of years’ purchase. 

Example. The reversion after 6 years of a freehold estate is bought 
for £20000; what rent ought the purchaser to receive, reckoning compound 
interest at 5 per cent. ? Given log 1-05 = -0211893, log 1-340096 = 
- 1271358. 

The rent is equal to the annual value of the perpetuity, deferred for 
6 years, which may be purchased for £ 20000. 

Let £A be the value of the annuity; then since R = 1-05, we have 

_ AX (1-05) ° 
20000 “05 : ‘ 
A x (1-05)~° = 1000; 
log A — 6 log 1:05 = 3, 
logA = 3-1271358 = log 1340-096. 
A = 1340-096, and the rent is £ 1340. 1s. 11d. 

244. Suppose that a tenant by paying down a certain sum has obtained 
a lease of an estate for p + q years, and that when q years have elapsed he 
wishes to renew the lease for a term p + 7 years; the sum that he must pay 
is called the fine for renewing 7 years of the lease. 

Let Abe the annual value of the estate; then since the tenant has 
paid for p for p +n years, the fine must be equal to the present value of a 
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deferred annuity A, to commence after p years and to continue for n years; 
that is, 

Rr WRoent 
R= RST 


EXAMPLES. XVIII. b. 


The interest is supposed compound unless the contrary is stated. 

1, The amount of an annuity of £ 120 which is left unpaid for 5 years is 
- £672; find the rate per cent. allowing simple interest. 

2. Findthe auceonacp of an annuity of £ 100 in 20 years, allowing compound 


the fine = [Art. 242.] 


incerest at 4+ 5 per cent. Given 


log 1: +045 = :0191163, log 24-117 = 1-3823260. 
3. A freehold estate is bought for £ 2750; at what rent should it be let 
so that the owner may receive 4 per cent. on the purchase money ? 
4. A freehold estate worth £120 a year is sold for £4000; find the rate 
of interest. 
5. | How many years’ purchase should be given for a freehold estate, 


interest being calculated at 33 per cent. ? 


6. If a perpetual annuity is worth 25 years’ purchase, find the amount 
of an annuity of Rs. 625 to continue for 2 years. 

7. If a perpetual annuity is worth 20 years’ purchase, find the annuity 
to continue for 3 vears which can be purchased for Rs. 2522. 

8. When the rate of interest is 4 per cent., find what sum must be paid 
now to receive a freehold estate of Rs. 400 a year 10 years hence; 
having given log 104 = 2-0170333, log 6-75565 = -8296670. 

9. Find what sum will amount to Rs. 500 in 50 years at 2 per cent., 


interest being payable every moment; given e | = -3678. 

10. If 25 years’ purchase must be paid for an annuity to continue #1 years, 
and 30 years’ purchase for an annuity to continue 2x years, find the 
rate per cent. 

11. A man borrows Rs. 5000 at 4 per cent. compound interest; if the 
principal and interest are to be repaid by 10 equal annual instalments, 
find the amount of each instalment; having given 
log 1:04 = -0170333 and log 675565 = 5-829667. 

12. Aman has a capital of Rs. 20000 for which he receives interest at 5 
per cent; if he spends Rs. 1800 every year, show that he will be ruined 


before the end of the ie year; having given _ 
log 2 = -3010300, log 3 = «4771213, log 7 = -8450980. 
13. The annual rent of an estate is Rs. 500 ; if it is let on a lease of 20 
years, calculate the fine to be paid to renew the lease when 7 years 
have elapsed allowing ‘interest at 6 per cent. ; having given 
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14. 


15. 
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log 106 = 2-0253059, log 4-688385 = - 6710233, 

log 3: 118042 = - 4938820. 

If a,b,c years’ purchase must be paid for an annuity to continue 
n, 2n, 3n years respectively; show that 


2 
heh pe 


Weat is the present worth of a perpetual annuity of Rs. 100 payable 
at the end of the first year, Rs. 200 at the end of the second, Rs. 300 
at the end of the third, and so on, increasing Rs. 100 each year; interest 
being taken at 5 per cent. per annum ? 
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CHAPTER XIX 
INEQUALITIES 


245. Any quantity a is said to be greater than another quantity b when 
a — bis positive; thus 2 is greater than —3, because 2 — (—3), or Sis positive. 
Also b is said to be less than a when b — a is negative; thus —5 is less than 
—2, because —5 — (—2), or —3 is negative. ” 
In accordance with this definition, zero must be regarded as greater 
than any negative quantity. 
In the present chapter we shall suppose (unless the contrary is directly 
stated) that the letters always denote real and positive quantities. 
246. If a > b, then it is evident that 
a+.¢c > hb + ¢: 
a-e>b-c; 
AG DCs 
a_b 


Cathe 
that is, an inequality will still hold after each side has been increased, 
diminished, multiplied,.or divided by the same positive quantity. 


247. If a-—c>b, 
by adding c to each side, 
Ob Te 


which shows that in an inequality any term may be transposed from one side 
to the other if its sign be changed. 

If a > b, then evidently b < a; 
that is, if the sides of an inequality, be transposed, the sign of inequality must 
be reversed. 

If a>b, then a —b is positive, and b —a is negative that is, 
— a — (—b) is negative, and therefore 

—-a<—b; 


hence, if the signs of all the terms of an inequality be changed, the sign of 
inequality must be reversed. 
-- Again, if a > b, then —a < —b, and therefore 
00. < = 0C, 
that is, if te sides of an inequality be multiplied by the same negative quantity. 
the sign of inequality must be reversed. 
248. If a, > D1, a7 > b>, a3 > D3, ..... dy > Dyn, it is clear that 


a, +a, +a3,+... +A, >by +b, +b3+... t+ Om; 


( 187 ) 
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and Q1 G7 Q3.... Ayn > byb2b3 ... Dm. 
249. If a > b, and if p,q are positive integers, then IVa > ‘Vb, or 
ee ike | deel 92 
a? > bf: and therefore a? > b7; that is, a" >b", where n is any positive 
quantity. 


Further, a < a thatisa "<b ” 
n p" 


a 
250. The square of every real quantity is positive, and therefore 


greater than zero. Thus (a — b) is positive; 
a’ — 2ab +b’ > 0; 
a’ +b’ > 2ab. 


+ zs 
Similarly = Ae > Vxy; 


that is, the arithmetic mean of two positive quantities is greater than their 
geometric mean. 

The inequality becomes an equality when the quantities are equal. 

251. The results of the preceding article will be found very useful, 
especially in the case of inequalities in which the letters are involved 
symmetrically. 

Example 1. If a,b,c denote positive quantities, prove that 


a+b +c>be+ca + ab; 
and 2(a° +b? +c°) >be (b +c) +a (c +a) + ab (a +d). 
For boc She (1) 
ce + i, > 2ca; 
a” +b” > 2ab: 
whence by addition a+b +c >be+catab. 
It may be noticed that this result is true for any real values of 
(Ute 
Again, from (1), b—b6 CR She ave) 
Z b> +c >be (b +c) (3) 
By writing down the two similar inequalities and adding, we obtain 
2(a° + b> +c) >be (b +c) + ca (¢ +2) + ab (a+b). 
It should be observed that (3) is obtained from (2) by introducing 


the factor b + c, and that if this factor be negative the inequality (3) will 
no longer hold. 


Example 2. If x may have any real value find which is the greater, 
a + 1 OF x Ens 
3 2 3 2 
x +d te ts) ae grt — Oia) 


= (x - 1) @@-1) 
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=(«- 19 @ +1). 
Now (x — 1) is positive, hence 


: x+1> orx’ +x ‘ 
according as x + 1 is positive or negative; that is, according as x > or 
< -1. 

Ifx = —1, the-inequality becomes an equality. 

252. Let a and b be two positive quantities, S their sum and P their 
product; then from the identity 


dab = (a +b)” — (a—by’, 
we have 


4P =S° — (a — b)”, and S’ = 4P + (a — by’. 
Hence, if S is given, P is greatest when a = b; and if P is given, S is 
least when a=b; 
that is, if the sum of two positive quantities is given, their product is greatest 
when they are equal; and if the product of two positive quantities is given, their 
sum ts least when they are equal. 
253. To find the greatest value of a product the sum of whose factors 
is constant. 
Let there be n factors a,b,c, ...k, and suppose that their sum is 
constant and equal to s. 
Consider the product abc ... k, and suppose that a and b are any two 
unequal factors. If we replace the two unequal factors a, b by the two equal 
at+batb 
2a tod 
unaltered; hence so long as the product contains two unequal factors it can 
be increased without altering the sum of the factors; therefore the product is 
greatest when all the factors are equal. In this case the value of each of the 


factors the product is increased while the sum remains 


nt 
sae ae Oe 
n factors 1s Y and the greatest value of the product is (:) , or 


fetbtee tk) 
Nn 


COR. If a, b,c,....k are unequal, 


rigs 
nN 


n 
> abc....k; 


that is , 


- a+b+0 + tk 
n 
By an extension of the meaning of the terms anthmetic mean and 


geometric mean this result is usually quoted as follows : _ : 
the arithmetic mean of any number of positive quantities is greater than the 


geometric mean. 


1 
> (abc ....k)*. 
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Example. Show that (1° + 2+ 3° +... + ny >n" (ay; 
where r is any real quantity. 


r Oe yr r ut 
14243 +... tn >. 03 onl \n: 
nN 


n 
r iL r ; 
veiedt ae >1.2.3'....n’, that is, > (Ln); 


Since 


n 


whence we obtain the result required. 


254. To find the greatest value of a b' cP... when a+b+ct ... is 
constant; m, n, p, .... being positive integers. 


. - min . 
Since m,n, p,.... are constants, the expression a b ¢’... will be 


m n n 
c : ; “78% 

greatest when fe é —| ... is greatest. But this last expression 1s 
the product of m+n+p+.. factors whose sum is 

c 
m (<| +n 2) +p ;) +...,0ra+b+c +..., and therefore constant. 
Hence a” b” ’.... will be greatest when the factors 

abe 

PUB Di ae | 
are all equal, that is, when 

ee D> - 69) Se Be COs 

AO po. Ee ee ee 


Thus the greatest value is 
\ Wt Hive play 


mon G:F, OFAC tons 
m n" PP .... eet ee ee 
i-th p +-.. 


Example. Find the greatest value of (a +x) (a - x)! for any real 
value of x numerically less than a. 
4 


: : phe: at+x) (a—-x)\. 
The given expression is greatest when ie 3 greatest; 
Fie kek yn \ 
but the sum of the factors of this expression is 3 i +4 4 = p or 


3 4. atx =x 
2a; hence (a + x) (a — x) is greatest when = ae orx = — = 
3 64 
2 @ te 
Thus the greatest value is © a’. 
7 


255. The determination of maximum and mininuim values may often. 
be more simply effected by the solution of a quadratic equation than by the 
foregoing methods. Instances of this have already odcurred in Chap. IX. ; 
we add a further. 
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Example. Divide-an odd integer into two integral parts whose product 
is a maximum. 
Denote the integer by 27 + 1; the two parts byx and 2n + 1 — x; and 
the product by y ; then (27 + 1)x — v= y; whence 
dx = (2n + 1) + Vn + 1)? — 4y 5 
but the quantity under the radical must be positive, and therefore y cannot 
1 p oan ‘ 
be greater than "4 (2n + 1y%: orn’ +n +t + and since y is integral its greatest 
value must be n” + n ; in which case x =n + 1, orn; thus the two parts are 


nandn + 1. 
256. Sometimes we may use the following method. 


: — atx *k 
Example. Find the minimum value of z Ae 22 
Putc + x =y; then 
: (a—c +y) (6'—c +y) 
the expression = 7 ae 
(a —c)(b —c) 
= 7 ty a= C+ b= 6 


if Ly 
/ aS A cS 
= tedromene oe c - vy] +a—c+b—-c+2V(@—c)b—0). 


Hence the expression is a minimum when the square term is zero; 
that is when y = ve —c)(b-—c). 
’ Thus the minimum value is 
a-c+b—c+2V(a-—c)(b—C); 
and the corresponding value of x is V(a — c) (b —c) —c. 


EXAMPLES. XIX. a. 


Prove that (ab + xy) (ax + by) > 4abxy. 

Prove that (b +c) (c + a) (a + b) > 8abc. 

3. Show that the sum of any real positive quantity and its reciprocal ts 
never less than 2. 

Ifa +b? = 1, and a +y = 1, show that ax + by < 1. 


2 wD ? 2 2 2 
Ifa +b +c =1,andx +y +z = 1, show that 
ax + by +cz <1. 


N = 
° ° 


a,b b,a b 1 
ae | ; 
6. Ifa>b,showthata b > ab, and log PETG 
2 2 Jee 2 
Show that (x’y + yz = 2x) (y+ ye + zx) > Or *y 5 
2 
Find which is the greater 3ab™ or a> + 2b°. 


9. Prove that a°b + ab><a +b. 
10. Prove that 6abc < bc \b +c) +ca(c +a) +ab(a+b). 
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11. Show that bc? + "a" + a’b* > abc (a+b+c). 

12. Which is the greater x or x + x + 2 for positive values of x ? 

13. Show that x + Bax > Sax’ + 9a°, ifx > a. 

14. Find the greatest value of x in order that We +11 may be greater 
thanx? + 17x. 

15. Find the minimum value of x” — 12x + 40, and the maximum value 
of 24 — 8 — 9x’. 

16. Show that (|x)? >n", and2.4.6....22 < (n+ 1)". 

17. Show that (x +y+ zy > 2hyz. 


18. Show that n’>1.3.5...(2 1). 
19. If be a positive integer greater than 2, show that 


est nde 
aa! a 
20. Show that (|x)? <n’ ! > ] 
°e 


21. Show that 
(1) @ ty $2) > 27 (y +z-2x) (2 t+x-y) KH +Y—2). 
(2) xyz Soy. + 2x): + x — y) & +y—2). 

22... Find the maximum value of (7 — x) (2+ x) when x lies between 7 
and —2. 


: : ayy oe 
23. | Find the minimum value of BIDET) 


_*257. To prove that if a and b are positive and unequal, 


m 
a+b’ _ (atb £ ; 
ERE: GPK: , except when m is a positive proper fraction. 


2 ee. 
+b, a-b\” , (a+b, a-b)\” 
Weh Peo Bm a é. BT B49 AEP ay , 
e have a > 5 + 5 + 7 ; and 
ar ee. 
since ——>— is less than 5 we may expand each of these expressions in 
ascending powers of a i z [Art. 184.] 
m m m m—2 2 
A a = a+b 4 mn — I) a+b a—b 
2 Ys brn2 2 2 
el m — 1) (nt — 2) (m — 3 (asi &\ 5 ‘aveuhio : 
1.2.3.4 2 7a es 


(1) If m is a positive integer, or any negative quantity, all the terms 
on the right are positive, and therefore 
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Pare Ai Ble, 
——- > 
2 2 


(2) If m is positive and less than 1, all the terms on the right after the 
first are negative, and therefore 


4 ae +p” E a+b\’ 
2 9) 


(3) If > 1 and positive, put m = - where n < 1; then 


haere 


fa tbe] bat + be] 
Z if. 2 , 


dummy cases A) 


a+b" (2 + s)" 
a > eg 
2o7. 
Hence the proposition is established. If = 0, or 1, the inequality 
becomes an equality. 
*258. If there are n positive quantities a, b, c, ... k, then 


a tbr Pick ye atb+ct.w.?k 
Nn nN 


unless m is a positive proper fraction. 
Suppose 1 to have any value not lying benhedn 0 and 1. 


m 


Consider the expression a” +b” +c" +... +k”, and suppose that 
a and b are unequal; if we replace a and b by the two equal quantities 
atbatb 


, the value of a +b +c +... +-k remains unaltered, but the 


Re AS 
value of a” +b" +0" +.... +k” is disminished, since . 
m 
+b 
: ooh >2 (4 | 


Hence so one as ay two of the quantities a,b,c, ... k are unequal the 


expression a” +b” + c+ ..+k” can be diminished without altering 


the value of at+b+t+c 2 ie .+k; and therefore the value of 
a te tc + +k" will be least when all the quantitics a, b,c, ... k 
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are equal. In this case each of the quantities is equal to 
@+0 46... 

n ? 
and the value ofa” +b” +0" +... + k” then becomes 

m 
atb+cet....tk 

n 

Hence when a, b,c, ... kK are unequal, 
Bh Be st Coridk mosh tu, coer + th)" 
n n 


nN 


If m lies between 0. and 1 we may in a similar manner prove that the 
sign of inequality in the above result must be reversed. 
The proposition may be stated verbally as follows : 


: : th aoe nae 
The arithmetic mean of them powers of n positive quantities is greater 
th , 3 : ‘ 2 
than the m_ power of their arithmetic mean in all cases except when m lies 


between 0 and 1. 
*259. If aand bare positive integers, and a > b, and if x be a positive 


a b 
‘ x x 
+= += 
quantity, f ‘ > f 4 


-. . FOr 


(1+#) =1434 1-4) 54 fi) 2) 5 4 (1) 


the series consisting of a + 1 terms; and 


b 2 3 
x ( 1) x 1 2\ x 
1+=| =14x4+ /1-—|}=+4]1-=|] 11-=]/ 24+ 2. 
ats eee ours irae eh te bce 
the series consisting of b + 1 terms. 
After the second term, each term of (1) is greater than the 


corresponding term of (2); moreover the number of terms in (1) is greater 
than the number of terms in (2); hence the proposition is established. 


x] y 
*260. To prove that a >V ne ( 
_ ae — y 


if x and y are proper fractions and positive, and x > y. 


4 x 
For V iH > met a 


r>¥ 


1 1+y 
asi or < —lo 
y AS 


¥ 


: 1 Pex 
according as x o8 ma 


Bu | Aide =2 ca x 
uty log LS 3 tot... ; [Art. 226}; 
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a1 8 AEE ye ae a 
and cad i afiryets 
a ass AGE 1+y 


at ey yp Imy 
and thus the proposition is proved. 


*261. To prove that (1 + x) £5 (i= x)! % atau ifx < 1,and to deduce 


that ab > (a+b 


Denote (1 + ad (L= x) by P; then 


log P = (1 + x) log (1 +x) + (1 — x) log (1 -— x) 
"=x {log (1 + x) — log (1 — x)} + log (1 + x) — log (1 — x) 


¥ x x 6 
= 2y [tt SSF = 2 ae tiga - se 


es t x 
PRT a og tog ase 


- Hence log P is positive, and therefore P > 1; 
that is, Gy tT pS xy ait: 


In this result put x = zi where u > z; then 


(u +z)" “A (u- ay >u 
Now put u + 2 =a,u —z = b, so thatu =, 
b redial 
ca z fag ial 
ne ab > , | 
EXAMPLES. XIX. b. 


1. Show that 27 (a). +.b1'+ ¢') > (@ +b +0). 
3 3. 
pa Show that 72 (a + 1° <8(1 + oe z is, ht) 
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- Show that the sum of the m'" powers of the first n even numbers is 


greater than n (n + 2 ifm > 1. 
If a and are positive quantities, and a > 8, show that 


boa > boa) 


‘ fn 
Hence show that if 2 > 1 the value of fi = ;| lies between 2 and 


y Siad fh as 
If a,b,c are in descending order of magnitude, show that 


a b 
at+c b+c 

< ; 
a-c b-c 


cateaied 


atb+crt+...+k 
n 


k 


Show that Sag We 


Prove that ~ log d+ a’) < ~ log (1+a’),ifm>n. 


If 1 1s a positive integer and x < 1, show that 
n+] n 

Lx ji ¥ 

eo 


7} tos cael nN 


If a,b,c are in H.P. andn > 1, showthata’ +a’ > 2b". 


Find the maximum value of x° (4a — x) if x is positive and iess than 
1 1 


da; and the maximum value of x? (1 — x)? whenx is a proper fraction. 


If x is positive, show that log (1 + x) <x and > aimee 
Xx 


If x + y +z = 1, show that the least value of : + ‘ + H is 9 ; and 
that (1 — x) (1 — y) (1 — z) > 8yz. 
Shew that 
(Qtb+ct+d@tdtcor+e>@t+hPtecray 
Show that the expressions 

a (a —b)(@—c) +b (6 -—c) (b—a) +c (c — a) (c—b) 

4 
a” (a —b) (a—c) +b (b —c) (b - a) +¢° (€ —a) (c -b) 


Y 


are both positive. 


15. 


16. 
17. 


rt 


Show that (x" + y ys iy +y')" ifm >n. 


a+b 
ath 


Z 
If a,b,c denote the sides of a triangle, show that 


() ap ~ g)(P—) +B (q-N Gp) + =p) ir—4) 


Show that ab’ < 
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cannot be negative; p, q, r being any real quantities; 
(2) a’yz +b x + cxy cannot be positive, ifx + y +z = 0. 


18. Show that [1 [3 [5 ...... [2n —1>(|n)". 


19. Ifa,b,c,d,...... are p positive integers, whose sum is equal ton, show 


that the least-value of . 
(apd: olfae ly. is(Iqh "(la +); 


where q is the quotient and r the remainder when n is divided by p. 


CHAPTER XX 


LIMITING VALUES AND VANISHING 
FRACTIONS 


, ; ge 
262. If a be a constant finite quantity, the fraction yon be made as 


Fi . in A a 
small as we please by sufficiently increasing x; that is, we can make — 


- 


approximate to zero as nearly as we please by taking x large enough; this 


; Seo: Ape ee <a heat. =! 
is usually abbreviated by saying, “when x is infinite the limit of x 8 2eT0. 


; me p 
Again, the fraction — increases as x decreases, and by making x as 


a : 
small as we please we can make — as large as we please; thus when x is zero 
x 


7 has no finite limit; this is usually expressed by saying, “when x is zero the 


limit of © is inifinite.” 

263. When we say that a quantity increases without iimit or is infinite, 
we mean that we can suppose the quantity to become greater than any 
quantity we can name. 

Similarly, when we say that a quantity decreases without limit, we mean 
that we can suppose the quantity to become smaller than any quantity we 
can name. 

The symbol © is used to denote the value of any quantity which is 
indefinitely increased, and the symbol 0 is used to denote the value of any 
quantity which 1s indefinitely diminished. 

264. The two statements of Art. 262 may now be written symbolically 
as follows : 


Sh. ns 
if x is ©, then — is 0; 
x 
a fue a. 
if x is 0, then — is &,. 
- 
But in making use of such concise modes of expression, it must be 


remembered that they are cnly convenient abbreviations of fuller verbal 
statements. 


(198 ) 
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265. The student will have had no difficulty in understanding the use 
of the word limit, wherever we have already employed it; but as a clear 
conception of the ideas conveyed by the words limit and limiting value is 
necessary in the higher branches of Mathematics are proceed to explair 
more precisely their use and meaning. 

266. DEFINITION. If y = f (x), and if when x approaches a value a, 
the function f (x) can be made to differ by as little as we please from a fixed 
quantity b, then b is called the limit of y when x = a. 

For instance, if S denote the sum of n terms of the series 


jagged a FRE chat prea ae ate [Art. 56.] 
2 


can be made as small as we 


Here S is a function of n, and —— 
2 


please by increasing 7; that is, the limit of S is 2 when 7 is infinite. 

267. We shall often have occasion to deal with expressions consisting 
of a series of terms arranged according to powers of some common letter, 
such as 4 

2 
Ag + ayx + ax + ax = ie ee 
where the coefficients dp, a1, @>, 23, ..... are finite quantities independent of 
x, and the number of terms may be limited or unlimited. 


It will therefore be convenient to discuss some propositions connected 
with the limited values of such expressions under certain conditions. 


268. The limit of the series : ; 
ag Tay tax Tan + ...:.. 
when x is indefinitely diminished is ap, 
Suppose that the series consists of an infinite number of terms. 
Letb be the greatest of the coefficients aj, a, a3, .....; and let us denote 
the given series by ag + S ; then 
8 < Bx + Bx EDF onene : 
bx 
— 5 § . 
Thus when x is indefinitely dimisnished, S can be made as small as 
we please; hence the limit of the given series is do. 
If tne series consists of a finite number of terms, S is less than in the 
case we have considered, hence a fortiori the proposition is true. 
269. In the series 
ag + ayx + ane” + ax ae ee 
_by takin gx small enough we may make any ter-n as large as we please compared 
with the sum of all that follow it; and by taking x large enough we may make 
any term as large as we please compared with the sum of all that precede it. 


The ratio of the term a,x to the sum of all that follow it is 


and ifx < 1, we have S < i 


n 
Ay, ¥ i ay, 
n+1 n+2 ? 2 
4n+1xX + An42X Fr ieee An-pX t+ Qn42X +o... 
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When x is indefinitely small the denominator can be made as small 
as we please; that is, the fraction can be made as large as we please. 


Again, the ratio of the term a,x to the sum of all that precede it is 
n 


An X ay, 
i. eer HE 
Neal ye 4 H 2 ; 
An —1Xx Tidy “Fase Gy Tan ery te 


where y = : F 

When x is indefinitely large, y is indefinitely small; hence, as in the 
previous case, the fraction can be made as large as we please. ; 

270. The following particular form of the foregoing proposition is 
very useful. 

In the expression 

aut + ah ye! ot fer, AEM + Gy Xie Gp; 

consisting of a finite number of terms in descending powers of x, by taking 
x small enough the last'term ag can be made as large as we please compared 
with the sum of all the terms that precede it, and by taking x large enough 
the first term a,x can be made as large as we please compared with the 
sum of all that follow it. 

Example 1. By taking n large enough we can make the first term of 
n’ — 5n>— In + 9 as large as we please compared with the sum of all the 
other terms; that is, we may take the first term n’ as the equivalent of the 
whole expression, with an error as small as we please provided 7 be taken 
large enough. 

A quaper Riae tug yea 
Example 2. Find the limit of ——————— when (1) x is infinite; (2) x 
Sx — 4x +8 

is Zero. 

(1) In numerator and denominator we may disregard all terms but 


‘the first; hence the limit is = On 
§¢?denod 


(2) When x is indefinitely small the limit is = , Or -5 : 


x 
Example 3. Find the limit of V ae when x is zero. 
i 


Let P denote the value of the given expression; by taking logarithms 
we have 


log P = : {log (1 + x) — log (1 — x)} 
ih, ae 
pede ba oo te ee [Art. 226] 


Hence-the limit of log P is 2, and therefore the value of the limit 
required is e”. 
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VANISHING FRACTIONS 
271. Suppose it is required to find the limit of 
x tigx ~ Ia” 
aa 
when x = a. 
If we put x=a+h, then h will approach the value zero as x 
approaches the value a. 
Substituting ath ee 


x —s 2a! 3ah + h? 3at+h 


va mahth? ath? 


and when A is indefinitely small the limit of this expression is : ‘ 


There is egies paps way of regarding the question; for 


sntlianeren 2a’ — & = 4) & + 2a) _ Rita 


eae (« — a) (x +a) sab as 9 i 
: Eee eee 
and if we now put x = a the value of the expression is 37 as before. 
2 a aa” 
: : Sm ae ax — 
If in the given expression > Salas we put x =a before 


BE oa 
simplification it will be found that it assumes the form i , the value of which 


is indeterminate; also we see that it has this form in consequence of the 
factor x — a appearing in both numerator and denominator. Now we cannot 
divide by a zero factor, but as long asx is not absolutely equal to a the factor 
x — a may be removed, and we then find that the nearer x approaches to 
the value a, the nearer does the value of the fraction approximate to 3708 
in accordance with the definition of Art. 266. 
2 2 
“ee xT ak =. 3 
When x = 4, the limit of mang —5 is 5 - 
Ga 
272. If f (x) and ¢ (x) are two functions of x, each of which becomes 


equal to zero for some particular value a of x, the fraction ; ie takes the 


form , and is called a Vanishing Fraction. 


Example 1. If x = 3, find the limit of 
x iS he = 3 


2 
yy te 
p : : 0 
When x = 3, the expression reduces to the indeterminate form 0° 


but by removing the factor x — 3 from numerator and denominator, the 
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2 
Yee 3 1 Ste 
fraction becomes 1 _SEOAIE When x = 3 this reduces to 4° which is 
Xe Po2ee I 
therefore the required limit. 
Vesa eVrea 0 
Example 2. The fraction Sa becomes 0 when x = a. 


To find its limit, multiply numerator and denominator by the surd 
conjugate to Vax — a — vx +a; the fraction then becomes 
Gt = @) = & +a) x 2 ; 
@-a)(V¥ae—-L+vet+a)’ Vaxr-atvxta_ 


whence by putting x.= a@ we find that the limit is ~- ‘ 


Example 3. The fraction becomes ; when x = 1. 


1—“vx 

To find its limit, putx = 1 + / and expand by the Binomial Theorem. 

Thus the fraction 
1 

Beko it ate 

arab tilbdiiess hae 
1-(1+h)y 


Now A = 0 when x = 1; hence the required limit is2 , 


273. Sometimes the roots of an equation assume an indeterminate 
form in consequence of some relation subsisting between the coefficients 
of the equation. 


For example, if ax+b=cx+d, 
(a—c)x=d-—b, 

d—b 

arene 

a= ¢ 


0 
equation is indefinitely great if the coefficient of x is indefinitely small. 
274. The solution of the equations 


But if c = a, thenx becomes , or 9; that is, the root of a simple 


ax t+ by+c=0, ax+b'y+c' =0 
: bc' — b'c ca’ —c’'a 
1S BR Cara perce er . =, 
ab’ —a'b “ ab' —a'b 


If ab’ —u'b =0, then x and y are both infinite. In this case 
a’ ; = aE 
Dp Tm Suppose; by substituting for a',b’, the second equation 


, 


becomes ax + by + — =0. 
m 
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cing 3 
If mS not equal to c, the two equations ax + by +c = 0. and 


c : : : ; 
ax +by + are = 0 differ only in their absolute terms, and being 


inconsistent cannot be satisfied by any finite values of x and y. 
ce, a GTP Biel : 
If a is equal to c, we have ete ais and the two equations are 
now identical. 
Here, since bc’ — b’c = 0 and ca’ — c'a = 0 the values of x and y 


0 Se asda ; a 
each assume the form 0: and the solution is indeterminate. In fact, in the 


present case we have really only one equation involving two unknowns, and 
such an equation may be satisfied by an unlimited number of values. 

The reader who is acquainted with Analytical Geometry will have no 
difficulty in interpreting these results in connection with the geometry of 
the straight line. 


~ 275. We shall now discuss some peculiarities which may arise in the 
solution of a quadratic equation. 


Let the equation be ax’ + bx +c =0. 
lf c = 0, then, axe + bx + 0; 
whence x =0, or -2. 
that is, one of the roots is zero and the other 1s finite. 


If b = 0, the roots are equal in magnitude and opposite in sign. [Art. 118.] 
If a = 0, the equation reduces to bx + c = 0; and it appears that in 


‘ 2 ; c 
this case of quadratic furnishes only one root, namely — b But every 


quadratic equation has two roots, and in order to discuss the value of the 
other root we proceed as follows. 


Write — for x in the original equation and clear of fractions; thus 
y 


7 
cy +by+a=0. 
Now put a = 0, and we have 
a) 
cy +by=0; 
: wrt Db y c 
the solution of which is y = 0, or — ti that is, x = ©, or — ape 
Hence, in any quadratic equation one root will become infinite if the 
> 2 
coefficient of x becomes zero. 
“This is the form in which the result will be most frequently met with 


in other branches of higher Mathematics, but the student should notice that 
it is merely a convenient abbreviation of the following fuller statement : 


2 >t oad: ' 
In the equation ax + bx + c = 0, if a is very small one root is very 
large, and as a is indefinitely diminished this root becomes indefinitely 


, . ; OW 
great. In this case the finite root approximates to — > 3s its limit. 
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The cases in which more than one of the coefficients vanish may be 
discussed in a similar manner. 


EXAMPLES. XX. 


Find the limits of the following expressions : 


(1) when x = &, (2) when x = 0. 
7k Gums a) 5, 
1 —-axr+4 +9 
(3 + 2x°) (x — 5) 4 &-IO-&) B+) 
(4x° — 9) (1 +x) (2x - 1)° 
{ay oops (3 — x) @ +5) (2-7) 
5: 5 fir 6. Seas ea a TT 
a -1 PS (k-1)@+1) 
Find the limits of : 
3 Bi x 
P+ = 
+ , whenx = —1. 8. : , When x = 0. 
x -1 x 
é sid acre fm Chai ma 
laa when x = 0. 10. 2 rene when x=a. 
vx — V2a + Vx — 2a 
le eee Wn eee 
Vx — 4a 
2 4 
log: CT Re AEN Te: 1—x+logx 
12, —+———__, when x = 0. ear es WHER Sa ie 
3x” (1 — 2x) Ivo 
1 3 
2_ 2,2 eee 
14. aceasta when x = a. 
(a° = ry +(@- x)? 
a +ax+x —VYa —ax hah 
15. ————,, when x = 0 
Vatx —Va-x 


Mt a 
+1 + 
16. (2 | — ay , When 72 = ©, 


i bt é log WOU DGS teat) when n = ©, 
1 ftiih 
1+= 
n 
x 
ue 
18. = x when x = 0. 


a-x 


CHAPTER XxXI 
CONVERGENCY AND DIVERGENCY OF SERIES 


276. An expression in which the successive terms are formed by some 
regular law is called a series ; if the series terminate at some assigned term 
it is called a finite series; if the number of terms is unlimited, it is called an 
infinite series. 

In the present chapter we shall usually denote a series by an expression 
of the form 

5 WG att Yas oy UL Vis elas sill hia mare 


277. Suppose that we have a series consisting of 2 terms. The sum of 
the series will be a function of ; if increases indefinitely, the sum either 
tends to become equal to a certain finite dimit, or else it becomes infinitely 
great. 
‘An infinite series is said to be convergent when the sum of the first 
n terms cannot numerically exceed some finite quantity however great n 
may be. 

An infinite series is said to be divergent when the sum of the first 1 
terms can be made numerically greater than any finite quantity by taking 
n sufficiently great. 

278. If we can find the sum of the first 7 terms of a given series, we 
may ascertain whether it is convergent or divergent by examining whether 
the series remains finite, or becomes infinite, when n is made indefinitely 


great. 
For example, the sum of the first 2 terms of the series 
io _1-x 
i Re Mn 528, % oct beh ara 


If xis numerically less than 1, the sum approaches to the finite limit 
ail x , and the series is therefore convergent. 
rk 
If x is numerically greater than 1, the sum of the first terms is 


n 
x 


ra , and by taking 1 sufficiently great, this can be made greater than 


any finite quantity; thus the series is divergent. . 
If. x = 1, the sum of the first n terms is n, and therefore the series ts 


divergent. 


( 205 } 
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If x = — 1, the series becomes 

1=141-14+1-1+............ 

The sum of an even number of terms is 0, while the sum of an odd 
number of terms is 1; and thus the sum oscillates between the values 0 and 
14 This series belongs to a class which may be calied oscillating or 
periodic convergent series. 

279. There are many cases in which we have no method of finding 
the sum of the first 1 terms of a series. We proceed therefore to investigate 
rules by which we can test the convergency or divergency of a given series 
without effecting its summation. 

280. An infinite series in which the terms are alternately positive and 
negative is convergent if each term is numerically less than the preceding term 
and if the terms decrease indefinitely. 

Let the series be denoted by 

Uy A FE OU5— Wag Ng lig iscnce 


where Uy > Uy > U3 > Uy > Us... 
The given series may be written in each of the following forms : 
(eg Uy) + Cg — ta) +-(Us Sug Fo. ... (1) 
léy — (Uz — U3) — (Ug Us) — (lg — UZ) -t-en-neeees ... (2) 


From (1) we see that the sum of any number of terms is a positive 
quantity ; and from (2) that the sum of any number of terms is less than 
uy ; hence the sum of the series is finite. 

Also as u, = 5,— 5, — , and the limiting values of s,, ands, — , are 
the same when n (and therefore n — 1)—~ o, it follows that u,, = 0 when 
n is infinite. 

Care must be taken not to regard this theorem as always showing 
convergency. Its converse is not necessarily true as is shown in Art. 290 (II). 

281. For example, the series 

bea pipnede pupBes 
25559. SE SO 
is convergent. By putting.v = | in Art. 223, we see that its sum is log, 2. 

Again, in the series 
FF STFS GES. 64 
12" 1.2.3 *1.2.3.4" 
ye - es. - . . 
the numerical part of each tern: is greater than in the preceding term, but 
the increase becomes less rapid as.more and more terms are taken. If 
()}<x <1, the powers of x decrease, and though the values of the terms 
may increase at first, a stage will be reached when the increase in the 
numerical coefficients is offset by the decrease in the powers of x. Hence 
afterwards the values of the terms continue to decrease indefinitely and the 
series is convergent. 

282. An infinite series in which all the terms are of the same sign is 
divergent if each term is greater than some finite quantity however small. — 

For if each term is greater than some finite quantity a, the sum of the 
first 1 terms is greater than na ; and this, by taking n sufficiently great, can 
be made to exceed any finite quantity. 


1-3v+ 
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283. Before proceeding to investigate further tests of convergency 
and divergency, we shall lay down two.important principles, which may 
almost be regarded as axioms. 

I. If a series is convergent it will remain convergent, and if divergent 
it will remain divergent, when we add or remove any finite number of its 
terms; for the sum of these terms is a finite quantity. 

II. If a series in which all the terms are positive is convergent, then 
the series is convergent when some or all of the terms are negative ; for the 
sum is clearly greatest when all the terms have the same sign. 

We shall suppose that all the terms are positive, unless the contrary 
is stated. . 

284. An infinite series is convergent if from and after some fixed term 
the ratio of each term to the preceding term is numerically less than some 
quantity which is itself numerically less than unity. 

Let the series beginning from the fixed term be denoted by 


15 fel alt 0 ew ea 2 bao ; 
Uo U3 U4 
and let a Sp ee oe A a : 
uy uz U3 
where r < 1. 
Then Uy tug Hug ty + ....... 


Un Uz U2 Ug Uz 2 
=u, |l4+— 4+ - 4S St 
Uy Uy Uy Uz Ug Uy 
4 


<ujltr+trtrt aes ys; 


‘ My : 
that is, < pup? since r < 1. 


Hence the given series is convergent. 

285. In the enunciation of the preceding article the student should 
notice the significance of the words “from and after a fixed term.” 

Consider the series 


ik Ted ee eA oh +i re 
Un nx 1 
Here = = {1+ x5 
A a a | cage | ec 


and by taking sufficiently large we can make this ratio approximate tox 
as nearly as we please, and the ratio of each term to the preceding term 
will ultimately be x. Hence if x < 1 the series is convergent. 


Uy, 


: ; ey ; 
But the ratio — will not be less than 1, untl pagilic <1; that ts, 


Uy — 4 
: ap | 
until n So | 
Tae x, 
Here we have a case of a convergent series in which the terms may 
increase up to a Certain point and then begin to decrease. For example, if 
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= 100 and the terms do not begin to decrease until 


1 
100 bx 
after the 100" term. ome 

286. An infinite series in which all the terms are of the same sign is 
divergent if from and after some fixed term the ratio of each term to the 
preceding term is greater than unity, or equal to unity. 

Let the fixed term be denoted by uw). If the ratio is equal to unity, 
each of the succeeding terms is equal to u, and the sum of n terms is equal 
to nu; ; hence the series is divergent. 

If the ratio is greater than unity, each of the terms after the fixed term 
is greater than u,, and the sum of n terms is greater than nu, ; hence the 
series is divergent. 

287. In the practical application of these tests, to avoid having to 
ascertain the particular term after which each term is greater or less than 


x= Bs then 


Uy ° 
when 71 1s 


the preceding term, it is convenient to find the limit of é 
‘ ii 
indefinitely increased; let this limit be denoted by A. 
If A < 1, the series is convergent. [Art. 284.] 
If A > 1, the series is convergent. [Art. 286.] 
If A = 1, the series may be either convergent or divergent, and a 


the 


further test will be required; for it may happen that < 1butcontinually 


Up -- | 
approaching to 1 as its limit when n is indefinitely increased. In this case we 
cannot name any finite quantity a which is itself less than 1 and yet greater 


Uy 


thand. Hence the test of Art. 284 fails. If, however, sae > 1 but continually 
ror 


approaching to 1 as its limit, the series is divergent by Art. 286. 


u 
We shall be: “Lim ” _» as an abbreviation of the words “the limit 
n= oo dn — 1 
Un 


of when #7 is infinite.” 


Un -] 


a 
eh) ge 
TM 


Example 1. Find whether the series whose n"” term is 


convergent or divergent. 
1 


ai r= 
Un (1 + 1)x nx 
Here ee= _Pnneenaes: "9 


(a — 1) (n aay 
Pas 


2 2 8 
Unt (n— 1)? (a —1) n 
Uy 
Lim =X; 
n= Un —} 
hence if.x < 1 the series is convergent ; 


ifx > 1 the series is divergent. 
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u 


—ifx=1,then Lim 


n= 0 ly} 
Example 2. Is the series 


2 2 2 
Lard ae re ab ate ae io uct 2 
convergent or divergent ? 


= 1, and a further test is required. 


pes der 
Here Lim = Lim So 4-2 
n= oly —] m= (nt — 1) x 
Hence if x < 1 the series is convergent ; 


if x > 1 the series is divergent. 


If x =1 the series becomes 1° + 2° +3°+ 4° +... , and is obviously 
divergent. 
Example 3. In the series 
1 


at+(atd)rt+(at2d)r+...t+(atn—-1.d)r i+... 


Lim ht s Lim gi Ae r=r; 

SG Pee aE Bae OF fe We} 
thus if r < 1 the series is convergent, and the sum is finite. [See Art. 50, 
Cor. 

288. If there are two infinite series in each of which all the terms are 
positive, and if the ratio of the corresponding terms in the two series is always 
finite, the two series are both convergent, or both divergent. 

Let the two infinite series be denoted by 
Degli a i Nae ch es Teens ; 


and Vy + ¥p 4934+ ¥4 + Wogscae : 
The value of the fraction 

LE APU TEST Sonos cites + Uy, 
(ER SAB a) Se Oe Pe sis 

lies between the greatest and least of the fractions 
uy ou u 
ae ache [Art. 14] 
V7 V9 Vn 


and is therefore a finite quantity, L say ; 
Uy + ly tug 2. + ee eet vet Vg +... + Y,). 

Hence if one serics is finite in value, so is the other ; if one series is 
infinite in value, so is the other ; which proves the proposition. 

289. The application of this principle is very important, for by means 
of it we can compare a given series with an auxiliary senes whose convergency 
or divergency has been already established. The series discussed in the next 
article will frequently be found useful as an auxiliary series. 

290. The infinite series 


is always divergent except when p is positive and greater than I. 
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CASEI. Letp>1. 


2 
The first term is 1 ; the next two terms together are less than >? ; the 


following four terms together are less damn he ; the following eight terms 
4P 


together are less than & - and so on. Hence the series is less than 
8 


Ree 2 an Spe he gee oes 5 
2P 4? gP 


afi : ES Ee 
that is, less than a geometrical progression whose common ratio is less 
2 


than 1, since p > 1; hence the series is convergent. 
CASE Il. Let p = 1. 


2 1 1 1 1 
The series now becomes 1+ 5 - 3 - 4 + 5 + oa. 


The third and fourth terms OpeABES: are greater than : or = ; ; the 


, = . } 
following four terms together are greater than > or d ; the following eight 


8 
terms together are greater than = or 5 or 5 and so on. Hence the series is 
greater than 
1 Year eS Pex | 
1+Sh esas tes, 
and is therefore divergent. [Art. 286.] 


CASE III. Let p < 1, or negative. 

Each term is now greater than the corresponding term in Case IL., 
therefore the series is divergent. 

Hence the series is always divergent except in the case when p is 
positive and greater than unity. 

Example. Prove that the series 


is divergent. 
Compare the given series with 1 + 5 +5 ants = Yee 
Thus if u,, and v,, denote the n”' terms of the given series and the 
auxiliary series respectively, we have 
ont] 1 n41 


Vin in n lead 
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u 
hence Lim — = 1 and therefore ne two series are both convergent or 
n=o 'n 


both divergent. But the auxiliary series is divergent, therefore also the given 
series is divergent. 

This completes the solution of: Example 1. Art. 287. 

291. In the application of Art. 288 it is necessary that the limit of 


u 

= should be finite ; this will be the case if we find our auxiliary series in 
n 

the following way : 


Take u,, , the ne terms of the given series and retain only the highest 


u 
powers of n. Denote the result by v, ; then the limit of % is infinite by Art. 
n 


270, and v,, may be taken as the n’” term of the auxiliary series. 


21 Secs Dat 
, th : Oi) eae | 
Example 1. Shew that the series whose n_ term is ——~—_——__ 
V3n? + 2n + 5 
is divergent. 
As n increase, u,, approximates to the value 
3 
V2n ns 3/2 ae 
4 da Ap V2 
3 
: Sed v2 ile ; 
Hence, if v, = “Hi , we have Lim = gr which is a finite 


n= Yn 

1 
quantity; therefore the series whose n” term is —>; “V2 may be taken as the 
auxiliary series. But this series is divergent nek 290]; therefore the given 


series in divergent. 
Example 2. Find the whether the series in which 


3 
n= Yn t+1on 


is convergent or b petacsst 


meapreteany et te Zar Vo 


{ 1 
oy 144-54 Scat —1 
| 3n 9n 
1 1 
Bir pap thy reo ajar 
3n° On 
If we take v,, Mees we have 


ne > 
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Ce GR 
Vn 3 9n 
x rt cay 
Li ee 
But the auxiliary series 
1 1 
44 5+54+..45+ ee 
1s SP a8 3B nN” 


is convergent, therefore the given series is convergent. 
292. To show that the expansion of (1 + x)" by the Binomial Theorem 
is convergent when x < 1. 
th } , 
Let u, ,U, 4 represent ther and (r+ 1) " terms of the expansion; 
then 
wre a rk 
re a ee, 
Uy r 
When r >n + 1, this ratio is negative ; that is, from this point the 
terms are alternately positive and negative when x is positive, and always 
of the same sign when x is negative. Now when r is_ infinite, 
Ur + 


Lim 
Bs ioe 25/0: 

if all the terms are of the same sign ; and therefore a fortiori it is convergent 
when some of the terms are positive and some negative. [Art. 283.] 


1 ‘ . 3 . 
= x numerically ; therefore since x < 1 the series is convergent 


293. To shew that the expansion of a in ascending powers of x Is 
convergent for every value of x. 


if,, x log, a Uy 


: and therefore Lim < 1 whatever be 


Un —] n—1 n= ohn —] 

the vaiue of x ; hence the series is convergent. 

294. To shew that the expansion of log (1 + x) in ascending powers of 
x is convergent when x is numerically less than 1. 

‘ Un ’ Sie 
Here the numerical value of ——— = 
‘ | 

equal to x ; hence the series is convergent when x is less than 1. 


Here 


1 Shr Sue 
x, which in the Jimit is 


Ifx = 1, the series becomes 1 — L + 7 = : + ......, and is convergent. 
. [Art. 280.] 
‘ tees ee 
If x= -—1, the se = A ee ne i 
x e series become —1 ee ~ and. is 


divergent. [Art. 290.] This shews that the logarithm of zero is infinite and 
negative, as is otherwise evident trom the equatione ~ = 0. 


29S. The results of the two following examples are important, and 
will be required in the course of the present chapter. 
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Example 1. Find the limit of a when x is infinite. 


Putx=e ; then 


also when x is infinite y is infinite; hence the value of the fraction is Zero. 


Example 2. Shew that when n is infinite the limit of nx” = 0, when 
i 1 


1 
Sc iinitios Pilea 


also let y" = z, so that n log y = logz ; then 
i LOW ee Oe «oe Toe Soe es 
yo 2 logy logy z — 


Now when 77 is infinite z is infinite, and fOne = 0; also log y is finite; 
& 


therefore Lim nx" = 0. 

296. It is sometimes necessary to determine whether the product of 
an infinite number of factors is finite or not. 

Suppose the product to consist of n factors and to be denoted by 

Uy U7 U3 ....... Uns 

then if as 7 increases indefinitely u,, < 1, the product will ultimately be zero, 
and if u,, > 1 the product will be infinite ; hence in order that the product 
may be finite, u,, must tend to the limit 1. 

Writing 1 + v, for u, , the product becomes 


CE Bye tr) (1 E95) sores (1 + v,) 
Denote the product by P and take logarithms ; then 
log P = log (1 + vj) + log (1 + v2) +... + log(1+v,) ...(1) 


and in order that the product may be finite this series must be convergent. 
Choose as an auxiliary series 


Vp HQ $35 4 oceans + Vy, bil) 
i 2 
log (1 + V,) Vn Ve, deduce 
Now .§ Lim ———- = Lim_ | ————_ | = 1 
Vn Vn 


.since the limit of v,, is 0 when the limit of u,, is 1. 
Hence if (2) is convergent, (1) is convergent, and the given product 
finite. 
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Example. Shew that the limit, when n is infinite, of 
longing SaoS™ TF Gaskek obie | 
2p ea n 2n 
is finite. 
The product consists of 2n factors ; denoting the successive pairs by 


Uy, Ur, U3, -o00-s and the product by P, we have 


where Un = on : Hn = — 
but log P = logu, + logu, + loguz+...+logu, — ...(1) 
and we have to shew that this series is finite. aa 
Now log u,, = log | I — +, =— = - + — “ceane : 
4n 4n° 32n 


therefore as in Ex. 2, Art. 291, the series is convergent, and the given product 
is finite. 

297. In mathematical investigations infinite series occur so frequently 
that the necessity of determining their convergency or divergency is very 
important ; and unless we take care that the series we use are convergent, 
we may be led to absurd conclusions. [See Art. 183.] 


For example, if we expand (1 — x)” by the Binomial Theorem, we 
find 
+2 2 3 
CO) Ce ee eae ee wrens 
But if we obtain the sum of # terms of this series as explained in Art. 
60, it appears that 


1 Pa ay OY he nt eesti coedina 
(=x) 1-x 
whence 
1 n-1 x" nx" 
~=1tXt+ardt.. + nx + 4 
(1—x) Guhixitin oe 


By making n infinite, we see that > can only be regarded as 
(1-2) 
the true equivalent of the infinite series 


L+ ar ax ot ar AE ences 
x 4 nx” 
If n is gelatine, this quantity becomes infinite when x = 1, or x > I, 
and diminishes indefinitely when x < 1, [Art. 295], so that it is only whew 
x < 1 that we can assert that 


when vanishes. 


‘CONVERGENCY AND DIVERGENCY OF SERIES. 215 

1 ry, 3 , 

Se 1 ee £40 + Sch to inf: 

—(F—=3)' : in 

and we should be led to erroneous conclusions if we were to use the 

expansion of (1 — x? by the Binomial Theorem as if it were true for all 

values of x. In other words, we can introduce the infinite series 

1+ 2+ 3x? +... into our reasoning without. error if the series is 
convergent, but we cannot do so when the series is divergent. 

The difficulties of divergent series have compelled a distinction to be 

made between a series and its algebraical equivalent. For example, if we 


divide 1 by (1 — x)’, we can always obtain as many terms as we please. of 
the series 


ae a Sat ae es 


: ae 1 aS : 
whatever x may be and so in a certain sense — 5 may be called its 
(1x) | 
algebraical equivalent ; yet, as we have seen, the equivalence does not really 
exist except when the series in convergent. It is therefore more appropriate 


to speak of as as the generating function of the series 
(rorny : 
te he te 
being that function which when developed by ordinary algebraical rules will 
give the series in question. 
The use of the term generating function will be more fully explained. 
in the chapter on Recurring Series. 


EXAMPLES XxXI. a. 


Find whether the following series are convergent or divergent : 
1 1 1 4 


Sy xyta xt eth? 
x and a being positive quantities. 
1 
{aA a et Fax oF 


bozo 23? By As OES : 
Bk a ee eee a eee meee COR 
“oy @&+1I(Yt1 @&+20+RQ +3043) 07 
x and y being positive quantities. 


x x x x 
130 3 3 3 eee ee ar aoe 
5 ee. Ae My Se 
i Me Ga or 7.8 
6 ewe arp ben heads 
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ve y2 V3 V4 
— = — + hae oe ee 
if AE cial ie anew | 5 
2 3 4 
8. 1+3r¢+ 50 4+ 7% 4+% 4.00... 
Seen Seite Fog big 
Ce ae ee 
x x x x" 
10; b+ SS eee as 5 eee 
2 +schsS. Fuk Ae +1 
3: 2't. oS ee n—lna 
© sep oXIb eX hee ~tess Ke eta Nien tases, dae 
12. 14244 oe eer es PED Pi, Re. 
5 9 17 ya 
eee ee 
sae SR, AE hn apa 
2 3 n 
14, 9+ eat ay BEM eee 5 
8 z Pa 
ih —2 —3 
2 3 ; 4 
2 2 3 3 4 4 
15. trie ee 5 dl ire co ome i eae 
2 3 4 
16. 1444545454 sis Pataca 
ee ee 
17. Test the series whose general terms are 
(1) Yn +1—r (2) Yn +1—Vn —1.: 
18. Test the series 
1 i 1 i 
US awk a oe a : 
i 1 i 1 1 
ite ORR ER EER ra eee 
(2) SORE AD inal Wise Ay i Mein Gh aa AMR a ee 
x being a positive fraction. 
19. Shew that the series 
QP 3? 4? 


is convergent for all values of p. 
20. Show that the infinite series 


Uy tug +3 + ug t+ 


is convergent or divergent according as Lim Vin is < l,or > 1. 
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21. Shew that the product 


eT ee ee ee — ee 6 ence helenae 


is finite when v is infinite. 


22. Shewthat whenx = 1, no terms in the expansion of (1 + x)’ is infinite, 
except when n is negative and numerically greater than unity. 


*298. The tests of convergency and divergency we have given in Arts. 
287, 291 are usually sufficient. The theorem provedi in the next article enables 
us by means of the auxiliary series 
Ber hg 1 


ff x: Pa? we 
to deduce additional tests which will sometimes be found convenient. 
*299, If ut, , Vp, are the general terms of two infinite series in which all 
the terms are positive, then the u-series will be convergent when the v-series is 


+ 2 


; and the u-series will 


< 


convergent if after some particular term 
Un—1  Yn-1 


Vn 


> 
Un—-1 Yn-1 
Let us suppose that w; and v; are the particular terms. 
Me sigs its 
CASE I. eget — ch ee ; then 
wre EZ yy 
ea aE uy + uz ma rere 


be divergent when the v-series is divergent if; 


V2 Vg V2 
<y eae ees diy ates : 
Vey. YZ. aia 


; uy 
that 1s, scheme (vy + v2 + v3 + .....). 
1 


Hence, if the v-series is convergent the u-series is also convergent. 
uo v2 U3 V3 
CASE Il. Leta Ft eds ; then 
Wy Vy U2 v2 
Wy tug $3 +... 


= = u Uz U2 
Las 
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; uy 
that is, > re (vy oh iy Ne 
1 
Hence, if the v-series is divergent the w#t-series is also divergent. 
#300. We have seen in Art. 287 that a series is convergent or divergent 


according as the limit of the ratio of the n term to the preceding term is 
less than 1, or greater than 1, In the remainder of the chapter we shall find 
it more convenient to use this test in the equivalent form : ;' , 
A series is convergent or divergent according as the limit of the ratio 
of the n™ term to the succeeding term is greater than 1, or less than 1 ; that 


Un 


is, according as Lirm > 4, or-<-1. 

Un +1 
Similarly the theorem of the preceding article may be enunciated : 
The u-series will be convergent when the v-series is convergent 


Tt Vee 


> Lim ; and the w-series will be divergent 
Un+1 Yn +1 


when the v-series is divergent provided that 


provided that Lim 


Lim < Lim 


Un+1 Yn +1 
*301. The series whose general term is u, is convergent or divergent 
Un 


-1 b> nora 


according as Lim jn 
Un+1 


Let us compare the given series with the auxiliary series whose general 
Pas | 
term v,, is —. 
} 


When p > 1 the auxiliary series is convergent, and in this case the 
given series is convergent if 


Mn +1 1 \ t 
Ses u = 
that is, if es Ee Sen A a) seis : 
Upay n On” 
u < 
“4 4] > pt Lae) Te weaviess : 
Mn+) 2n 
ts ; 
that is, if Lim jn +L hep 
Up +] | 


But the auxiliary series is convergent if p is greater than 1 by a finite 
quantity however small ; hence the first part of the propositionis established. 

When p < 1 the auxiliary series is divergent, and by proceeding as 
before we may prove the second part of the proposition. 
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Example. Find the seers the series 


wyeck x x 1.3 25% Nod Aadedy 
i 2) CW Oe ale em Soy’ bed 
is convergent or divergent. 


Here Lim 


1 
=; hence if x < 1 the series is convergent, and 
Un+1 vy 


if x > 1 the series is divergent. 


: Uy 3 
Ifx =1, Lim 5 = 1. In this case 


= n+] ; 
up = 23-2 aafesd on 33). 1 
oe yy et ee (2i'= 2) 0 an 1" 
Un _-2n {in + I) 


d SE re A ak Sl RUE 7 SS 
em By of = Grd) (rt) 


u _ 
i, n -1}- _ ne (6n or 


Un +4 (2n — 3: 


Uy, | 3 
n bi p =e 
Un +] 2 


hence when x = 1 the series is convergent. 
*302. The series whose general term is u,, is convergent or divergent, 


Lim 


Un +] 


according as Lim ee: log a 2 OF x |. 


Let us compare the given series with the series whose general term 


is — 
wee 
When p > 1 the auxiliary series is convergent, and in this case the 
given series is convergent if 


P 
Si f + 4 ; (Art. 300] 
Tae n 
that is, if log > p log i + | ; 
Un +] 
u 
or if” log >P_ co re 


that is, if Lim re: log > a > p. 
Un +1 


Hence the first part of the proposition is established. 
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When p < 1 we proceed in a similar manner ; in this case the auxiliary 


series is divergent. 
Example. Find whether the series 
ae 


a ae 44 Sux 


$= $$ HF .. 
TER Calls 
is convergent or divergent. 
+ 
Un nx. i: or 1)" pepe sinks 
Here = ee 
Hpted [n art 


u 
Lim —— = _ [Art. 220 Cor.]} 
Un +) ex 


; 1 $0} : 1 Sate ike 
Hence ifx < — the series is convergent, ifx > “i the series is divergent. 
e 


My £Z 


Un +4 4 = 
n 


u 
log — = loge ~ nog (1 +3) 
1 1 


lfx-= = then 
e 


Uy +] n 

=1-n”n +-++4- shies 
Au “2n" } 3a 

epithe novig 
an WW Pate 

u 1 1 

nlo ahr ——— 
Rupe 4 Dox On ; 


Un +} 


u 
Lim |\n log — | = = 


1 Cee. 
hence when x = — the series is divergent. 
e 


Un 


u 
*303. If Lim = J,andalso Lim in | 


Un +] 


— 1]} =1,the tests 
Un +] 
given in Arts. 300, 301 are not applicable. 
To discover a further test we shall make use of the auxiliary series 


; 1 , 
whose general term is —-——— . In order to establish the convergency or 
n (login 
divergency of this series we need the theorem proved in the next article. 
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_ #304. If ? (n) is positive for all positive integral values of n and 
continually diminishes as n increases, and if a be any positive integer, then 
the two infinite series 


@ (4) +9 (2) +¢G3)+...+ (2) +...., 
we 
and ag (a) +a ¢(a’) +a°¢(a°) + bes +a" g(a") + eats j 
are both convergent, or both divergent. 
In the first series let us consider the terms 


k k a ee 
$(@' +1),¢(@4+2,¢@ +3) ung @ tT oA) 
beginning with the term which follows ¢ (a’), 
The number of these terms is a Tyas a’. or a’ (a — 1), and each of 


them is greater than dat 


a* (a-1)¢ (a“ ‘8 5 ; that is, greater than fas x 


) ; hence their sum is greater than 
ato as. 
By giving to k is succession the values 0, 1, 2, 3, .... we have 

(2) + 9B) + 94) + nee + 9a) > 2=* x a9 (@); 


a-1 


2 2 
aoe oa’); 


p(a +1) + oa +2) + (a +3) +... + $(a’) > 
ae a-1. 

therefore, by addition, S, — ¢(1) > ra ee 
where S, , Sz denote the sums of the first and second series respectively ; 
therefore if the second series is divergent so also is the first. 

Again, each term of (1) is less than g(a‘), and therefore the sum of 
the series is less than (a — 1) x a” g(a’). 

By giving to k in succession the values 0, 1, 2, 3, ..... we have 

p(2) + £(3) + P(4) + ...... + (a) < (a—1) x g(1); 
2) 

g(a+1)+o(a+2)+ ¢(a+3)+...+ o(7) < (a- 1) X ag(a); 

therefore, by addition 
5S; — P11) < (a 1) {$2 + PD}; 

hence if the second series is convergent so also is the first. 

NOTE. To obtain the general term of the second series we take 
@ (n) the general term of the first series, write a’ instead of n and multiply 
by a’. 

: 1 1 1 

*305. Théysepiés fb Az Ubi AIR ci es LS 
2 (log 2y’ 3 (log 3y n (log ny 
convergent if p > 1, and divergent if p = 1, orp < 1. 

By the preceding article the series will be convergent or divergent 
for the same values of p as the series whose gencral term is 


+ is 


ae HIGHER ALGEBRA. 
n 1 z 7 ee 
ee OF os OF TX 
a” (log a”? (n log ay (log ay - sce 


is common to every term ; therefore the 


The constant factor 
(log ay 
given series will be convergent or divergent for the same values of p as the 
ee Pe 5 S 
series whose general term is — . Hence the required result follows. 
[ Art. 290.] 
*306. The series whose general term is up is convergent or divergent 


Un 
“| ~ 1} oem >lLor<L 


according as Lim li | 


Un +] 
Let us compare the given series with the series 
as poke? Oe 28 ae: Setar 3 se oo 1 


2(log2¥’ 3 (log 3y NH (log ny 
When p > 1 the auxiliary series is ‘convergent, and in this case the 
given series is convergent by Art. 299, if 


Hin + 5 (n + 1) {log (n + 1)}? 


Un +1 n (logn?? 
Now when 7 is very large, 


eeeeee 


(1) 


log (n + 1) = logri' + log [1+ a = logn + = , nearly ; 


\\ 
Hence the condition (1) becomes. « 


u P 
BE ga Sol yt) ihr 
Un +3 n nlogn 


‘ u 
that is, ne +4) pe see 
Un + n nlogn 
‘ Uy 1 p 
that is, ——— >] ++ : 
ty +H an niogn 
u 
or n — 1} >1+ Le a : 
Un +] log n 


[ Uy 
or : — Lhe dplopiei> p: 
Un + | 


Hence the first part of the proposition is established. The second 
part may be proved in the manner indicated in Art. 301. 
Example. Is the series 
2? 2 
qe Geto Geant 
e. ? - arr 


a5 Sod soiss ae 


1+ 


seeee 
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convergent or divergent ? 


: 2 
u 2n + 
Here . see Oe Pee. ...(1) 
Brith i> (Qn) th: An? 
Lim = 1, and we proceed to the next test, 
Un+1 ; 
u 1 
From (1), n 74] =14+4— wih 
e +1 | 4n @) 
ree are Un |] ‘ 
“. Lim yn — 1]; = 1, and we pass to the next test, 
Un+ | 
Un logn . 
From (2), n |\—— — 1/1 Plogn'= : 
Un +1 4n 


: Un 
Lim |3n | —— — 1] — 1) logn] =0, 
Un+] 


since Lim tear = 0 [Art. 295.] ; hence the given series is divergent. 


*307. We have shewn in Art. 183 that the use of divergent series in 
mathematical reasoning may lead to erroneous results. But even when the 
infinite series are convergent it is necessary to exercise caution in using 
them. 


For instance, the series 
2 3 4 5 
1ey) 282 2 3 SADR 
4v2_ 43 4a 45 
is convergent when x = 1. [Art. 280.] But if we multipiy the series by itself, 
the coefficient of x”” in the product is 
Apo : +e st ee _t . + —— en, 
Vin “Vn—-1 “V2. Vn-2 vr. Van —T von 
Denote this by az, ; then since 
1 1 1 


> ——— ,or >=, 
Wr - “Wine (Vn)? vn 


, and is therefore infinite when 7 is infinite, 


, tts 
aT 
If x = 1, the product becomes 
Ay — Ay + Ay — 03 + .... F Ary — Ary 4 | Fy +2 ~ os 
and since the terms a), @2y, + 1,42 +2 --. are infinitc, the serics has no 


arithmetical meaning. Le 
This leads us to enquire under what conditions the product of two 


infinite convergent serics ts alse convergent. 
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*308. Let us denote the two infinite series 
ag + ayx + axe au ax Pyke Aa x + os 
botibye Hb + Dav iene + Dog + oes 
by A and B respectively. 
If we multiply these series together we obtain a result = the form 
agg + (abo + aob1)x + (azbp9 + ayb, + agb>) x” = a 
Suppose this series to be continued to infinity and let us denote it by 
C ; then we have to examine under what conditions C may be regarded as 
the true arithmetical equivalent of the product AB. 
First suppose that all the terms in A and B are positive. 
Let Ax, , By, , Co, denote the series formed by taking the first 
2n + 1 terms of A, B, C respectively. 
If we multiply together the two series A, , Bz, , the coefficient of 
each power of x in their product is equal to the coefficient of the like power 


of x in C as far as the term x” ; but in A>,, Bo, there are terms containing 


: 2 3 an ; , 
powers of x higher than x, whilst x” is the highest power of x is Cry, ; 


hence 
Ar, By, > Cy. 


If we form the product A,, B, the last term is a, bax” ; but Cr, 

includes all the terins in the product and some other terms besides ; hence 
Cry, > An By : 

Thus Cz, is intermediate in value between A,B, and A>, Br, , 
whatever be the value of vn. 

Let A and B be convergent series ; put 

A,=A-X, B,=B-Y, | 

where X and Y are the remainders after 2 + 1 terms of the series have been 
taken ; then when 7 is infinite X and Y are both indefinitely small. 

: A, B, = (A —X) (B — Y) = AB — BX — AY + XY; 
therefore the limit of A,, B, is AB, since A and B are both finite. 

Similarly, the limit of A, By, is AB. 

Therefore C which is the limit of Cz,, must be equal to AB since it 
lies between the limits of A, B, and A>, B 


Next suppose the terms in 4 and B are not all of the same sign. 

In this case the inequalities Ap, By, > Cy, >A, By are not 
necessarily true, and we cannot reason as in the former case. 

Let us denote the aggregates of the positive terms in the two series 
by P, P’ respectively, and the aggregates of the negative terms by N, N’; so 
that 


2s 


A=P-N, B=P'=N'. 
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Then if each of the expression P, P’,N,N’ represents a convergent 
series, the equation . . 
AB. = PPO = NP — BN! + NN’, 
has a meaning perfectly intelligible, for each of the expressions PP’, NP’, 


PN', NN' is a convergent series, by the former part of the proposition ; and 
thus the product of the two series A and B is a convergent series. 


Hence the product of two series will be convergent provided that the 
sum of all the terms of the same sign in each is a convergent series. 


But if each of the expressions P, N,P’,N’ represents a divergent 
series (as in the preceding article, where also P’ = P and N’ = N), then all 
the expressions PP’, NP’, PN’, NN’ are divergent series. When this is the 
case, a careful investigation is necessary in each particular example in order 
to ascertain whether the product is convergent or not. 


*EXAMPLES. XXI. b. 


Find whether the following series are convergent or divergent : 


2 4 - 6 
jie 3 LBS ex HIE S5s RRS ey os eae 
Be ao a ee se ea te 
qely, acyl Gs deigiter by 7 - seh oh 
5 ~“ SS SS apse Se cea Ye 
be ag ak FOE ah, Tae 1 ta ede Os 
2 D: be 5D Ot? 52 
erg 2 ree eG 
x + = 57 a 
pre a gs oT apes 5 ge. TG a aig pe 
ee MOIS Be 4 
Oe aBux 4nx Se 
+4 ee ae 
+ -** [aie ares [aan OS 
2 3 4 
5 etre Bey Boy Bey hoe 
4 5 
2 hens wow OS) 
2 Oe Oe 3 
6 Se et ESS to 
2 PP 2.4.6 
if Vialedi ~ ait 
+e, EEN, As a) 
; 2 7.2 
(2+a)(t+aja(i-a 2-—a)(3-a saris’ 5 


Bais 
a being a proper fraction. 


2 3 
3. atx, (a+ 2) , @te ees 
1 [2 [3 
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+ 
9. argo Biggie a(a+1)P(6 1) 2 
y Le2.y(y +1) 
a(at+1)(a+2)BG+1) +2) 3 
DS wy 


‘1.2.3.y(v +1) (7 +2) 
10. x (log 9y% +x° (log 3)! +x" (log 4)7 + ae 


ile. 10 a(a+1j@t2), 


eoceeeee 


+ 


Bd thoigiborgeee acs ot Se ee sin ak 
ft Aa 
- — -3 
u + An Bi ica tk GH _- ; 
12 TF no soll OO 5 Lettie OH at oy , where k is a 
'n+1 on +an > +bn “+en Pog 
positive integer, shew that the series wu, + uy +u3+....... is 


convergent if A — a — 1 is positive, and divergent if A — a —1 is 
negative or zero. 
ee 


CHAPTER XXil 
UNDETERMINED COEFFICIENTS 


_ 309. In Art. 230 of the Elementary Algebra, it was proved that if any 
rational integral function of x vanishes when x = a, it is divisible by x — a. 
[See also Art. 514. Cor.] 


RG n=) Oe 
Let Pot +pye + px tarts 
be a rational integral function of x of n dimensions, which vanishes when 
x is equal to each of the unequal quantities 
Qi, A2, AZ, «.... apn - 
Denote the function by f (x); then since f (x) is divisible by x — a, we 
have 
1 


f (0) = @ — ay) Por" # -u.), 
the quotient being of n — 1 dimensions. 
Similarly, since f (x) is divisible by x — a2, we have 


2 


Pox $ooeee = (Hg) (Poe 7 + nnn), 
the quotient being of n — 2 dimensions; and 


POR eRe cere eee eee en seeeresses esse EE se esse ee DOOSSSSEHEHSEHSEOEEEeeseeeeeee 


Proceeding in this way, we shall finally obtain after n divisions 
f (©) = po ( = a1) @ = a3) = a3) 2. (8 = ay). 

310. If a rationa integral function of n dimensions vanishes for more 
than n values of the variable, the coefficient of each power of the variable 
must Ie Zero. 

Let the function be denoted by f (x), where 


2 


FO) =p tee + pw + met Pns 
and suppose that f (x) vanishes when. is equal to each of the unequal values 
84; B95: BF 200: a, ; then 
f &) = Po & — 44) (& — 42) & — 43)... & = An). 
-Let c be another value of x which makes f (x) vanish ; then since 
f(c) = 0, we have 
Po (€ = 41) (€ ~ 42) (C — 43) we (6 = Gn) = 05 
and therefore po = 0, since, by hypothesis, none of the other factors is equal 
to zero. Hence f (x) reduces to 
n-1 nwe n--3 
pyx + Por + p 2x sie ee + Ds: 


(227) 
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By hypothesis this expression vanishes for more than n values of x, 
and therefore p; = 0. 
In a-similar manner we may shew that each of the coefficients 
Po, P3} «.-..i Pn Maust: be equal to zero. 
This result may also be enunciated as follows : 
If G rational ihtegral function of n,dimensions vanishes for more than 
n values of the variable, it must vanish for every value of the variable. . 
COR. If the function f (x) vanishes for more than n values of x, the 
equation f (x) = 0 has more than n roots. 
Hence also, if an equation of n dimensions has more than.n roots it ts 
an identity. 
Example. Prove that 
(@-—b) &@-—Cc) * @'—c) @ =a) , C3 0 Seat De 1 
(a—b)(@—c) (b—c)(b-a) (C—a)(C—b) 
This equation is of two dimensions, and it is evidently satisfied by 
each of the three values a, b,c ; hence it is an identity. 
311. If two rational integral functions of n dimensions are equal for 
more than n values of the variable, they are equal for every value of the variable. 
Suppose that the two functions 


po + py + px" 7 + 4.383 + Pn, 


Gee? gy SG ee Sova, 
are equal for more than 7 values of x ; then the expression 
(Po — 90)" + 1 = 1) + z= G2)? + + On = Ge) 
vanishes for more than: values ofx ; and therefore, by the preceding article, 
Po — 90.= 9, Pi — 91, = 9, p2 — 92 = 9, ...-.... Pn-4n=90; 
that lo, : 


PO = G0» P1 = V1 P2 = 42> +0 Pn = 4n 

Hence the two expressions are identical, and therefore are equal for 

_ every value of the variable. Thus 
if two rational integral functions are identically equal, we may equate the 

coefficients of the like powers of the variabie. 

This is the principle we assumed in the Elementary Algebra, Art. 227. 

COR. This proposition, still holds if one of the functions is of lower. 
dimensions than the other. For instance, if 


Pox tpe + px + px" P+... + Dp 


SS Pe 
=qx + qx to +n, 


we have only to suppose that in the above investigation qo = 0, q, = 0, and 
then we obtain 

Po = 90, pi = 9, p2 = 425 P3 = G35 wm Pn=4n- | 

312. The theorem of the preceding article is usually referred to as 


the Principle of Undetermined Coefficients. The application of this principle 
is illustrated in the following examples. 
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Example 1. Find the sum of the series 
1-2 223-437 FBS: perre (it 1). 
Assume that 
1.2+2.34+3.44+...+n(n +1) 
=A+Bn+ Cn? + Dn? + kat +, ‘ 


where A, B, C, D, E, ..... are quantities independent of n, whose values have 
to be determined. 
Change n inton + 1; then 


1.2+2.3+..¢2(Q2+1l) + (2+)I (+2) 
=A+B(n+1)+C(nt1)P+D(ntipt+E(nt)) +... 
By subtraction, 
(n + 1)(n + 2) =B + C(2n + 1) + Dn? + 3n +1) 
+E (4n> + 6n? + 4n +1) +... 


This equation being true for all integral values of 1, the coefficients 
of the respective powers of n on each side must be equal ; thus E and all 
succeeding coefficients must be equal to zero, and 


3D =1;3D+2C=3;D+C+B=2; 


1 2 
th = =] B=-—. 
whence 3? C =1, 3 
Hence the sum =A + 2 + n? a an 


To find A, put 2 = 1; the series then reduces to its first term, and 
2=A +2,o0rdA =0. 

Hence . de2B203-+3.(4 + 3. + ae tb 1) = 50 (n +.1) (n + 2). 

NOTE. It will be seen from this example that when the nth term is a 
rational integral function of, it is sufficient to assume for the sum a function 
of n which is of one dimension higher than the n'" term of the series. 
3 Example 2. Find the conditions thatx? + pe + gx + rmay be divisible 
by x +actb. 

Assume x+ px’ +qx+r=(«+k) (x? + ax + b). 

Equating the coefficients of the like powers of x, we have 

a k+a=p, ak+b=4q,kb=r. 
From the last equation k = p ; hence by substitution we obtain 


bi 

. 
that is, r=b(p —a), andar =b(q—b); 
which are the conditions required. 


+a=p,and=+b=q; 
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EXAMPLES. XXIl. a. << 


Find by the method of Undetermined Coefficients the sum of : 


Oe se 


9 3 


11. 
12. 


13. 


2 2 2 2 
1+3°+5 47 +... ton terms. 
1.2.3+2.3.4+4+3.4.5-+.... ton terms: 


too 2 43.4 44/5 +)... (on Gps 

1.43) +5 Gate+ ciatow treme. 

14 2443'4+ 444... ton terms. 

Find the condition that x” — 3px + 2q may be divisible by a factor of 
the form x” + 2ax + a’. 

Find the conditions that ax’ + bx” + cx +d may be a perfect cube. 


4 G4 2 2 
Find the conditions that ax" + ts tor + dt f may be a perfect 
square. 


Rrove that ax + ao + oy + 2dx + 2ey + f is a perfect square, if 
b- ued = af,e = cf. 
If ax’ + bx’ + cx + d is divisible by r+ h’, prove that ad = bc. 
ie Sqx + 4r is divisible by (« — cy’, shew that q = 7, 
Prove the identities : 
(1) a’ (x — b) (x —c) i b” (x —c) @ - a) 4 @= 4) @—b) ge 
ing spy (b —c) (b —a) (c — a) (c —b) 
(2) Gd) "cha d) Gi) cs ~<a) O~a) 
(a—b)a—c)(@—a)" (b — c) (b— d) (6 a) 
P 7D) O=2) Gm) , &a4 Y= BP) Gers a 
(C—d)(C—a)(C-b) (@-a)(d-b)(d-c) | 
Find the condition that 
ax’ + 2hxy + by” + 2ex + 2fy +c 


may be the product of two factors of the form 


14. 


15. 


px t ay FT, DX tqytr, 
ifeésk+ my + nz,n = nx + ly + mz,¢ = mx + ny +z, and if the 
same equations are true for all values of x,y,z when &, n, 6 are 
iperenanged with x, y, Z a a that 


i: + 2mn = 1, me + 2in.= Q; n° + 2im = 0. 
ane that “ae sum of the product n — r together of the n quantities 


aa"; ? aie a’ is 
1 ; 
e onnages raat, (a * Fa iy gay gi’ 2a-N@-rt)) 


Tr 


@=1N@ Pete 1) 
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313. If the infinite series ag + a,x + axx + ay an .ckt. is equal to zero 


for every finite value of x for which the series is convergent, then each coefficient 
must be equal to zero identically. 


Let the series be denoted by S, and let S, stand for the expression 
a; +anxt aye ae ee ; then S = ag + xS), and therefore, by hypothesis, 
ag + xS; = 0 for all finite values of x, But since S is convergent, S, cannot 
exceed some finite limit ; therefore by taking x small enough xS, may be 
made as small as we please. In this case the limit of S$ is ap ; but S is 
always zero, therefore ag must be equal to zero identically. 

Removing the term ap, we have xS; = 0 for all finite values of x ; that 


‘ 2 . : 
IS, 2} + Gox + a3x + ..... vanishes for all finite values of x. 


Similarly, we may prove in succession that each of the coefficients 
1, 42, G3, ..... Is equal to zero identically. 


314. Jf two infinite series are equal to one another for every finite value 
of the vanable for which both series are convergent, the coefficients of like 
powers of the variable in the two senes are equal. 

Suppose that the two series are denoted by 


- 
Gg + Q,X +agx + a3x° Ae. osha 
2 
and Ao +A, x hid A gti BS el ; 
then the expression 
2 3 
ag —g + (a, — Ay) x + (@9 = An)X F (G3 —A3)X +... 

vanishes for all values of x within the assigned limits ; therefore by the last 


article 
ag — Ag = 0, a4 Ay = 0), a = Ay = 0, a3 — A3 = 0, re 


that is, a9 =Ag, 4, = Aj, 42 =A2, 43 = A3, «.. : 
which proves the proposition. 


tet : : 
Example 1. Expand —-——, in a series of ascending powers of x 


Dk RX 
' Te: 
as far as the term involving x. 
2 
2 ty 2 3 
Let Sj = a9 + ax + agx +:a3x F ......, 
isk wit, 


where ao, 4}, 22, 43) ..... are constants whose values are to be determined ; 
then - 
2+x = (iaey = x”) (ag tayxt ax” an a3x° Pisces} 

In this equation we may equate the coefficients of like powers of x 
on each side. On the right-hand side the coefficient of Hers 
dy, + dn — 1 — An - 2, and therefore, since x” is the highest power of x on 
the left, for all valucs of n > 2 we have 

Gy Fan —1— Sn = 2 = Us 
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this will suffice to find the successive coefficients after the first three have 
been obtained. To determine these we have the equations 
aq = 2, ay + ay = 0, a,+a,;—-a=1; 


whence ag = 2, a, = —2, a2 = 5. 
Also a3 + ay — a, = 0, whence a3 = —7; 
ay + a3 — a> = 0, whence a, = 12; 
and as + ay — a3 = 0, whence as = —19; 
2 
: 2 4 5 
thus BBA th 9't 94 6? 2 7P tat —19P F . 


| ae ie 3 
Example 2. Prove that if n and r are positive integers 


- (a — 1) (n — 2) 
n—n Goan ser al tye 2 Ma 3 (n — 3) + 


is equal to 0 if r be less than n, and to |” ifr =n. 


2 3 4 
x n bs x ae 
Sq) = |x tet te ti. 
We have (¢€ — 1) x ame ged 
= x" + terms containing higher powers of x 
me i) 
Again, by the Binomial Theorem, 
é = 1)" ae = ne” ~ik  H . > 1) Qu 2)e ay 38 
on(2) 


By expanding each of the terms e”, sme 


coefficient of x’ in (2) is 
e Tr 
a Meee, Bie 1) : (i=) 
Lr lr [2 Lr 
- r 
= 1) (an — 2) Gia 3) ra, 
[3 lr 


and by equating the coefficients of x’ in (1) and (2) the result follows. 


, +. we find that the 


z 
Example 3. If y=ar + bx + wee : 
express x in ascending powers of y as far as the term involving y> 
2 
Assume x=py+qy + n° > pate = : 


and substitute in the given series ; thus 
2 2 2 
y=a(pyt+g try t...+b(pytg : 


2 
40 (py-+ oy FY fae 
Equating coefficients of like powers of y, we have 


ap = 1; whence p = : 
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aq + bp’ =0; whence q = ~2., 


a 
3 2p 
ar + 2bpq+cp =0; whence r= 
a a 
2 2 3 
Thus Pet ewek glee BO) ye Rae 
a es i 


This is an example of Reversion of Series. 
CCR. If the series for y be given in the form 


? 
y=kt+ator tat... 
put y-k=z; 
2 
then z=artbhe tert... ‘ 


from which x may be expanded in ascending powers of z, that is y — k. 


EXAMPLES. XXII. b. 


Expand the following expressions in ascending powers of x as far as 


e 
(3, ~ 2d FB Pineda Bison 
|e at a L335" 
chi 
ee alanis pao 
Ly ey 2—-xX—-X 
1 
, ee 
tHiac Saxo x 
5 : + bx 
6. Finda and b so that the n’" term in the expansion of eee may 
(1 -- x)" 


be (32 — 2)" ! 


ls Find a,b,c so that the coefficient of x in the expansion of 
a+ i+ cx” 
(i aaa? 
8. ify” + 2y = x(y + 1), shew that ne value of y ts 
xia + Af © ae x ade 


‘ Pare 128° 
9 Ifo +ar— y = 0, shew that one value of x is 


may be Vie. 


25 37 
y cy - sey 2) dey 
— 4 7 10 eeeweee 
a a a a 


Hence shew that.x = -00999999 is an approximate soiution of the equation 
x + 100x — 1 = 0. To how many places of decimals is the result correct ? 


234 HIGHER ALGEBRA. 


: 3 
10. In the expansion of (1 +x) (1 +ax) (1+ a’x) Lg 2X) sche , the 
number of factors being infinite, and a < 1, shew that the coefficient 
of x’ is 


1 1/2r(r—1) 
Fi, ie ins Nein: amar OE a ; 
(1 =a) (1 —<a@,) (1 = ¢@ )....(1 -@) 


ll. Whena <1, find the coefficient of x" in the expansion of 
1 


(lier ae)Glo- ax) a- ax) rye to inf. 
12. If is a positive integer, shew that 
Gila: era (n ad sab + Yh Bes 


[2 


2 eS a 


es sn Wt, $4.3 
(2)n" —(n +1) (n=1)' + eae (a= 2)" - ....=1; 
the series in each case being extended to n terms ; and 
Gi. he aay —... = (-1)" [7 ; 
(4) (n +p)’ —n(n+p—1)' + Atal TM +p-2)°-..5 |”; 


[2 
the series in the last two cases being extended to 1 + i terms. 


CHAPTER XXIill 
PARTIAL FRACTIONS 


315. In clementary Algebra, a group of fractions connected by the’ 
signs of addition and subtraction is reduced to a more simple form by being 
collected into one single fraction whose denominator is the lowest common 
denominator of the given fractions. But the converse process of separating 
a fraction into a group of simpler, or partial, fractions is often required. For 


example, if we wish to expand —————, ima series of ascending powers 
bag ay" 

of x, we might use the method of Art. 314, Ex. 1, and so obtain as many 

terms as we please. But if we wish to find the general term of the series this 

method is inapplicable, and it is simpler to express the given fraction in the 


equivalent form a Si ae Each of the expressions (1 a Ee and 


1-— 
a- 3x)! can now be expanded by the Binomial Theorem, and the general 
term obtained. 

316. In the present chapter we shall give some examples illustrating 
the decomposition of a rational fraction into partial fractions. For a fuller 
discussion of the subject the reader is referred to Serret’s Cours d’Algebre 
Superieure, or to treatises on the Integral Calculus. In these works it is 
proved that any rational fraction may be resolved into a series of partial 
fractions; and that to any linear factor x — a in the denominator there 


; ‘ A ‘ 
corresponds a partial fraction of the form cog) to any linear factor 


x — b occurring twice in the denominator there correspond two partial 


2 . . 
and ————.. If x — b occurs three times, there 3s an 
x—b (x ee b)” 
B3 


(= b)? 


fractions, 


additional fraction and so on. To any quadratic factor 


. : , Px dt O 
+ px +q there corresponds a partial fraction of the eats eg oe 
a px + q. 


2 . . 
if the factor x” + px + q occurs twice, there is a second ae fraction 


Py x+ Q; 
ae 4 ATG SOON, 


(° + px +q) 


( 235 ) 
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Here the quantities Ay, By, Bo, B3, ........ P,Q,P;,Q; are all 


independent of x. 
We shall make use of these results in the examples that follow. 


11 
Example 1. Separate i into partial fractions. 
Rex = 6 
Since the denominator W+x-6= (x + 2) (2x — 3), we assume 
2 Sit ah niin 5H B 


oie @upia Eee eae 
where A and B are quantities independent of x whose values have to be 
determined. 
Clearing of fractions, 
Sx — 11 =A (2e — 3) + B(x +2). 
Since this equation is identically true, we may equate coefficients of 
like powers of x; thus 
24+B=5, -34+2B=-11; 
whence A =3, B=-1. 


mxtn 
Example 2. Resolve ————————_~ into partia! fractions. 
(@@—a)@+b) 
mx+n A B 
A ee ee 
soe ee ee ee 
met+n=A(x+b)+B-a) (1) 


We might now equate coefficients and find the values of A aia B, 
but it is simpler to proceed in the following manner. 


Since A and B are independent of x, we may give to x any value we 
please. 


In (1) putx — a = 0, orx =a; then 


matn 
A=; 
a+b ° 
' b-n 
uttingxy +b = 0,orx = —b je Bare 
P 8 r a+b 
mx +n eg. | matn re mb—n 
(x-a)@W-b) at+b\ x-a x+b 
23x - 11e 
t— lly : : 
Example 3. Resolve Pp hog Ed into partial fractions. 
r-1)9-x) ; 
2 
4 leis 23x 1h A B C 


(X-)G4OC-y) R=) eee eee at). 
» 23x — 1X" = A (3 +x) (3 — x) + B (Zr — 1) 3-3) 
+ C (2x - 1) (3 +x). 
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By putting in succession 2x — 1 = 0,3 +x =0,3—x=0, we find 


that 
Age B= 4tC= +1. . 
m-th 1 Ce dee 
(2x — 1) (9 — x”) 2v-1 3+x 3-x 
( 2 
at ae oe Lae soars 
Example 4. Resolve elias 9 mere aie into partial fractions. 
(Ee =o2) ft = 2x) : 
Png Ee - 
Assume ee ae ae 
@-27i- 2) Beety*- 2 G=27 
2 
x +x—-2=A (v= 2)74+ BL - 2) @—-2)+C(1—2W). 
Let 1 — 2x = 0, then A=-3; / 
Let x — 2 = 0, then = —4. 
To find B, equate the coefficients of x: thus 
3=A — 2B ; whence B = -2 
2 Shppncha =p a 1th Ms ob 
= 2y (T= Bh) 5{i/— 2y) 3 C=) Gar. 
Example 5. Resolve fee into partial fractions. 
(+ 1)@—- 4) 
42 — 19% AX+'BOOO 
Assume isin atts aah 


(x? + 1) (x - 4) x + 1 ae 
ith 42 — 19x = (4x + B) (x -—4) + CX + J). 
Let x = 4, then C=-2 

equating coefficients of Yr, 0=A+C,andA=2;. 


equating the absolute terms, 42 = --4B + C, and B = —11, 
42 — 1% PA Becode 3 2 


(+ De +4) Ey 
317. The artifice employed in the following example will sometimes 

} > found useful. 
Ox? — 24x” + 48x 

(x — 2) +1) 
Ox? = 24x? + 48r Af) 

Gf Pee ee deel 
where A is some constant, and f (x) a function of x whose value remains to 
be determined. | 

Ox? — 24x” + 48 = A (= 2)" Beet) 7): 


; - Example. Resolve into partial fractions. 


Assume 
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Let x = —1, then A=-1 
Substituting for A and transposing, 
2 
(x + 1) f @e) = @ — 2)) + 9? — 240? + 48 = x +0? + 16x + 16; 


f)=x + 16. 
: : ' x +16 
To determine the partial fractions corresponding to eray , put 
: see 
x — 2 =z; then 
x+16 (zc +2) +16 
(x — 2) 2 
P46 4+1e4+24 
oS Rapa ee 
Pi yO> 2 82 ee 
eS OE oh 
Zi ae Se ae, 
ies secret sherman 
Ye ey)  — 2) G= 2) 
gx? — 24x” + 48x 1 1 
ote ie ees 
(B27 &. +} & : 
at £6. . 2 me 12... Ie 24 


(¢-2) (@-2)" @-2) 

318. In all the preceding examples the numerator has been of lower 

dimensions than the denominator; if this is not the case, we divide the 

numerator by the denominator until a remainder is obtained which is of 
lower dimensions than the denominator. 


Re) 2 
p Ae 4 Fe ; : 
Example. Resolve ee into partial fractions 
su AS 
By division, 
3 2 ; 
3 + ae <4 & Spee 
Axo uAmint | ar AN aK 
and a a) = me, + : 1 : 
Qe" Juels av + 1 x-1 
“ 5 
ay tia 4 
Ww TN bay Es 5 4 1 


BEN A a+] x1 


319. We shall now explain how resolution into partial fractions may 
be used to facilitate the expansion of a rational fraction in ascending powers 
of x. 
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| a +x -2 
Example 1. Find the general terms. of oi 


= when 
(x — 2)" (1 - 2x) 
expanded in a series of ascending powers of x. 


By. Ex. 4, Art. 316, we have 
Naor aay, 


3 (x = 2) 
polka ance ii oanynagh Ss 
TT Rpaay Spy 


PS Pe PR ae) nH “\" 
--danmy te (ig). 


Hence the general term of the expansion is 


Example 2. Expand ae 


5 in ascending powers of x and 
(1 +x) (1 +x’) 
find the general term. 


T+x A Bxt+ec 
Assume 


(i+xyQtxy 1tx 14 


T+x =A (142°) + (Bx +C)(1 +4). 
Let1+x=0 then A =3; 
‘ equating the absolute terms, 7=A + C, 
equating the coefficicnts of x, 0=A +B, 

bie 83 


whence C = 4; 


whence B = —3. 
3 4.— 3x 
Ean 2 ask ig 5 bal ‘2 
(1+x)(1 +x) 1+x 


=3(1+x) '+ (4-490 ¢2) | 


=3{1l-x Ts eee Geek meee } 
+a Say (ed +r a Ree + en }. 
To find the cocfficicnt of.’ : 


ees in re ec r/2 
(1) If ris even, the cocfficient of x m the second serics is 4(—1) ~; 
3 5 A ee fie r/2 

therefore in the expansion the coefficient of x is 3 + 4(—1) 

4 3) age . . 

(2) If r is odd, t.c coefficient of x in the second serics ts 


(eon bY: ‘ Pees s Caney OYAe4 
-3(- 1)” ) and the required coefficient is 3 (—- 1)” ~~ 3. 
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EXAMPLES XiIll. 


Resolve into partial fractions : 


Ix -—1 46 + 13x 
i, ee, 2. So. 
1-iav+ @& 12x" — llx -— 15 
(. eae ) ¥ x — 10x + 13 
"SS a at) (x — 1) @ - 5x + 6) 
3 2 
= pon S By een DE 
- Y sa ~ 30° +10 8 26x" + 208x 
(r+ 1) i= 3 C+ DES) 
: 2x" = Lr + 5 . ‘ x? — 8x" +10 
G-3G@ +24) = 1)° 


ee + 6x" + Sx 


« =i (is a 
Find the general term of the following expressions when expanded 
in ascending powers of x. 


11. 


1+3 ix + 6 
12.0 13. =>. 
1+ Ly + 28x Spgs 
2 : om 
x + Ix + 10 (1 =a, 4) neo 
> 9 
- + Y ; pues Wir 
gle aa ante ne he | ieee 
(b= 2) TIS REE) (1 +x) (1 4x)" 
4+ 7x - 
i ae eR SR 
(2+ 3) (1 +x) («—1) @ +1) 
2 
20. EB Sect 21. wpe had 
(=x) (1 — ax) (1 — bx) (1 — @) 
2 
tes 
Sah ltteer 
(2 = 3x +2°)° 
23. Find the sum of 7 terms of the series : 
1 x 2 
Neate atthe ee eee 
(l+x)(ltx) (142°) (142°) Cita 4h 
(2) — x (1 — ax) ax (1 = a") 


(l+x)(It+ax)(lta@- ara (Itax(l1t+a” Y(l+ta as 
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When x < 1, find the sum of the infinite series 
1 ; x x 
4+—_—_—4+ —____ + — 


(-xy(Q-x*) G@-x)(a-2%) @-x)~a-%) 
Sum to 1 terms the series whose p term is 
gPigigsgh BA) 
a-/)a-%*)a-2*% 


Prove that the sum of the homogeneous products of n dimensions 
which can be formed of the letters a,b, c and their powers is 


a’ (b-c)+b"(c—a)+c(@—b) 
| oH 


CHAPTER XXIV 
RECURRING SERIES 


320. A series ug +uy tug +43 +... ; 
in which from and after a certain term each term is equal to the sum of a 
fixed number of the preceding terms multiplied respectively by certain 
constants is called a recurring series. 

321. In the series 


2 
14+ t3e tar? + Se + ow... 
each term after the second is equal to the sum of the two preceding terms 


ee : 2 we : 
multiplied respectively by the constants 2x, and —x’; these quantities being 
called constants because they are the same for all values of n. Thus 


4 3 2 2 
Sx = ar. 4 + (-¥) kr 5 
that is, 

z 
Ug = 2x3 —X Ur; 
and generally when v is greater than 1, each term is connected with the two 
that immediately precede it by the equation 


y. 
Uy = oily Sy E38 


: 
or ; tip 2H, yay 25 SU. 
In this equation the ew of uy), Uy, — 1 and u,, _ 5, taken with 
their proper signs, form what is called the scale of relation. 
Thus the series 
2 3 4 
1 Ex bh Se + 40-Sb See 
is a recurring series in which the scale of relation is 
- 
Pie cewek 
322. If the scale of relation of a recurring series is given, any term 
can be found when‘a sufficient number of the preceding terms are known. 
As the method of procedure is the same however many terms the scale of 
relation may consist of, the following illustration will be sufficient. 
2 3 
If l—pr=—g@ =—2 
is the scale of relation of the serics 
>] = 
4g:F.4) XN Fda de + a3Xx° mts ates 
we have 


hs F APS 2 ae 3 = 
ay X= PX~y, — Xx TQ 30, S5X Soe 


( 242 ) 
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or Qn = Pan ~1 + Yan —2 + Tay — 3; 
thus any coefficient can be found when the coefficients of the three 
preceding terms are known. 

323. Coversely, if a sufficient number of thé terms of 2 series be given, 
the scale of relation may be found. 

Example. Find the scale of relation of the recurring series 


2 Se tel Ge Ase hs 


Let the scale of relation be 1 — px — ge ; then to obtain p and q we 
have the equations 13 — Sp — 2g = 0, and 35 — 13p — 5g = 0; 
whence p = 5, and q = —6, thus the scale of relation is 


1- Sx + Ge’, 
324. if the scale of relation consists of 3 terms it involves 2 constants, 
p and q ; and we must have 2 equations to determine p and q. To obtain 
the first of these we must know at least 3 terms of the series, and to obtain 
the second we must have one more term given. Thus to obtain a scale of 
relation involving two constants we must have at least 4 terms given. 


If the scale of relation be 1 — px — qx rn re’, to find the 3 constants 
we must have 3 equations. To obtain the first of these we must know at least 
4 terms of the series, and to obtain the other two we must have two more 
terms given ; hence to find a scale of relation involving 3 constants, at Icast 
6 terms of the series must be given. 

Generally, to find a scale of relation involving m constants, we must 
know at least 222 consecutive terms. 

Conversely, if 21 consecutive terms are given, we may assume for 
the scale of relation 

2 3 m 
Li PPX A Pstegan ae SS ak 

325. To find the sum of n terms of a recurring series. 

The method of finding the sum is the same whatever be the scale of 
relation ; for simplicity w2 shall suppose it to contain only two constants. 

Let the series be 


% 


4 , 
ag tay ta +a Fe. ela) 


? 7 
and Jet the sum of § ; let the scale of relation be 1 — py — gx” ; so that for 
every value of 1 scat than 1, we have 

= Pay — 1 — Gan - 2 = 9, 


zy (eee 
Now s = A) + ay NPS a2 < A esse: +o Uy =X re 
2 mora yl 
SAS = —padgX — PayX — . = Pay, — 9% pea SLi 
2 2 i=) } ” , nt] 
—qGX i) c= — GAN oA esas ae hgy aie" = Gy 4 9X YA, 2aypik 


PA ’ ied 
(1 = px — Gx) S = ay + (@y — pug) X — (Van = + Gan - 2)* 
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for the coefficient of every other power of x is zero in consequence of the 
relation 


Qn — Pa, — | — G4, -2 = 0 
n vital 
aii (4, — pay) X — (Pay ~ 1 + GAn —2)X + Gan — 1% 
= TO Oa ee ee 
l-px- ge i pr = Gt. 


Thus the sum of recurring series is a fraction whose denominator is 
the scale of relation. 

326. If the second fraction in the result of the last article decreases 
indefinitely as n increases indefinitely, the sum of an infinite number of 
4 + (a, — pao) x 


2 
1 — px — Qe 
If we develop this fraction in ascending powers of x-as explained in 
Art. 314, we shall obtain as many terms of the original series as we please ; 
for this reason the expression 


aq + (a1 — pao) x 


Eg Beant tas qe 
is called the generating function of the series. 
327. From the result of Art. 325, we obtain 
ao + (a; — pag) x in 
pcan Aca ae =agtaxrt ax is ivvarthe thts ie ; 
J = Pir ar 


terms reduces to 


n He a 
, Pan =1 t+ Fn ~2)* + Gay, ~ 4X 


oie L- pr qr 
from which we see that although the generating function 


Gq + (4) — pag) x 


1 — px — qe 


only if the remainder 


é n ra 0 
Qa, -1 + 94% - 2) + Gay — Xx 


1 = pyr qx” 
vanishes when »: is indefinitely increased ; in other words only when the 
series 1S convergent. 

328. When the generating function can be expressed as a group of 
partial fractions the general term of a recurring series may be easily found. 
This suppose the generating function can be decomposed into the partial 
ractions 


A av oF, 2 eG 


+... 
1 —- ax + bx qd age cx)” 
Then the general term is 
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{Aad + (—1) Bb’ + (r+ 1) Cc} x’. 
In this case the sum of n terms may be found without using the method 
of Art. 325. 
Example. Find the generating function, the general term, and the sum 
ton terms of the recurring series 
1 Tes x? ae? & oo: 


Let the scale of relation be 1 — px — qe ; then 


Ve gto tp tr iig 0, 
whence p = 1, q = 6; and the scale of relation is 


2 
=x = @. 
Let S denote the sum of the series ; then 
SS PSRs ¥ 2438 le 
Pls ee ee ee. 
be 2 3 
-ar $= — Gr + 420 + ..... 
(Ql-x- 6x") § =] —.&, 
Aan: 
ga acho ats 5 
1-x- 
which is the generating function. 
1—&r . : ; 
If we separate —————, into partial fract.ms, we obtain 
Lore Bye 
te eal ag whence the (r + i’ or general term is 
fee 1" . 
(aly pant CP Ihx. 
Putting p= Ode 2 clic —eh, 
the sum to 7 terms 
ew et le =e Hl) 2 ee 


D) p= ee 
Teepe ea oo ek) 
w+ Peet ee eg ; 


po Oe Fae Se We ee. 


re 1 + 2x 1 — 3x 
329. To find the general term and sum of 7 terms of the recurring 
SECS Ag Ey t By Foca , we have only to find the general term and sum 


2 i 
of the series aj + ayx + ax + ....... and put x — 1 in the results. 
Example. Find the general term and sum of n terms of the series 
1+ 6+ 24 + 84 + a. 
20 2 3 : 
The scale of relation of the series 1 + Gv + 24x" + 84x" + ....... iS 
ie A eyes Sad 
1 — Sx + @, and the generating function is —————, . 
1 = 5x + 60 
This expression is equivalent to the partial fractions 
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4 wn 
f= at- 2L 2e 
If these expressions be expanded in ascending powers of x the general 
term is 


(4.3 +3.2)x. 
Hence the general term of the given series is 4. 3 — 3.2 ; and the 
sum of n terms 1s 2(3" — 1) -3(2' - 1). 
330. We may remind the student that in the preceding article the 
generating function cannot be taken as the sum of the series 


1+ 6c + 24x" + 84 +... 
except when x has such a value as to make the series convergent. Hence 
whenx = 1 (in which case the series is obviously divergence) the generating 
function is not a true equivalent of the series. But the general term of 
146+ 24+ 84+... 
is independent of x, and whatever value x may have it will always be the 


coefficient of x” in 
Fe 
1 + 6x + 24x74 BA? $ =! 


We therefore treat this as a convergent series and find its general 
term in the usual way, and then put x = 1. 


EXAMPLES. XXIV. 


_ Find the generating function and the general term of the following 
series : 


bck bee ee a 2 Pe ae Bog 
3... 24 ir + ie + Ov ec are AT F Get op + 2 Pe 


5. 3+ Ox + 1x + 360 + 98K) + 276 $e 
Find the nth term and the sum to 7 terms of the following series : 


6. regarded ISas paN y Paci i 22 ame ae aa 
S24 + ter + O18 + Oe 
9, 7 OP Pee ote + bee 21d 


10. 24240484 cate 


11. Shew that the series 
t+ 2 ee ee 


1 4. 2 Sika heuecahenie 
are recurring series, and find their scales of relation. 
12. Shew how to deduce the sum of the first n terms of the recurring 
series 


> 
ag + ay + anx™ +axx° W m4 
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from the sum to infinity. 
13. Find the sum of 2n + 1 terms of the series 

3 meht 13 -—9 + 41.-— 53 +... 
14. The scales of the recurring series 


* 


ag tay tax “5 asx’ + urssenens 
2 
by + Dy + Dx FBG F cesses 


are 1+ px + gr, tn sx’, respectively; shew that the series whose 
. Mm. 3 ° ° . 
general term is (a, + b,)x is a recurring series whose scale is 


1 (p tret(a+s + pr) x” + (qr + ps)x° + gsx’. 

15. If aseries be formed having for its nth term the sum of n terms of a’ 
given recurring series, shew that it will also form a recurring series 
whose scale of relation will consist of one more term than that of the 
given series. 


CHAPTER XXV 
CONTINUED FRACTIONS 


; a ‘ 
331. An expression of the forma + Tee git © called a continued 
C+ 
ert ss. 
fraction ; here the letters a, b,c, ....... may denote any quantities whatever, 
but for the present we shall only consider the simpler form 
a, + : 1 , where qj, a, G3, ...... are positive integers. This will 
OE page aa 
2 a3 pieieanese 
be usually written in the more compact form 
1 1 
a, +—— —— ...... 
G5) 43 + 


332. When the number of quotients a1, a>, a3, .....is finite the continued 
fraction is said to be terminating; if the number of quotients is unlimited 
the fraction is called an infinite continued fraction. 

It is possible to reduce every terminating continued fraction to an 
ordinary fraction by simplifying the fractions in succession beginning from 
the lowest. 

333. To convert a given fraction into a continued fraction. 


Let = be the given fraction; divide m by n, let a, be the quotient and 
p the remainder; thus eet 


m 1 
teat eaat-; 
n n n 


p 
divide n by p, let az be the quotient and qg the remainder ; thus 


n 1 
“=a+t=a,+-; 


q 
divide p by q, let a3 be the quotient and r the remainder; and so on. Thus 
1 
7m = g, + ———— =a, +—- 1. 
n 1 a2 SE a3 of 


a3 th akees 
If m is less than n, the first quotient is zero, and we put 
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m } 

ov, + eat 

fe on 
m 


and proceed as before. 

It will be observed that the above process is thé same as that of finding 
the greatest common. measure of m and n; hence if m and n are 
commensurable we shall at length arrive at a stage where the division is 
exact and the process terminates. Thus every fraction whose numerator and 
denominator are positive integers can be converted into a terminating 
continued fraction. 

251 

Example. Reduce —— 802 | to a continued fraction. 

Finding the greatest common measure of 251 and 802 by the usual 
process, we have 


5 | 251 | 802 | 3 
6 6} 4918 
ae 


and the successive quotients are 3, 5, 8, 6; hence 
ci pital she Sab SA | 
802 3+54+8+6° 
334. The fractions obtained by stopping at the first, second, third, ...... 
quotients of a continued fraction are called the first, second, third, ..... 
convergents, because, as will be shewn in Art. 339, each successive 
convergent is a nearer approximation of the true value of the continued 
fraction than any of the .................. convergent. 
335. To show that the convergents are alternately less and greater than 
the continued fraction. 


: ‘ 1 1 
Let the continued fraction be a; + ——- ——...... 
: a, 3 3 a3 5 ie 


The first convergent is a), and is too small because the part 


1 
a2 ate a3 4 
great, because the denominator ap is too small. The third convergent is 


; : 2 1 , 
.. is omitted. The second convergent is a; + ap and is too 
2 


TY. +4 ; fi); 
a, + ———— , and is too small because a, + — 1s too great ; and so on. 
dy + a3 a3 


‘When the given fraction is a pro:er fraction a, = 0; if in this case we 
agree to consider zero as the first convergent, we may enunciate the above 
results as follows : 

The convergents of an odd order are all less, and the convergents of an 
even order are all greater, than the continued fraction. 

336. To establish the law of formation of the successive convergent. 

Let the continued fraction be denoted by 
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il 1 1 ‘ 
Qn7+ a3z+ agt Bay 


then the first three convergents are 
4, @,4,+1 a3(a,a, +1) +4, 
i ak a a3.a,+1 : 


a+ 


qb q2) q3> eceeee ‘: 
Assume that the law of formation holds for the nth convergent ; that 


is, Suppose 
Pn = GPn—1 + Pn-25 In = QnGQn -1 + Gn - 2: 


The (n + 1)" convergent differs from the ni only in having the 


in the place of a, ; hence the (n + 1)" convergent 


; | 
quotient a, + 
Gn +1 


Pn-1+Pn-2 


_ Gn +1 GnPn -1 + Pn-2) + Pn-1 
Gn +1(Gn9n—1 + 9n-2) +9n-1 


Qn-1+4n-2 


Qn+1Pn + Pn -4 OL 
= ——_—____——__ , by supposition. 
Qn+19n +n -1 
If therefore we put 
Pn+1=4n+1Pn + Pna-1> In+1=4n+192 + M-1> 
we see that the numerator and denominator of the (” + 1)" convergent 


follow the law which was supposed to hold in the case of the n'" But the 
law does hold in the case of the third convergent hence it holds for the 
fourth, and so on ; therefore it holds universally. 

337. It will be convenient to call a, the nt partial quotient ; the 


complete quotient at this stage being a,, + ——— teas .... . We shall 


n+1+ Qn42+ 
usually denote the complete at any stage by k. 
We have seen that 
Pn — 4nPn-1+Pn-2. 
Qn t ate | hat ee) j 
let the continued fraction be denoted by x ; then x differs from i only in 


n 
taking the complete quotient & instead of the partial quotient a,, ; thus 
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_kPn-1+tPn-2_ 
k@n—-1+4n-2” 


Pn th ; a 
338. If. a be the n’ convergent to a continued fraction, then 
n 


, n 
Pn Qn -1—Pn-19n = (-1). 
Let the continued fraction be denoted by 
a,+ S LE: Sa : 
a4 ba ax eK a4 oh 


then 
Pn 4n -1 —Pn=-19n = @nPn-1+Pn-2)9n-1 
—Pn-1(@n In -1+9n - 2) 
= (-1) @n -19n —2 — Pn =249n - 1) 


2 iis 
=(-1) (@n -29n —3 — Pn - 3% — 2), Similarly, 


Serer c cer ereeeeeeseeeeseeceseesesessceseeses 


= 
= (=1)" “oq — P19). 
But p29) — P1 92 = (4, 42 + 1) —y.a,=1= (aby 


hence Pn Qn -1 ~ Pn -19n = (<1) 

When the continued fraction is /ess than unity, this result will still 
hold if we suppose that a, = 0, and that the first convergent is zero. 

NOTE. When we are calculating the numerical value of the successive 
convergents, the above theorem furnishes an easy test of the accuracy of 
the work. : 

COR. 1. Each convergent is in its lowest terms ; for if p, and q,, had 
a common divisor it would divide p,, dy — 1 — Pn — 1 Gn » OF unity ; which is 
impossible. 

COR. 2. The difference between two successive convergents is a 


fraction whose numerator is unity ; for 
Pro Pa iwoPadns wi Pn & 14a H 


iy CEG 441° nga Qn In =." 


EXAMPLES XXV. a. 


Calculate the successive convergents to : 


i 2: 


3. ihe bare EE SZ ge 


Express the following quantities as continued fractions and find the fourth 
convergent to each. 
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Meeks: 5, 832 , 1189 729 
Wabaie ty "159° "39027" "2318 ° 
Sagas 9. 1-139. 10. -3029. 11. 4-316. 


12. A metre is39-37079 inches, shew by the theory of continued fractions 
that 32 metres is nearly equal to 35 yards. 

13. Find a series of fractions converging to - 24226, the excess in days of 
the true tropical year over 365 days. 

14. A kilometre is very nearly equal to -62138 miles; shew that the 
fractions = ope nae —— are successive approximations to the ratio 

8’ 29° 37’ 103 

of a kilometre to a mile. 

15. Twoscales of equal length are divided into 162 and 209 equal parts 


respectively; if their zero points be coincident shew that the oT Ne 
division of one nearly coincides with the 40th division of the other. 


4 2 
Ro ayn wl : ; ; 
16. If ——— ~——— 1s converted into a continued fraction, shew that 


2? 
Nh A: need 
the quotients are nm — 1 and + 1 alternately, and find the successive 
convergents. 
17. Shew that 
jes — Pa al Pn 
Qn+1—-4n-1 Qn’ 


(2) Pn +2 atl yp po fest 2 Wnt2. 4 ye} 
Pn Pn Qn Qn +1 


Pn. th : ; 
18. If os is the n convergent to a continued fraction, and a, the 
n 


corresponding quotient, shew that 
Pn +29n-—2 ~ Pn—29n+2=9%14+2-4n+1-4n + Qn 42 + Gy. 


339. Each convergent is nearer to the continued fraction than any of 
the preceding convergent. 
- 2 
Let x denote the continued fraction, and — papabict | a Pach three 
"@n+1° Int+2 


H . +2 
consecutive convergents; then x differs from ——— 


only in taking the 


Qn + 2 
complete (n + ay" quotient in the place of a,, 4 > ; denote this by k ; thus 
_ Pn +1 + pct dee 
ie +] dy Qn’ 
Pu Pu +19n ~ PnInti) k 


qn On (Kn 4 1 + dn) wi On (kan + 1+ Qn) : 
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Pai — DeneLsn en an e1 1 


Qn+1 Mn+. kn +1 + Qn) © An 1 kn 61 + In) 
Now k is greater than unity, and q,, is less than g, 4, ; hence on both 


accounts the difference between foe and x is less than the difference 


Qn +1 
~ Pn : : : 
between — and x ; that is, every convergent is nearer to the continued 


fraction oan. the next preceding convergent, and therefore a fortiori than 
any preceding convergent. 

Combining the result of this article with that of Art. 335, it follows 
that 

the convergents of an odd order continually increase, but are always 
less than the continued fraction ; 

the convergent of an even order continually decrease, but are always 
greater than the continued fraction. 

340. To find limits to the error made in taking any convergent for the 
continued fraction. 

Let ee eee be three consecutive convergents, and let k 

Qn’ In+1' Int+2 


denote the complete (7 + a quotient; 


then = KPn +1 + Pn 
kdn + 17 49n ; 
qi k z 1 
Qn In (K4n +1 + Qn) Qn 
Gn \9n+1 + o% 
Now k is greater than 1, therefore the difference between x and aS is less 
n 
than b and greater than Gilood Mbps 
Qn 9n+1° “i Qn (Qn+1+4n)- 


, ; . Pn. : 
Again, since gp, 4 1 > 4n » the error in taking 7 instead of x is less 
n 


than a and greater than - 
Qn. 24n +1 


~ 341. From'the last article it appears that the error in taking instead 


nm 
1 
of the continued fraction is less than — or ————_———; 
Onda. Qn (Qn +19n + In - 1) 


; Pn 
- hence the larger a,, 4 , is, the nearer does — 


: iL 
that is, less than — 3 


4n+1 Gi 
approximate to the continued fraction ; therefore, any convergent which 
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immediately precedes a large quotient is a near approximation to the continued 
fraction. 


oe a : 1 
Again, since the error is less than — , it follows that in order to find 
Qn 


a convergent which will differ from the continued fraction by less than a 


Me. + eh 2 
given quantity pseu have only to calculate the successive convergents up 


to s , where qe is greater than a. 
n 
342. The properties of continued fractions enable us to find two small 
integers whose ratio closely approximates to that of two incommensurable 
quantities, or to that of two quantities whose exact ratio | can only be 
expressed by large integers. 
Example. Find a series of fractions approximating to 3- 14159. 
In the process of finding the greatest common measure of 14159 and 
100000, the successive quotients are 7, 15, 1, 25, 1, 7, 4. Thus 
kts a Soa wy i ap vie Ot be 
’ The successive convergents are 
3 22 333 355 
1% 2 7106" HF9 , 
this last convergent which precedes the large quotient 25 is a very near 


approximation, the error being less than ol , and therefore less 
| 25 x (113) 
than ae , or -000004. 
2s (100) 


343. Any convergent is nearer to the Comittee fraction than any other 
fraction whose denominator is less than that of the convergent. 


. 5 Pn Pn -} z 
Let x be the continued fraction, — , two consecutive 


Gn Qn — 4 


r . > : 
convergents, 52 fraction whose denominatox s is less than gp, . 


Dn 
If possible, let ~ be nearer tox than — , then ~ must be nearer tox 
Qn 5 


Pn - s ‘ - 
than —— [Art. 339]; and since x lies between fa and Pacts , It follows 
n- 1 qn 4n-1 


that “ - must lie between ad and fic} ! 
Qn Qn -- ] 
Hence 
t— Pn=rsi P Pn - 
iSite : , that ts <- 
5 In - 1 Qn In — 4 Qn Gn — 
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Ss 
’dn-—1 ~ Pa Sa 
n 


that-is, an integer less than a fraction ; which is impossible. Therefore = 
‘ 5 n 


must be nearer to the continued fraction than 6 ; 
5 


344, wi B ; 7 be two consecutive convergents to a continued fraction 


pp" 


xX, then aa is greater or less than x”, according as ; is greater or less than 


poe 


P 


Let k be the complete quotient corresponding to the convergent 
immediately succeeding € qe 
’ 2 1 
Ex = ree ae Es ah +4) = 4q' (kp' + py} 
a4 qq (kq' + qy 
u (k’p'q’ — pq) (pq ae 2 Q) ‘ 
qq’ (kq’ +4)" : 
The factor kp'g! — pq is positive, since p’ > p, gq’ > q, andk > 1; 


hence PP pe >or< x, according as pq’ — p’q is positive or negative ; that 
q 


is, according asf > or 


COR. It follows from the above investigation that the expressions 


| ae Saag Nae es Bond 26) . 
Pq' — p'as pp’ — 9q'x, Pp — Gx, qx —p’ have the same sign. 
| EXAMPLES XXV. b. | 


yards as equivalent to a mctre, 


ee eis : ee 4 
1. _ Find limits to the error in taking 703 


given that a metre is equal to 1-0936 yards. 


2. Find an approximation to 
rates Wren Vag CS ee 


i Se Sak ar 
which differs from the truc value by Iess than -0001. 


3. Shewby the theory of continued fractions that = differs from 1-41421 


1 
by a quantity less than — > 11830 
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3 2 
4. Express -¢ + 6a + Bet as a continued fraction, and find 
a + 6a° + 14a” + 15a +7 
the third convergent. ; 
5.  Shew that the difference between the first and nth convergents is 
numerically equal to 


n 
1 1 1 vey 


G4) GES 9G” A aa” 


6.  Shew that if a,, is the quotient corresponding to ee ‘ 
n 


: 1 1 1 1 1 “5 
Philos ab: Q@,—1,+ G—-2+ Gy-3F ag a+ hy 
1s 1 1 1 1 
@) Qn -1 ra AP aire Qn, —2+ an—3 t ae a3+ a+ ; 
7. Inthe continued fraction oe a , shew that 


CS UY Os ee 7 A IY I 
(1) Pr + Pn +1 =Pn-1Pn+1+PaPn+2> 
per =4n-1- 


8. ae —* is the n’ * convergent to the continued fraction 
1 


a 
shew that Gan =Pr+i In-1= 5% Px- 
9. In the continued fraction 
ride costs Reet Bgets Be 
+ b Pa : 


shew that 
Pn +2 — (ab + 2) py + Pn —-2=9, Gn +2 — (ab + 2) Q, + dn —-2 = 0. 
10. Shew that 


a}xy+ bel to 2 I 
1 aap Re DEP 0 22 quotients 
J 1 
= ar, + a to 2 i 2 
1 m+ aty+ Xt o 21 quotients 
R 
11.7% Kf * a S are the ath, (n — Ve ,(r- 2" convergents to the 
continued fractions. 
| 1 1 1 1 1 1 1 1 
a, + ay+ ag+ "” ant a3+ age” azt ay +..ag¢ 


respectively, shew that 
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M=a,P +R, N= (aja, +1)P+a,R. 


12. If ie is the nth convergent to 
an 


shew that p,, and q,, are respectively the coefficients of x" in the expansion 
of 


x nay ae 
————~ and ————_.. 
2 2 
l1—axv-x l1—ax-x 


—p 


a 
Hence shew that p, = qn —1 = x , where a, B are the roots of 
awe: 
the equation f — at -1=0. 


Pn. 
13. If — isthe n” convergent to 
n ay 


shew that p,, and g,, are respectively the coefficients of x" in the expansions 
of 


xtbe-x° a ax + (ab + 1)x ua 
a—(ab+2)x +x LowahGh ck Chins t 
Hence shew that 
. 
aba’ — 
APr, = bday — 1 = a- pr 

2 Stee ee he ek =e) 

OPE NN aa, ee Be od, gas ? 


2 : 
where a, f are the values of x found from the equation 


1- (ab +2)x° +x' =0. 
ee 


CHAPTER XXVI 


INDETERMINATE EQUATIONS OIF THE FIRST 
DEGREE 


345. In Chap. X we have shewn how to obtain the positive integral 
solutions of indeterminate equations with numerical coefficients; we shall 
now apply the properties of continued fractions to obtain the general 
solution of any indeterminate equation of the first degree. 

346. Any equation of the first degree involving two unknown x ard 
y can be reduced to the form ax + by = +c, where a,b,c are positive 
integers. This equation admits of an unlimited number of solutions; but if 
the conditions of the problem require x and y to be positive integers, the 
number of solutions may be limited. 

It is clear that the equation ax + by = —c has no positive integral 
solution; and that the equation ax — by = —c is equivalent to by — ax = ¢; 
hence it will be sufficient to consider the equations ax + by =. 

If a and b have a factor m which does not divide c, neither of the 
equations ax + by = c can be satisfied by integral values of x and y ; for 
ax + by is divisible by , whereas c is not. 

If a, b,c have a common factor it can be removed by division ; so that 
we Shall suppose a, b,c to have no common factor, and that @ and b are 
prime to each other. 

347. To find the general solution in positive integers of the equation 

ax — by=c. 


’ 


a : ‘ : 
Let > be converted into a continued fraction, and let P denote the 
q 


convergent just preceding ‘ ; then aq — bp = +1. [Art. 338.] 


1. If aq — bp = 1, the given equation may be written 
ax — by = c (aq — bp); 
BY a(x—cq)=b(v-op). 
Now since a and b have no common factor, x — cq must be divisible 
by b; hence x — cq = bt, where ¢ is an integer, 
2509 oy a. 
b "amas 
that is, x=bt+cq, v=at+ocp; 
{rom which positive integral solutions may be obtained by giving to ¢ any 
positive integral value, or any negative integral value numerically smaller 


(258 ) 
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than the less of the two quantities ww vig ; also tf may be zero; thus the 
number of solutions is unlimited. | 
Il. If ag — bp = —1, we have 
ax — by = —c (aq — bp), 
a(x+cq)=b(y + cp); 


aX st 
AS tt = 6, aninteger ; 
and . x = bt —cq,y =at—cp; 


from which positive integral solutions may be obtained by giving to f any 
positive integral value which exceeds the greater of the two quantities 


< — thus the number of solutions is unlimited. 


III. If either @ or b is unity, the fraction 3 cannot be converted into 


a continued fraction with unit numerators, and the investigation fails. In 
these cases, however, the solutions may be written down by inspection; thus 
if b = 1, the equation becomes ax — y = c ; whereas y = ax — c, and the 
solutions may be found by ascribing to x any positive integral value greater 
than ©. 

a 

NOTE. It should be observed that the series of values for x and y 
form two arithmetical progressions in which the common differences are 
b and c respectively. 


Example. Find the general solution in positive integers of 
29% — 42y = 5, 


42. ry F i 
In converting —~ 79 into a continued fraction the convergent just before 


= is Ue we have therefore 
29x 13-42x9=-1; 
29 x 65 — 42 x 45 = —S; 
éokbiaine this with the given equation, we obtain 
29 (x + 65) = 42 (y + 45); 
HH OS ye NES 
42° 4« N89 
hence the general solution is 
x = 42t — 6S, y = 29 — 45. 
_348. Given one solution in positive integers cf the equation 
ax — by =¢, to find the general soiution. 
beat h, k be a solution of a — by = c; then ah — bk =. 
ax — by = alt — dk ; 
a(x—h)=6(v—k); 
xa, wk 


d wid eg =f, an integer ; ¢ 


= (, an integer; 
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x=h+b ywek +.at; 
eaten is athe general solution. 


349. To find the general solution in positive integers of the Stas 
ax + by =c. 


Let . be converted into a continued fraction, and let m be the 


convergent just pr eceding = ;thenaq —bp= +1. 


I. Ifaq — bp = 1, we eve 
ax + by =c (aq — bp); 
a(cq—x)=b(y+o) 
cara a = ¢, an integer ; 
x =cq — Dt, Loy ging. 
from which positive integral solutions may be obtained by giving tot positive 
integral values greater than and less than . . Thus the number of 


solutions is limited, and if there is no integer fulfilling these conditions there 
is no solution. 
II. If aq — bp = —1, we have 
ax + by = —c (aq — bp); 
a(x +cq)=b(cp—y); 
wee = oer = f, an integer; 
: aca. y=cp-at; 
from which positive integral solutions may be obtained by giving tot positive 
integral values greater than pe and less than - . As before, the number of 


solutions is limited, and there may be no solution. 
III. If either @ or b is equal to unity, the solution may be found by 
inspection as in Art. 347. 
350. Given one solution in positive integers of the equation 
ax + by =¢, to find the general solution. 
a h,k be a sclution of ax + by = c ; then ah + bk =c. 
ax + by = ah + bk ; 
a(x —h)=b(k ae 
x Style ay 
anal 
x=h+bt, v=k-at; 
‘atihch' is ‘the general solution. 
351. To find the number of solutions in positive integers of the equation 
ax + by ==. 


= f, an integer : 
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Let ~ be converted into a continued fraction, and let P be the 


convergent just preceding © ; then ag — bp = +1. 


I. Let aq — bp = 1; then the general solution is 
x=cq-bt, y=at—cp [Art. 349] 
Positive integral solutions will be obtained by giving to f positive 


integral values not greater than a , and not less than © , 
a 


£ 


b 
e ‘3 mtf, 5 n+, 


; c i 
(i) Suppose that a and — are not integers. 


where m,n are positive integers and f, g proper fractions; then the least 
value ¢ can have is 2 + 1, and the greatest value is n ; therefore the number 
of solutions is 


eed ox LP ask 
n-m=+-+4+f-g=—+4+f-g. 
Aaa adh fare Si 0 
Now this is an integer, and may be written os +a fraction, or 
c ‘ ’ ‘ 
oo Mi fraction, according as f is greater or less than g. Thus the number 


alae : c ; 
of solutions is the integer nearest to aa greater or less according as f or 


g is the greater. 
(ii) Suppose that . is an integer. 


In this case g = 0, and one value of x is zero. If we include this, the 
c 
ab 


of solutions is the greatest integer in 


number of solutions is -— + f, which must be an integer. Hence the number 


C ; : 
~+10r+, according as we include 
ab ab 


or exclude the zero solution. 
uae) re : 
(iii) Suppose that q 18 an integer. 


In this case f = 0, and one value of y is zero. If we include this, the 
least value of t is m and the greatest is n ; hence the number of solutions 


is #1 — m+ 1, or - —g +1. Thus the number of solutions is the greatest 
a 


integer in = + lor om , accoding as we include or cxclude the zero solution. 
a a 


(iv) Suppose that a and ; are both integers. 


In this case f = 0 and g = 0, and both x and y have a zero value. If 
we include these, the least value f can have is m, and the greatest is 1; hence 
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: : s 
the number of solutions is 2. — m + 1, or me + 1. If we exclude the zero 


d aekke 
values the number of solutions is — — 1. 


ab 
II. Ifag — bp = —1, the general solution is 
x=bt-—cq, y=<cp-—at, 
and similar results will be obtained. : 

352. To find the solutions in positive integers of the equation 
ax + by + cx = d, we may proceed as follows. 

By transposition ax + by = d —cz ; from which by giving to z in 
succession the values 0, 1, 2, 3, .... we obtain equations of the form 
ax + by =’, which may be solved as already explained. 

353. If we have two simultaneous equations 

ax+by+ez=d, a'x+byt+cz=d, 
by eliminating one of the unknowns, z say, we obtain an equation of the 
form Ax + By = C. Suppose that. x = f, y = gis a solution, then the general 
solution can be written 
: x=f+ Bs, y=g—As, 
where s’is an integer. 

Substituting these values of x and y in either of the given equations 
we obtain an equation of the form Fs “+ Gz =H, of which the general 
solution is 

s=h+Gt, z=k — Ft say. 
Substituting for s, we obtain 
x=f+Bh+BGi, y=g- Ah -AGt; 
and the values of x, y, z are obtained by giving to / suitable integral values. 

354. If one solution is positive integers of the equations 

ax + by + cz=d,a'x t+b'y + c'r=d', 
can be found,the general solution may be obtained as follows. 

Let f, g, 2 be the particular solution ; then 

af+bg+ch=d, a'f+b'gt+ch=d'. 

By subtraction, 

a(s-f+by-g)te(@-h) =0, 
Gi Xam) # Di. = 8) +0. =k) = 0 
whence 


EE dad Seas BAS inte Saige wi 
he’ —b'c * eat =@a VG =8b Kk 
where f is an integer and k is the H.C.F. of the denominators bce' — b'c, 


ca' —c'a, ab’ — a'b. Thus the general solution i is 


x= f+ (be' ~ Bic}; y= gt (ca —cla)7 2 =h + (ab’ —a'b) + 
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| EXAMPLES. XXVI 


Find the general solution and the least positive integral solution of : 


Solve 
9. 


10. 


11. 


12. 


13. 
14. 
15. 
16. 


17. 


18. 


19. 


20. 


TISX'= Tity = 1. 2. 455x — 519y'= 1. 
436x — 393y = 5. 
In how many ways can £1. 19s. 6d. be paid in florins and half-crowns ? 
Find the number of solutions in positive integers of 
11x + 15y = 1031. 

Find two fractions having 7 and 9 for their denominators, and such 
that their sum is 1 a , 
Find two proper fractions in their lowest terms having 12 and 8 for 
their denominators and such that their difference is ve 
A certain sum consists ofx poundsy shillings, and it is half of y pounds 
x shillings; find the sum. 
in positive integers : 

6x + 7y + 4z = 122 

11x + 8y — 62 = 145 [ 

12x — lly + 42 = 22 

—4v+ Syt+ z=17) 
20x — 21y = 38 | 


3y + 4z = 34 
13x + 11z = 103 
= Spee 


Tx + 4y + 19z = 84. 

23x + ITy + liz = 130. 

Find the general form of all positive integers which divided by 5, 7, 8 
leaves remainders 3, 2, 5 respectively. 

Find the two smallest integers which divided by 3, 7, 11 leaves 
remainders 1, 6, 5 respectively. 

A number of three digits in the septenary scale is represented in the 
nonary scale by the same three digits in reverse order; if the middle 
digit in each case is zero, find the value of the number in the denary 
scale. 

If the integers 6, a, b are in harmonic progression, find all the possible 
values of a and b. 

Two rods of equal length are divided into 250 and 243 equal parts 
respectively; if their ends be coincident, find the divisions which are 
the nearest together. 

Three bells commenced to toll at the same time, and tolled at intervals 
of 23, 29, 34 seconds respectively. The second and third bells tolled 


23. 


24, 
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39 and 40 seconds respectively longer than the first; how many times 
did each bell toll if they all ceased in less than 20 minutes. 
Find the greatest value of c in order that the equation 7x + 9y=c 
may have exactly five solutions in positive integers. 
Find the greatest value of c in order that the equation 
14x + 1ly = c may have exactly five solutions in positive integers. 
Find the limits within which c must lie in order that the equation 
19x + 14y = c may have six solutions, zero solutions being excluded. 
Shew that the greatest value of c in order that the equation 
ax + by =c may have exactly n solutions in positive integers is 
(n+1)ab-—a-—b, and that the léast value of c is 
(n — 1) ab + a + b, zero solutions being excluded. 

ee 


CHAPTER XXVII 
RECURRING CONTINUED FRACTIONS 


355. We have seen in Chap. XXV. that a terminating continued fraction 
with rational quotients can be reduced to an ordinary fraction with integral 
numerator and denominator, and therefore cannot be equal to a surd; but 
we shall prove that a quadratic surd can be expressed as aninfinite continued 
fraction whose quotients recur. We shall first consider a numer:cal example. 

Example. Express V19 as a continued fraction, and find a series of 
fractions approximating to its value. 


VI9= 44 (VI9- 4) =44+ 73, 
cane er kt Vea 
igo omsaergr shia 
MP SS VIPS 5 ye See, 
sats oad Ga Re GID 
wee? + Wat i24 7, 
V19 + 4 =8 + (V19 — 4) = Bt vrccsrssesnee 


after this the quotients 2, 1, 3, 1, 2, 8 recur ; hence 
1 1 » eee | | 1 


It will be noticed that the quotients recur as soon as we come to a 
quotient which is double of the first. In Art. 361 we shall prove that this is 
always the case. 

[Explanation. In each of the lines above we perform the same series 
of operations. For example, consider the second line : we first find the 


cae ; . V19 +4 
greatest integer in gs this is 2, and the remainder is 3 "2, 
that is ch re . We then multiply numerator and denominator by the surd 


(265) 
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: é 5 
conjugate to V19 — 2, so that after inverting the result —~ >_> Vig pe? ME begin 


a new line with a rational denominator.] 
The first seven convergents formed as explained i in Art. 336 are 
S. miatel 5 8 61 170 1421 
uaeers FT” 14” 30 "326 © 


The error in taking the last of these is less than >, and is therefore 


less than a or —~—— , and a fortion less than -00001. Thus the seventh 
convergent gives ihe value to at least four places of decimals. 

356. Every periodic continued fraction is equal to one of the roots of a 
quadratic equation of which the coefficients are rational. 

Let x denote the continued fraction, and y the periodic part, and 
suppose that 


as b+ c+ h+ k+ y’ 
1 i i aes | 
A are fee ee - 
and eo as ut uty’ 


where a, b,c, .... 1, k, m,n, ... u,v are positive integers. 
? : 3 : 
Let 2 : i be the convergents to x corresponding to the quotients 


h,k respectively; then since y is the complete quotient, we have 


ae pre : 


whence y == ——+— 
ee qx—-p 


r’ : : 
Let : oF be the convergents to y corresponding to the quotients 
‘i Eyre 
u,v respectively; then y = wan ; 


Substituting for y in terms of x and simplifying we obtain a quadratic 
of which the epepiaca are rational. 


The equation s y + (s —r')y — r= 0, which gives the value of y, has 
its roots real and of opposite signs; if the positive value of y be substituted 


: ly ot w int, F 

inx = ae , on rationalising the denominator the value of x is of the 
A+VB F 

form Cc where A, B, C are integers, B being positive since the value 


of y is real. 


Dds Cree 1 
Example. E Les aceasta = 
rample. Express Eee rer as a surd. 
Let x be the value of the continued fraction; then 
i 1 
= ) = 2 -J= 
5% es sere +2-—J=9. 
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‘The continued fraction is equal to the positive root of this equation, 
v15—1 
Par” 


EXAMPLES. XXVII a. 


Express the following surds as continued fractions, and find the sixth 
convergent to each : 


and is therefore equal to 


Lonvey3; 2. V5 3. V6. 4. V8. 

50 a4 6. V13. 7. V4. 8. ¥22. 

g.- 2y3. 10. 4V2. 11. 3V5. 12. 4V10. 
ee cous V/s V a 

13. Br 14. Fat 15. z 16. a: 


17. Find limits of the error when a is taken for V17. 


18. Find limits of the error when =! is taken for V23. 


19. Find the first convergent to V101 that is correct to five places of 
decimals. 

20. Find the first convergent to V15 that is correct to five places of 
decimals. 
Express as a continued fraction the positive root of each of the 

following equations : 

2M. x te -1=0. 22x°-4r-3=0 | 23% - or -3 = 0. 


24. Express each root of x — Sv +3 =0 asa continued fraction. 

25. Find the value of 3 + rh oe . (nsec 

26. Find the value of bali es rite 5 i 

27. Find the value of 3 + ai + = ag: ore See 

28... Find the value of 5 + oa <a aa 

29.  Shew that 4 5 ’ 
344 Ihe yiot gme ee eoe fete J 


30. ~Find the difference between the infinite continued fractions 
Ge a ae ee ee ee ee 
1¥ 35a O38 I et 1+ 5+ 
*357. To convert a quadratic surd into a continued fraction. 
Let N be a positive integer which is nut an exact square, and let a, 
be the greatest integer contained in VN ; then 
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J pT) foppiinc Doe 
= —4a,) =a, +=—_.,, ifn = 
VN ay + ( N ay) a TN + ma 1 ry 
: E . VN + a; 
Let b, be the greatest integer contained in ts then 
1 . 
VN + ay VN = bir} <i a VN — a> Lo) : 
——— =), 4+ —————__ =); 1 Tweet oot Obi N+ a 
sp | "a a 
2 
where a, =b,r, — 4, andry7, =N— a). 
Similarly 
VN + a b Pilar oe . r3 : 
I - 2 Lig aie VN + 43’ 
: zZ 
where a3 = born — an and r373 = N — a3; 
and so on; and generally 
VN + an — 4 : git aes Fn ist 
™-1 Panis ™-1 no Sit Bo ena g” 
; 7 
where Gy, = Dy L 1f_ — 1 Gil 7 and Re pH = NE a, 
1 1 1 1 
: Hence VN. =a} Rt) Seer dee : 


by, + bo + b3+ byt 
and thus VN can be expressed as an infinite continued fraction. 

We shall presently prove that this fraction consists of recurring 
periods; it is evident that the period will begin whenever any complete 
quotient is first repeated. 

We shall call the series of quotients 
VN+a, VN+a, VN+a3 


VN, ooo inn 
ry wz "3 
the first, second, third, fourth ....... complete quotients. 

*358. From the preceding article it appears that the quantities 
1,17), 01, b2, bz ..... are positive integers; we shall now prove that the 
quantities @>, a3, G4, ......, 72, 73,14, -.. are also positive integers. 

Let 2 oe , P be three consecutive convergents to VN, and let = 
be the convergent corresponding to the partial quotient b,,. The complete 

F : _ VN + ay, 
quotient at this stage is aarti hence 
a 
VN + ay, 
Ce ey + 
es ine 4 p'VN+a,p'+r,p 


VN + an oy iy ~ g' VN +anqg'’ +mq- 
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Clearing of fractions and equating rational and irrational parts, we 
have 


Qy p' +™p=Nq', anq' + mq =p’; 
, ? , ' ’ , 12 yz 
whence 4p (pq’ — p’q) = pp’ — qq'N, ™ (pq' - p'q)=Nq" —p 

Li ' ' f ‘ ’ 2 12 
But pq’ — p’q = +1, and pq’ — p'q, pp’ — qq’ N, Nq” — p" have 
the same sign [Art. 344]; hence a, and r, are positive integers. Since two 

Se Wd ye 

convergents precede the complete quotient me RS , this investigation 


holds for all values of n greater than 1. 
*359. To prove the complete and partial quotients ME 


In Art. 357 we have proved that 7,7, 1 =N- aoe Also 7, and 
Tn — 1 are positive integers; hence a,, must be less than VN, thus @,, cannot 
be greater than a, , and therefore it cannot have any values except 1, 2, 3, 
ae a; that is, the number of different values of aj, cannot exceed ay. 

Again, @, 4 1 =%mb, — a,;thatis 7, by, = a, + Gy 4 1, and therefore 
Tn Dy cannot be greater than 2a, ; also b,, is a positive integer ; hence r;, 
cannot be greater than 2a,. Thus 7, cannot have any values except 1, 2, 3, 
reo 2a, ; that is, the number of different values of r, cannot exceed 2a}. 


VN +a, 


S 
Thus the complete quotient cannot have more than 2a} 


Tn 
different values; that is, some one complete. quotient, and therefore all 
subsequent ones, must recur. 
; _ YN + ay, ; 
Also b, is the greatest integer in ————— ; hence the partial quotients 
1 


must also recur, and the number of partial quotients in each cycle cannot be 
greater than 2a, 
*360. To prove that a, < an +l. 
We have i, pt 6n =a ypine ; 
Qn —1 + Qn = OF > ~-\;5 
since bn _ 1 1S a positive integer ; 
VN + Qy\> Tn —13 


l 7 é 

But VN = Gn = nn = 13 
VN — ay, <Tn 5 

4-4, <n 


which proves the proposition. 
*361. To shew that the period begins with the second partial quotient 
and terminates with a partial quotient double of the first. 
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Since, as we have SER, rg Art. 359, a recurrence must take place, = 
us suppose that the (m + 1)" ’ complete quotient recurs at the (s + We 
then 

As = an, Ts =m, and bs = by ; 
we shall prove that 
as—~ 1 =4n-1; ls = =n — 5 Os = 1 = On 15 
We have 
2 2 f 
Ty 17s = N — Gs + N — Gn =™ 1 =n -1753 

ve Ts-y=n-1- 

Again, 

Qn —1 + Gn = Dy 3, a — 1 Og 21 + Os = Ds 4,05 = 1 = Os — 1m -13 
On —1 ~ 45-1 =™m=-1 On -1 7 Os = )5 


Qn —1 ~ As —j L 
anol Sats b, — 1 — b; —1 = zero, or an integer. 


ln-s : 
But, by Art. 360, a, — dy — | <7, — 1, and a; — a, — 1 <7 — 1; that is 
Qype 1: therefore a ae Se ee RE hence 
a-1, 74 ilies F : 
— is less than unity, and therefore must be zero. 
Ty —1 


Thus a; — ; = 4@,— ; and also bs — 7 = Dy - 3. 
‘ } s th 
Hence if the (1 + 1 )' complete quotient recurs, the n’ complete 


: i 
quotient must also recur; therefore the (7 — 1) complete quotient must 
also recur; ans $o on. 
This proof holds as long as 7 is not less than 2 [Art. 358], hence the 
VN +a 
complete quotients recur, beginning with the second quotient ~.It 
7” 
follows therefore that the recurrence begins with the second partial quotient 
b, ; we shall now shew that it terminates with a partial quotient 2a, ; 


VN +a 
Let a eae “ be the complete quotient which just precedes the second 
n 
VN +a, vN + ayn VN + a, 
complete quotient — ers when it recurs; then ————— and ———— 
™n " 


are two consecutive complete quotients; therefore 
as 
G+ 4) =Tbyy Mr = N — ay; 
ZY 

but N — a) =r, ; hence sy, = 1. 

Again, a, — a, <7, , that is < 1; hence a, — a, = 0, that is 

Ay = a}. 

Also ay + 4, = %, Dy, = by 5 hence b,, = 2a, ; which-establishes. the 

proposition. 


*362. To shew that in any period the partial quoticnis equidistant from 
the beginning and end are equal, the last partial quotient being excluded. 
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: VN +a 
Let the last complete quotient be denoted by og sT} - then 
n 
m= 1, an =a4), by = 2a 
We shall prove that 
In — 1 = Mr BPG Ee; bn —-1 =) 1; 
m7 =", Gn —2 = 43, by ~2 = bo; 


SAPO Rete ewer ee eee se eee reer ene sss seas sasensseeseeseses sree eeneeseteesseeseeeeee 


Qn —1 + Ay = ay — 1 + Gn = Mm -— 1b, —1 = bn 13 
and a, +a,=7,)1; 


42 — Gy —~ 1 = 1 (b) — by - 4); 
a2 5 ne} . 
Sg ae b; — 6, — ; = zero, or an integer. 
1 
Q@2~— ani ~~ Gn-1 4 @) ~&-1 aor 
But —————— < —-_———__, that is < , which is less 
ie) ry ™-1 
than unity; thus a> — a, — ; = 0; hence a,, — = a>, and b,, _ ; = bj. 
Sumilarly Tn —2 =I, Gn —2 = 43, by — 2 = bz; and so on. 


*363. From the results of Arts. 361, 362, it appears that when a 
quadratic surd VN is converted into a continued fraction, it must take the 
following form 

1 1 al 1 J 1 1 
a + 
bi + by + b3+ Be iba nb, P28, 
*364. To obtain the penultimate convergents of the recurring periods. 
Let 7 be the number of partial quotients in the recurring period; then 
= ; 2 th 
the penultimate convergents of the recurring periods are the ni, 2n'", 
3n"* ... convergents; let these be denoted by 
Pn P2n P3n . 
—=, i-—3, iz ae Fespectively. 
Qn In Ws 


Rupee pon” Wee no Bee Lh Domes. 


Pn+1 


so that the partial quotient corresponding to is 2a, ; hence 


Qn +1 
Pn +1 ma 241 Pn + Pn -1 
Qn+1 24,%1'+ In -1 

The complete quotient at the same stage consists of the period 


2a, + 
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and is therefore equal toa; + VN;hence _ r 
INS (a, + VN) Pn + Pn -1 ' 
(a, + VN) Gn + Gn -1 
Clearing of fractions and equating rational and irrational parts, we 
obtain 


41 Pn + Pn-1 = NGn> 419n aa 1=Pn ...(1) 
Again oe can be obtained from Es aan cd * by taking for the 
fan Qn Qn - 
quotient 
1 1 1 
2a +S ee er 


which is equal to a; + Thus 


n 


Pn 
_n + Dn - P 
[« + Gn | Pn* Pn-1 Na, + = Pn 


n 


mer y a= pee ee from (1); 
2 
a,+— Qn + Gn -1 Put —* Qn 

- Qn Qn 


on _1{ Pn , Nan 
pe at(Btie) o 


In like manner we may prove that if = is the penultimate convergent 
3 cr 


. th . . 
in the c recurring period, 
41 Pen + Pen —1 = NQen » 91 9cn + Yen —1 =Pen » 


and by using these equations, we may obtain a , am acsbin successively. 
an 4n 
It should be noticed that equation (2) holds for all multiples of n; 


thus 


P2cn 1 Pen , N den ) 
2 | dn Pon |’ 


the proof being similar to that already given. 
*365. In Art. 356, we have seen that a periodic continued fraction 
can be expressed as the root of quadratic equation with rational coefficients. 
Conversely, we might epee by the method of Art. 357 that an 


; A+ Centers 
expression of the form , where A, B, C are positive integers, and 


B not a perfect square, can be converted into a recurring continued fraction. 
In this case the periodic part will not usually begin with the second partial 
quotient, nor will the last partial quotient be double the first. 
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For further information on the subject of recurring continued 
fractions we refer the student to Serret’s Cours d’Algebre Superieure and to 
a pamphlet on The Expression of a Quadratic Surd as a Continued Fraction, 
by Thomas Muir, M.A., ER.S.E. 


| *EXAMPLES. XXVII. b. | 


Express the following surds as continued fractions, and find the fourth 
convergent to each : 


ith Va +1. 2.Va —a. 3.Va ~-1. 
4 eet ae Senet soy gy 2 OV Puke 
a b n 


3 Prove that 
Von + pied pa apie vc a Pte 0 Soa 
9a +3 3a bist re ae ee ees 
and find the fifth convergent. 
8. Shew that 


1 1 1 1 1 Rane 
Ne agers. Pe bee p +4p 4 
9. Shew that 
Bett Os Ve ieee ier tS 
P \41 Tas a3 + pqas+ ced me a+ paz;+ qaz,+ ~~ 


10. If Ya" +1 be expressed as a continued fraction, shew that 
2. 
2(@ +1)9n =Pn-1+Pn+t. Pn=In-1i+M+41- 


to | <= PF tad + Ope oe tre . 
pssion pades thee rhiday 
Y 2a, + ay + 2a, + 20,40” 
1 1 1 1 
2S Se eae Se ee oes i 


~ 3a, + 3a, + 3a, + 3a, + 


2 2 2 2 
shew that x —-27) + le -x") +32 -y)=0. 
12. Prove-that 


seeeees 


shew that (ab +a+b)x— (@b 
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14. 


15. 


16. 


17. 


is equal to 


18. 


19. 
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if es be then” convergent to Ya + 1, shew that 


} Y Ss 
ie 2 2 

Pz + P3 t+. FPn+1 _ Pn+1Pn+2 7 PiP2 

Gatge +  $Qy 41 adel In+2 7 NF 


Shew that 
bial 2aduosa bbifsiigod be lade andy 1 + be 
at b+ct” b+tatct” ~ 1+ab 
If a denote the fn convergent to as , shew that 
5 


qr 
Py rps + .... F Pm — 1 = Pm — Pr 
43+ 95 +... +m -—1 = Im 9: 

Prove that the difference of the infinite continued fractions 


ee Tage) a PLS Sk gee ee 
a+ b+ct+ : b+ at°¢c+ é 
a-—b 

1+ ab- 


If VN is converted into a continued fraction, and if 2 is the number 
of quotients in the period, shew that 


Z 
Gon = nGn, Pn = Bn + (-1) 
If VN be converted into a continued fraction, and if the penultimate 


n+l 


: h : 
convergents in the first, second, ....k’' recurring periods be denoted 
by /21, 129, ..... Np respectively, shew that 


ne + VN cee ‘ 


ne—-VN- | 2ny—-VN 


CHAPTER XXVIII 


INDETERMINATE EQUATIONS OF THE 
SECOND DEGREE 


*366. The solution in positive integers of indeterminate equations of 
a degree higher than the first, though not of much practical importance, is 
interesting because of its connection with the Theory of Numbers. In the 
present chapter we shall continue our attention to eqnatiqns of the second 
degree involving two variables. 

*367. To shew how to obtain the positive integral Gaines ofx mal y which 
satisfy the Saeave 


ax” 2 + hy + by” + 2x + Yvt+c=0 
a,b,c, f,g,h being integers. 
Solving this equation as a quiisdvatic 5 in x, as in Art. 127, we have 
axthy+g=+V(h ET TOIT Toe —ac) **\..(4) 
Now in order that the values of x and y may be positive integers, the 
expression under the radical, which we may denote by pe + 2gy + r, must 
be a perfect square; that is 
pe” +2qyvt+r= 2, suppose. 
Solving this equation as a quppraticas in y, me have 
pytq=2Vq prt pz; 
and as before, the expression under the radical must be a perfect 


We 
square : suppose that it is papal io a5 ; then 
f pz Sj q at if 
where ¢ and z are variables, and p, q,r are constants. 

Unless this equation can be solved in positive integers, the original 
equation does not admit of a positive integral solution. We shall return to 
this point in Art. 374. 

If a,b,h are all positive, it is clear that the number of solutions is 
limited, because for large values of x and y the sign of the expression on 
the left depends upon that of ax’ + uy + by” [Art. 269], and thus cannot 
be zero for large positive integral values of x and y. 

Again, if h? ~ ab is negalive, the coefficient of y" in (1) is negative, 
and by similar reasoning we see that the number of solutions is limited. 

Example. Solve in positive integers the equation 


( 275 ) 
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apts Ay + 6y — 2x — 20y = 29. 
Solving as a quadratic in x, we have 
By OE ak 

* wee r: ark > pe fee 

But 30 + 24y — 2y" aie = 24 = 6)” ence {y ~ 6) cannot be 
greater than 51. By J trial we find. ‘that, the expression under the - radical 
becomes a perfect square | when Age = 6)” = Lor 49; thus the positive integral 
values of y arez5, 7, 13. 

When y = 5, x = 21 or:t; ‘when y=7, x = 25 or 5; when y = 13, 
x = 29 or 25. 

#368. We have seen that the solution in positive integers of the 
equation 


ax one) Obit + 2+ 2fytc=0 
can be made to SEDER upon si solution of an en of the form 
oe + Ny” =+4, 
where N and a are positive integers. 
: 2 2 ‘ : 
The equationx” + Ny = —a has no real roots, whilst the equation 
Ye p} ieee 5 : 
~ + Ny” =a has a limited number of solutions, which may be found by 
trial we: shall therefore confine our attention to equations of the form 
iN y =a. 


; . J 2 4 
#269. To shew that the equation x — Ny” = 1 can always be solved in 
positive integers. 


’ 


Let VN be converted into a continued fraction, and let BsBai —— be 
7 


VN +a 
any three consecutive convergents; suppose that aSatps—iisithe complete 


n 
mr 


quotient corresponding to E then 


ins 


, ’ r Aus j2 5 
t™ (pq' — p'q)=Nq" —p [Art. 358] 
But 7,, = 1 at the end of any period [Art. 361]; 
Re 2 ! ' 
Pp -~Nq’ =p 4-pq'; 
% being the penultimate convergent of any recurring period, 


: ; : ilaOe m4 
It the number of quotients in the period is even, Pp '§ an even 


convergent, and is therefore greater than VN, and therefore greater than 
; thus p'q — pq’ = 1. In this case p” = Nq” = 1, and therefore x = p’, 
y =q' is a solution of the equation pre Ny" = 1. 

Since © is the penultimate convergent of any recurring period, the 


number of solutions is unlimited. 


INDETERMINATE EQUATIONS ORTHE SECOND DEGREE. 2277 


if the number of quotients in the period is odd, the penultimate 
convergent in the first period is an odd convergent, but the penultimate 
convergent in the second period is an even convergent. Thus integral 


solutions will be obtained by putting x =p’, y= q', where A is the 


penultimate convergent in the second, fourth, sixth ..... recurring periods. 
Hence also in this case the number of solutions is unlimited. 
*370. To obtain a solution in positive integers of the equation 


xr +tNy =-1 | 
As in the preceding article, we have 
12 2 ' ' 
ja Gt a lar ge 


If the number of quotients in the period is odd, and if? q ; is an odd 


penultimate convergent in any recurring period, - Sa , and therefore 


COG ek: 
: 2 2 
In this case p’” — Nq'” = —1, and integral solutions of the equation 
2 . : ‘ eg 
x —N y” = ~1 will be obtained by putting x = p’, y = q’, where 7 is the 
penultimate convergent in the first, third, fifth ... recurring periods. 
Example. Solve in positive integers dfs 13y" =+1. 
We can shew that 


Si Ghee hice GIL ed 
Here the number of quotients in the period is odd; the penultimate 


, ig 2 a F : 
convergent in the first period is 48 ; hence x =18 y= Sis a solution of 


y= 13y" =-1. 
By Art. 364, the penultimate convergent in the second recurring 


period is 
v ener 13] that is 


; ; 2 
hence x = 649, y = 180 is a solution of he 13y = 1. 
By forming the successive penultimate convergent of the recurring 
periods we can obtain aM pumas of solutions of the equations 


- . x i = —1,andx” — 13y" = +1. 
*371. When one solution is positive integers ofx’ —_N g = lhas been 


found, we may obtain as many as we please by the following method. 
Suppose thatx = h, y = kis a solution,h and k being positive integers, 


then (h? = Nk’y" = 1, where n is any positive integer. Thus 
x — Ny? = (h’ — Nk)". 
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(x + y VN) (t — y VN) = (h + KVNY" (h — KN)". 
Put xtyVN=(h+kVN)", x-yVN=(h-kVN)' ; 
2 = (h +k VNY' + (h —k YN)’; 
dy VN = (h +k VN)" — (h —K VN)". 
The values of x and y so found are positive integers, and by ascribing 
ton the values 1, 2, 3, ...., as many solutions as we please can be obtained. 
Similarly if x=h, y=k is a solution of the equation 
y—N y = —1, and if is any, odd posttiie intepfi 
x -N y = (h’ - —-Nk y 
Thus the values of x and y are the same as already found, but n is 
restricted to the values, 1, 3, 5, ....... 
ee By putting x =ax', y=ay’ the equations x -—N y =+a° 
become x’” — N y’” = + 1, which we have already shewn how to solve. 
#373, We have seen in Art. 369 that 


re pA , ’ 
po -Nqv=+m (0d —p'g= = 
Hence if a is a denominator of any complete eee which occurs 


in converting VN into a continued fraction, and if > is the convergent 


obtained by stopping short of this complete quotient, one of the equations 
x - Ny = +a is satisfied by the values x = p’,y = q’. 


Again, the odd convergents are all less than VN, and the even 


Pp" 


convergent are all greater than VN ; hence if ~ is an even convergent, 


xX =p’',y =q'is a solution of x’ — Ny = 0; and iF is an odd convergent, 


x =p',y =q’ is a solution of x’ — Ny” = —4. 

*374, The method explained in the preceding article enables us to 
find a solution of one of the equations x" — N y = +a only when a is one 
of the denominators which occurs in the process of converting VN into a 
continued fraction. For example, if we convert V7 into a continued fraction, 
we shall find that 
tae aa 
1+ Ue ae 
and that the denominators of the complete quotients are 3, 2, 3, 1. 

The successive convergents are 

z, ; 5:0Bin3Wn45q S2cuk27, ; 
wy YR 24d 47 Leggokaage asi 
and if we take 3 od of equations 
—  X -W-3P Haar 332-7? <1, 
we shall find that they are satisfied by taking 


¥v7=2+ 
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for x the values 2, 3, 5, 8, 37, 45, 82, 127, ...... 
and for y the values 1, 1, 2, 3, 14, 17, 31, 48, ...... 
*375. It thus appears that the number of cases in which solutions in 


: : 2 2 Y i aie 

integers of the equationsx” — Ny" = + a canbe obtained with certainty is 
very limited. In a numerical example it may, however, sometimes happen 
that we can discover by trial a positive integral solution ofthe equations 


i 2 4 : ; 
x — Ny = +a, whena is not one of the above mentioned denominators; 


thus we easily find that the equation aoe ty = 53 is satisfied by y = 2, 
x.= 9. When one solution in integers has been found, any number of 
solutions may be obtained as explained in the next article. 

*376. Suppose that x =f, y=g is a solution of the equation 


Y—N y =a ; and let x=h,y=k be any solution of the equation 
2 2. 
x -—Ny = 1¢ then 
x -Ny =(f -Neg’) (nr? - NK) 


= (fh + Ngk)” — N (fk + gh)’. 

By putting x =fh + N gk, y =fk + gh, 
and ascribing to 4,k their values found as explained in Art. 371, we may 
obtain any number of solutions. 

*377. Hitherto it has been supposed that N is not a perfect square; 
if, however, N is a perfect square the equation takes the form 
Y-n y =a, which may be readily solved as follows. 

Suppose that a = bc, wheré b andc are two positive integers, of which 
b is the greater ; then 

(x + ny) & — ny) = be. 

Put x + ny = b,x — ny = c; if the values of x and y found from these 
equations are integers we have obtained one solution of the equation; the 
remaining solutions may be obtained by ascribing to b and all their possible 
values. 

Example. Find two positive integers the difference of whose squares 
is equal to 60. 

Let..t¥ 'be the two integers; then yo y = 60; that is, 
(x + y) (x — y) = 60. 

Now 60 is the product of any of the pair of factors 

1, 60; 2, 30; 3, 20; 4, 15; 4, 12; 6, 10; 
and the values required are obtained from the equations 
x+y = 30, x+y =10, 
x-y=2, x-y=6; 
the other equations giving fractional values of x and y. 
Thus the numbers are 16, 14; or 8, 2. 
COR. In like manner we may obtain the solution in positive integers 


~) 


of 
ax’ + Ly + by” + 2x + By +c =k, 
if the left-hand member can be resolved into two rational linear factors. 
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*378. If in the general cquaiton a, or b, or both, are zero, instead of 
employing the method explained in Art. 367 it is simpler to proceed as in 
the following example. 

Example. Solve in positive integers 

Day — 4x" + 12x — Sy = 11. 

Expressing y in terms of x, we have 


2 
4ac4—-12y ok 6 
pee eae eo 
In order that y may be an integer te ai 5 must be an integer; hence 


2x — 5 must be equal to +1, or +2, or +3, or +6. 

The cases +2, +6 may clearly be rejected; hence the admissible values 

_ofx are obtained from 2c —5 = +1, 2x —5 = +3; 

whence the values of x are 3, 2, 4, 1. 

Taking these values in succession we obtain the solutions 

x=3, y=114 ¥=2, y=-3:x=4,y=9;x=1Ly=-1; 
and therefore the admissible solutions are 
x=3,y=1x=4,y=9. 

*379. The principle already explained enable us to discover for what 
values of the variables given linear or quadratic functions of x and y become 
perfect squares. Problems of this kind are sometimes called Diophantine 
Problems because they were first investigated by the Greek mathematician 
Diophantus about the middle of the fourth century. 

Example 1. Find the general expressions for two positive integers 
which are such that if their product is taken from the sum of their squares 
the difference is a perfect square. 

Denote the integers by x and y; then 

#2 xy + y =: suppose; 
2 2 
. x(Qx—-y)=z -y. 
This equation is satisfied by the suppositions 
mean (zt+y), n(x —y)=m(x—y), 
where ym and n are positive integers. 
Hence mx — ny — nz = 0, nx + (mt —1)y — mz = 
From these equations we obtain by cross multiplication 
yp $j m3} beaks ric x 


Bo COT rete Tata 2? 
2nn —n m= i my en 
and since the given equation is homogeneous we may take for the general 
solution 


2 2 2 2 i 
x= mn -nN, y= -n, z=mM —mn +n’. 
, Here m and n are any two positive integers, m being the greater; thus 
if m1 = 7,n = 4, we have 
x = 40, y = 33, z = 37. 
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Example 2. Find the general expression for three positive integers in 
arithmetic progression, and such that the sum of every two: is a pees 
square. 


Denote the integers by x — y, x, x + y ; and let 
&e-y=p*,x=q,x+y=Pr; 
then A ae Bie = 24" 
26 
or oy q = q° “a 
This equation is satisfied by the suppositions, 


m (r— q) =n (q—p),n(r+q)=m(q +p), 
where and n are positive integers. 
From these equations we obtain by cross er ee 
n° + mn =n mn +n? m” + 2mn =n? 
Hence we may take for the general solution 
5 ) 
“up =n? + 2mn —m’,g=m? +n?,r=m + 2nn cyt 
i bs 2 2 
whence AAs (m” +n We y=4nn (mn? = n, 


and the three integers can be found. 

From the value of x it is clear that 7 and n are either both even or 
both odd; also their values must be such that x is greater than y, that is, 

(m? + ny? > &mn (m? n°) 
3 2r2 3 4 

or m (m — 81) + 2n'n’ + Bnn +n > 0; 
which condition is satisfied if m > 81. 

If mt = 9,n = 1, then x = 3362, y = 2880, and the numbers are 482, 
3362, 6242. The sums of these taken in pairs are 3844, 6724, 9604, which 
are the squares of 62, 82, 98 respectively. 


*EXAMPLES XXVIII. 


Solve in positive integers : 


i aes 10xy + tl = 77. 1. ie = ay + 3y = 27. 
3 y? — dy + Sx” — 10r = 4. 4. xy - 2k -y=8. 
5. w+ dy 4y=14. 6. 4x’ - y= 315. 
Find the smallest solution in positive integers of 
7 x = 14 =1. 8. x7 — 197 = 1. 
2 2 a 2 
9, ox 2 4ly — 1, 10.x° — 6ly +5=0. 


{hy x ey 9. 6. 
Find the general solution in positive integers of 
2. x -3y =1. 13.x° -— 5y’=1. 
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14g? = 
Find the general values of x and y which make each of the following 
a hase a ee square : 


is 5 ay + 9 16.x° + 2xy + 2)”. 


17. 5x + y. 

18. Find two positive integers such that the square of one exceeds the 
square of the other by 105. 

19. Find a general formula for three, integers which may be taken to 
represent the lengths of the sides of a right-angled triangle. 

20. Find a general formula to express two positive integers which are 
such that the result obtained by adding their product to the sum of 
their squares is a perfect square. 

21. “There came three Dutchmen of my acquaintance to see me, being 
lately married; they brought their wives with them. The men’s names 
were Hendrick, Claas, and Cornelius; the women’s Geertruij, Catriin, 
and Anna; but I forgot the name of each man’s wife. They told me 
they had been at market to buy hogs; each person bought as many 
hogs as they gave shillings for one hog; Hendriek bought 23 hogs 
more than Catriin; and Claas bought 11 more than Geertrujj; likewise, 
each man laid out 3 guineas more than his wife. I desire to know the 
Pes of each man’s wife.” (Miscellany of Mathematical Problems, 
1743 

22. Shew that the sum of the first 7 natural numbers is a perfect square, 


oe 2 2 : 
ifn is equal tok’ ork’ — 1, where k is the numerator of an odd, and 
k' the numerator of an even convergent to V2. 

@¢ 


CHAPTER XXIX 
SUMMATION OF SERIES 


380. Examples of summation of certain series have occurred in 
previous chapters; it will be convenient here to give a synopsis of the methods 
of summation which have already been explained. 

(i) Arithmetical Progression, Chap.-IV. 
(ii) Geometrical Progression, Chap. V. 
(iii) Series which are partly arithmetical and partly geometrical, Art. 
60. 

(iv) Sums of the powers of the Natural Numbers and allied Series, 
Arts. 68 to 75. 

(v) Summation by means of Undetermined Coefficients, Art. 312. 

(vi) Recurring Series, Chap. XXIV. 

We now proceed to discuss methods of greater generality; but in the 
course of the present chapter it will be seen that some of the foregoing 
methods may still be usefully employed. 

381. If the r” term of a series can be expressed as the difference of 
two quantities one of which is the same function of r that the other is of 
r — 1, the sum of the series may be readily found. 

For let the series be denoted by 

Myc Ubi iy Se. ra nicikets 
and its sum by S,,, and suppose that any term u, can be put in the form 
Vv, — V,_ 1; then 

S = (vy — Vo) (Vo — ¥4) + (15 — V2) tn... 

Tye in ~ 2). On Oh 1) 


= Yn — Yo- 
Example. Sum to n terms the series 
1 1 1 


seeee 


5 4+ + 
(1 + x) (1 + 2r) . (1 + 2x) (1+ 3x) (1 + 3x) (1 + 4) 
if we denote the series by 
ty Bat UH 8. + Uy, 


=k a Ss Ba See 
maker b os aad Ce a 
i! Fy ee a eae Ws 
2 et Oe, eS)” 


( 283 ) 


284 HIGHER ALGEBRA. 


eS NR 
pe RS OE pa ae 


Peete ewes ese n ese ere ee staseasereeseseeeeeree® 


1 1 
a ae Anne oan te - ;) 
1 Neihart 
if- lt+nti1 x) 
n 
~ (+x) +n + 1.x): 


382. Sometimes a suitable transformation may be obtained by 
separating, into partial fractions by the methods explained in Chap. XXIII 


Example. Find the sum of 


*. by addition Sp = 


2 
1 a a 
ee eee Ce. tom temmss 
(l+x)1+a@r) G+anjitax (ta@xitax)  - 
71 
The it terms = Se ee ee: = aia NE + z= 


Qt¢a" ‘yatax) ita" 'e ita'x 
suppose; 
n 


d' \=A(l+a'x)+B(1ta’'x). 


6 8h | q 2 : . 
By putting 1 + a -%,14+@% equal to zero in succession, we obtain 


t's v 
A= B=- 
La l-a 
1 1 a 
Hecne c= - — — 
J erates ar 
2 
similarly. uy = al 
“ l-ailt+ea tas 
ae Be snines i \ 
Ltt Seen pe CE ee ees 
ti 6 hb ae eee 
1 1 a" 
on pS 7 aes a 
ita'x 


383. To find the sum of n res of a series each term of which is 
composed of r factors in arithmetical progression, the first factors of the several 
terms being in the same arithmetical progression. 


Let the series be denoted by u, + uy + U3 + ....... + ys 

where 
Uy, = (@+nb)(a+n+71.b)(atn+2.b)...(a+n+r—1.b). 
Replacing n by 2 — 1, we have 
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Un—-y=(atn— 1.b)(a+nb)(a+n+¥1.b)...(a@+nFr—2.b); 
~ (@+n—-1.b)u,=@+n +r—1.b) Uy — 1 = vp, say. 
Replacing n byn + 1, we have _ 4 
(a+nF7.b) Uy — Vn 413 
therefore, by subtraction, 
(7+ 1)d.uU, =Vyn 4) —V,- . 
Similarly, (f+ Did iug sp Vy Vy hs 


FOR eRe ee Poe eseeerosesconooesersrcasseeercvesseceere” 


(7 +1)b.uy = v2 — Vy. 
By addition, (r+ 1)b.S, =n 44-43 
Yn 1 Vif Sok as) A 
(r+ 1)b 
a+n+r.b)upy 
a (tA) 
where C is a quantity independent of n, which may be found by ascribing 


to n some particular value. 
The above result gives us the following convenient rule : 


that is, Sy= 


+ C, say; 


Write down the ni” term, affix the next factor at the end, divide by the 
number of factors thus increased and by the common difference, and add a 
constant. 
ea ke eee ee 

(+1)b- (r+1)b 
however better not to quote this result, but to obtain C as above indicated. 

Example. Find the sum of n terms of the series 

1 Ne i RT ON a os Dae Br ae 


The n™” term is (21 — 1) (2n + 1) (2n + 3); hence by the rule 


Sy = PHD ODI ac, 


To determine C, put 7 = 1; then the series reduces to its first term, 
an’ we have 15= Eset + C; whence C = 2 ‘ 


(2n — 1) (2n + 1) (2n To) an 3) Ls 
ie 8 big 


If may be noticed that C= uy 3 it is 


=n (2n° + 817? + In - 2), after reduction. 
384. The sum of the series in the preceding article may also be found 
either by the method of Undetermined Coefficients [Art. 312] or in the 
following manner. 


We have u,, = (2 — 1) (21 + 1) (22 + 3) = Bin? +120” — In — 3; 


Sn = 8 =n? + 12 mr — 22n — 3n, 
using the notation of Art. 70 ; 
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Sh, = 2n? Cag +2 (ee @r41) nes) 3n 


=n(2n> + 8n? +n = 2). > 
385. It should be noticed that the rule given in Art. 383 is only 
applicable to cases in which the factors of each term form an arithmetical 
progression, and the first factors of the several terms are in the same 
arithmetical progression. 
Thus the sum of the series 
153.54 22464-32529 Fue ton terms, 
may be found by either of the methods suggested in the preceding es 
but not directly by the rule of Art. 383. Here 
U,=n(n+2)(n+4 =n F1t+)H4F+2+4 2) 
=n(n+1)(n+2)+ n(n +1) 4+n(n+2)4+2% 
=n(n +1) (n +2) + 3n(n +1) + 3m. 
The rule can now be applied to each term ; thus 
Sn = n(n +1) (N+ 2H+3) tn (At +2) 


+ 3n(nt 1)+O 
= in (n + 1) (n + 4) (2 + 5), the constant being zero. 


386. To find the sum of n terms of a series each term of which is 
composed of the reciprocal of the product of r factors in arithmetical 
progression, the first factors of the several terms being in the same arithmetical 


progression. 
Let the series be denoted by uw, + uy +34... tun, 


where 


=(a+nb)(atn+1.b)(a+nF¥72.b)....... (a+n+r—1.b). 
te es nbyn=—1, 
=(a+n—1.b)(@t+nb)(@+n+1.b)....(@+n Fr—2.b); 


(a+n+Fr—1.b) ty = (a +n —1.b) uy — 1 = Vp, Say. 
Replacing n by n + 1, we have 
(a + nb) Uy =Vy 413 
therefore, by subtraction, 
(7—1)b Un =n — Mn+, 
Sunilarly (r-—1)b.u,-~ 1 = V4 ~1—- Yn 


Un —4 


(r—1)b.un = v2 — ¥3, 
(7 — 1) b.uy = v4 — v>. 
By addition, §=(r—1)b.S,=¥, — 4.13 


SUMMATION OF SERIES. : 287 


Mea. (at nb) tn 

=r = TY Glasto (r—1)be? | 

where'C is-a ‘quantity independent of n, which may be found ra seen 
ton some particular value. 


Thus S, = C - 


that i is Sp 


1 
(r—1)b b> {a+n+ Ff, ye cs +r-—1.b) 

Hence the sum may be found by the following rule : 

- Write down then" term, strike off a factor from the ‘Heottning divide 
= the number of factors so diminished and by the common difference, change 
the sign. and add @ constant. . 

io a+r 

The value of C.= ‘G= Db" Pua uy; bat; iti is. PS in me 
case to determine C by ascribing to some particular value. 

Example 1. Find the sum of n terms of the series" 

1 1 Sow 
WOE iy wae ale a oy 
1 ; 
n(n + 1) (n + 2) (n + 3)’ 
hence, by the rule, we have 


1 
Pike | cat ka) GCE DE 
1 


1 ‘i 
Put n = 1, then 2.3. =C- 3.2.3. 4 EE ig 
Th (tout \ fF ¢ 210 
18 3(+1)(2+2)(@+3)- 


ik : 
Then term is 


Ls 
S,) 
By making n indefinitely great, we obtain S,. = “a 
Example 2. Find the sum ton terms of the series 
3 4 4 
er Soe ad 
Lia eas) 4 eo 
Here the rule is not directly applicable, because although 1, 2, 3, ...., 
the first factors of the several denominators, are in arithmetica’ progression, 
the factors of any one denominator are not. In this example we may proceed 
as follows : 


n+2 52 (n +2) ' 
n(n +1)(n +3). n(n +1) (n +2) (n + 3) 
—  an(nt+1)+3n+4 
~ n(n +1) (n + 2) (n + 3) 
1 


Up, = 


~ td a+3)) M@tbatant3) 


+i mt Dotan). 
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Ie th 
Each of these expressions may now be taken as the n term of a 


series to which the rule is applicable. 
id bain orl 3 ash 4 a 
San ee 2(n+2)(n+3) 31 +1)(1+2)(n +3) 


put 7 = 1, then 


3 1 Sead Ma's i pg SM. 2 Sis id wel a 
13g = CAGED FTE CGAL Figg 
O01. th th ee 


Sn = 3643 2m+t2n+3) 34+) M+2 43) 

387. In cases where the methods of Arts. 383, 386 ‘are directly 
applicable, instead of quoting the rules we may always effect the summation 
in the following way, which is sometimes called ‘the Method of Subtraction’. 

Example. Find the sum of n terms of the series 

2.545.84+8.11411.144... 

The arithmetical progression in this case is 

23 De Bp. Ta, 14, 5 

In each term of the given series introduce as a new factor the next 
term of the arithmetical progression; denote this series by S’, and the given 
series by S; then 

S' = 2.5.8 +528. 19498 ts ie a a eet 2) ee Fp 
6 §- 2.5.8 SS <8 edb 816-414-4411). 14-17 + ... to(n — 1) terms 

By subtraction, Bg 

—-2.5.8=9[5.8 + 8.11 + 11. 14+4....to (2 — 1) terms] . 

— (3n — 1) Gn + 2) (Gn +5), 

$0. - 8:0 [Se 2 hen Ons 1) Girt?) 63n + 5), 

9S = (Bn — 1) Bn + 2) Bn + 5)— 2.5.8 42.5.9, 
S =n (n? + 6n +1). 

388. When the n‘” term of a series is a rational integral function of 
n it can be expressed in a form which will enable us readily to apply the 
method given in Art. 383. 

For suppose ¢ (2) is a rational integral function of 1 of p dimensions, 
and assume 

p(n) =A + Bn + Cn (n+ 1) + Dn (n +1) (1 + 2) +... : 
where A, B, C, D, .,... are undetermined constants p + 1 in number. 

This identity being true for all values of n, we may. equate the 
coefficients of like powers of n; we thus obtain p + 1 simple equations to 
determine the p + 1 constants. 

Example. Find the sum of n terms of the series whose general term 
is n' + 1? + Sn’. 

Assume 

n+ 6n2+ 5° =A + Bn + Cn (n +1) + Dn (n +1) (1 + 2) 

‘ + En (n + 1) (n + 2) (2 + 3); 
Equating coefficients of like powers of n, since this is an identity, gives 
A=0,B=0,C = -6,D =0,E = 1. Thus 
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n+ 6n° + 5n? =n(n Fly G2) a F 3) or r+ I). 
Hence Sp= En Mt HOt + 3) (1 + 4) —2n (n + 1) (n +2) : 


=snntyer PD ine + In +2). 
POLYGONAL AND FIGURATE NUMBERS. 


389. If in the expressionn + sn (n — 1) b, which is the sum of7 terms 


of an arithmetical progression whose first term is 1 and common difference 
b, we give to b the values 0, 1, 2, 3, .... , we get 


1 am | 
nan @ + Dy vty an (dicted) suc 


which are the ni terms of the Polygonal Numbers of the second, third, 
fourth, fifth, .... orders; the first order being that in which each term is unity. 
The polygonal numbers. of the second, third, fourth, fifth, .... orders are 
sometimes called linear triangular, square, pentagonal, .... : 

390. To find the sum of the first n_ terms of the r” order of polygonal 
numbers. 


The n”” term of the r'” order is n + 5 -1)(¢- 2); 


Sy =En+5(r-2DE(n— In 


=Sn(n tl) +2(r-D(m— amt) [Ar 383] 


= an (n + 1) {(r — 2) (n — 1) + 3}. 
391. tf the sum of n terms of the series 
Tf pe gs i Pe 
be taken as the n" term of a new series, we obtain 
T, 25, 45.9. 


If again we take ae which is the sum of n terms of the last 


series, as the ni" term of a new series, we obtain 
ea ag a a 
By proceeding in this way, we obtain a succession of series such that 


in any one, the n'" term is the sum of n terms of the preceding series. The 
successive series thus formed are known as Figurate Numbers of the first, 
second, third, .... orders. 
th 
392. To find the nn and the sum of n terms of the r_ order of 
figurate numbers. 
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The n'” term of the first order is 1; the n'” term of the second order 


; : Saft} th 
is n; the n'" term of the third order is Dn, that is an (n +1);then term 


p 1 . As 1yort 2) 
of the fourth order is 2 ae that is aM e ; the n'” term 


’ 1923 
: ti} ruZ . n(n +1) (a +2) (2 + 3) 
of the fifth order is 2 Baas Seas} that is LB A ; 
122.5 [4 
and so on. 
Thus it is easy to see that the n'” term of the r'” order is 
n(n +1) (n + 2)....(1 +r — 2) [ttn 2 
TE RS pg 
fra] n= PFSE 


Again, the sum of 7 terms of the 7” order is 
nit e101 + 2) nr = 1 
|r 
which is the n'" term of the (r+ iy order. 

NOTE. In applying the rule of Art. 383 to find the sum of 1 terms of 
any order of figurate numbers, it will be found that the constant is always 
zero. 

393. The properties of figurate numbers are historically interesting on 
account of the use made of them by Pascal in his Traite du triangle 
arithmetique, published in 1665. 

The following table exhibits the Arithmetical Triangle in its simplest 
form 


1 1 1 1 1 1 1 1 j ee Gere 
1 2 3 4 3 6 7 8 a 

1 3. 6 10 15 21 28 36 

1 4 10 20 33 56 84 .... 

1 5 15 35 FO} tc 1G. 

1 6 21 20 2G 

1 7 28 84 

1 8 Bo hen 

1 oF ons 

es 


Pascal constructed the numbers in the triangle by the following rule : 

Each number is the sum of that immediately above it and tha 
immediately to the left of it; ; hi 
thus 15 = 5 + 10, 28 = 7 + 21, 126 = 56 + 70. 

From the mode of construction, it follows that the numbers in the 
successive horizontal rows, or vertical columns, are the figurate numbers 
of the first, second, third, .... orders. 

A line drawn so as to cut off an equal number of units from the top 
row and the left-hand column is called a base, and the bases are numbered 
beginning from the top left-hand corner. Thus the 6th base is a line drawn 
through the numbers 1, 5, 10, 10, 5, 1 ; and it will be observed that there 
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are six of these arr and that they are the coefficients of the terms in 


the expansion of (1 + x). 

The properties of these numbers were discussed by Pascal with great 
skill : in particular he used his Avithmetical Triangle to develop the theory 
of Combinations, and io establish some interesting propositions in 
Probability. The subject is fully treated in Todhunter’s History of Probability, 
Chapter II. 

394. Where no ambiguity exists as to the number of terms in a series, 
we have used the symbol = to indicate summation; but in some cases the 
following modified notation, which indicates the limits between which the 
summation is to be effected, will be found more convenient. 


x=m 
Let $ (x) be any function ofx, then 2 ¢ (x) denotes the sum of the 
x=l 
series of terms obtained from ¢ (x) by giving to x all positive integral values 
from / to m inclusive. 
For instance, suppose it is required to find the sum of all the terms 
of the series obtained from the expression 
“1 alts PO 
|r 
by giving to p all integral values from r + 1 to p inclusive. 
Writing the factors of the cue in ascending order, 


- —rt+1 
the required sum = $5 pe ths Dee £0) 
jad ae lr 


= 77 123 rt 23d 1) He tle) (Oth Mice tie 1)) 
ts ipeery Gf te By cps. 
=; my (An 38) 
_ (p-)~-2.@-N 
ia Ae 


Since the given expression is zero for all values of p from 1 tor 
inclusive, we may write the result in the form 
Pe (p — 1) (p —2)... P=) _ pian iy HZ)... a) 


et |r jrt+] 


| EXAMPLES. XXIX. a. | 


Sum the following series to n terms : 


1, 1.2.342.3.44+3.4.5+. 

aX: Dd A ed kt aS, G 4 
sR Se: Wea i Se eal a i 2 
4. ee Wy TE i Pe OE a ee ee 
5. £5904 2.16. 10°54 Ser SIF. 


292 HIGHER ALGEBRA. 


Sum the following series to 2 terms and to infinity : 


6. 5455+ te ar Vi us PV a 
e Css STS 
We iy leas es a vO 
oh PRC PLE Me or we BY pl 
a WER ai paprnee 
Ae one 3 bes 7 


Tones oat 3g. STS GT 
Find the sum of n terms of the series : 


eae Bc Mae SERS Be ge pe eR 
bas! (981 HER) tid Gt HD?) AS o= 3) Hee 


: F th , 
Find the sum of 7 terms of the series whose 72 term is 


18h? (a? = 1). 16. (n’? + Sn + 4) (n? + 5n + 8). 
7 n(n’ — 1) 18 ni +n er 71 
4n? —1 n +n 
3 2 4 
n+ 3n° + 2n +2 n +ne +1 
19. Srna Meiers 20. eee if: egal 
no +2n no+n 


21. Shew that the n'" term of the r' order of figurate numbers is equal 
to the ae term of the nv order. 
22. ‘If the nt " term of the 7’ " order of figurate numbers is equal to the 


(n + 7 term, of the (r — 2\" " order, shew that r =n + 2. 
23. Shew that the sum of the first . of all the sets of polygonal numbers 


from the linear to that of the r' border inclusive is 


Ca DOD en 20 2ni— r+ 8). 


SUMMATION BY THE METHOD OF DIFFERENCES. 


395. Let u,, denote some rational integral function of n, and let 
Uy, Wz, U3, lg, ..., denote the values of u,, when for n the values 1, 2, 3, 4, .... 
are written successively. 

We proceed to investigate a method of finding u,, when a certain 
number of the terms ty, U9, 143, Wy, .... are given. 

From the series 1, W9,U3, Ug, Us, .... obtain a second series by 
_ subtracting cach term from the term which immediately follows it. 
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The series 
Uy — Uy, Uz — U2, U4 — U3, U5 — 
thus found is called the series of the first order of pre aae and may be 
conveniently denoted by 


Au, 5 Au, Au3, Aus, veee 
By subtracting each term of this series from the term that imitag diately 
follows it, we have 
Aiuly - Auy, Au; ~ Au», Au, — Au3, one 
ms may be called the series of the second order of differences, and denoted 
y r 
Ay uy, A> u2, A3 U3, «006 
From this series we may proceed to form the series of the third, fourth, 
fifth, .... orders of differences, the general terms of these series being 
A3u,, Agu, , As u, .... respectively. 
From the law of formation of the series 
uy, Ur, U3, U4, Us, Wiss ast 
Aly BN ia Ala, AN gaa 
A> uy, A> u, A> U3, A> lg, .... 
43 ly, 43 ll, A3 U3, «... 


A Ae eens ee cas eaeersercceseeseneerecsceeeees 


it appears that any term in any series is equal to the term immediately 
preceding it added to the term below it on the left. 

Thus Uy = Uy + Avy, and Au, = Au, + Api). 

By addition, since uz + Au> = %3 we have 

U3 = uy + 2Auy + Adil. 
In an exactly simular manner by using the second, third, and fourth 
series in place of the first, second, and third, we obtain 
Au3 = Au, +2 Agu, + Agtty. 
By addition, since u3 + Au3 = uy, we have 
Ug =U, +3 Au, +3 Agu, + Agu). 

So far as we have proceeded, the numerical coefficients follow the 
same law as those of the Binomial theorem. We shall now prove by induction 
that this will always be the case. For suppose that 
n(n 


te mem eo G A yp Uy aie Dis uy; 


then by = the second to the (7 + 3 series in the place of the first to 
the (a + iy series, we have 


1 
Auny, = Au, +n Agtty + +20 — a, Uy He... “y ane A, uy 


Un¢y =Uy tn Au, 


hac Apa filly. 
~ By addition, since uy, 41 + Auy4 1 = Un42 , We obtain 


n n ° 
Uns2 =U, mF (n + 1) Au, vk th ( G, + C, -1) A, uy pares An+1 uy; 
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—rt+l1 
Bul Ce "C= a + | CCN, = 


:; (n+1)n(n—1)...a+1a-rt 1) 
= 1.2.3...¢—TPr 


n : 1 y ae, 


Hence if the law of formation holds for u,,,, it also holds for uy,4, 
but it is true in the case of uy, therefore it holds for us, and therefore 


universally. Hence 
n-i(n-2 
Uy = Uy + (n Pra 1) du, + @- DE 
396. To find the sum of n terms of the series 
4, 9, us ii gy 000s 
-in terms of the differences of uy. 
Suppose the series U1, U2 U3... is the first order of differences of the 


series 


Ay Uy Oe Peete & Bi uj. 


V1, eR veh fg, cad 
then v,44 = (YVn41 — Yn) + Wn — Yn—y) + + (¥2 — ¥1) + Vy identically; 

on Vne1 = Uy F Uy) +... F Ug Fy + V3. 

Hence in the series 

Ore Va eae Mae an 
i, Sohne aed. Haars: 
Aly, Aus, Al 3, auee 

the law of formation is the same as in the preceding article; 


nin— 1 : 
Vn+] = 0 a ny + OD an, ie An U4; 


that is, Wy +2 +3 4+... +y, 

na = 1d) n(n - 1) (" — 2) 

Se Nr eceie EM Ce = oe SE a 
[2 Uy 2s [3 

The formulae of this and the preceding article may be expressed in 


a slightly different form, as follows : If a is the first term of a given series, 
dy, d>, d3, .... the first terms of the successive orders of differences, the 


=u, + Aj +... + A, uy. 


n'” term of the given series is obtained from the formula 
(n — 1) (n - 2) (n — 1) (x — 2) (n — 3) 
a+(n-1)d,+ = 1 “ d> = ae 3. = ee eee 
and the sum of n terms is 
vii ag n(n — La ia (n — 1) (a eo Ze 
2 [3 f 
n(n—1)(n—-—2)(n-3 
[4 dy + ss. 
Example. Find the general term and the sum of n terms of the series 
12, 40, 90, 168, 280, 432, .... 
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The successive orders of differences are 
28, 50, 78, 112, 152, .... 
22, 28, 34, 40, .... 
6: 1630) 4.2 


Hence the nd term 

st 12 +28. ~ 1)'es n-1l1)(n-2 +4 n—-1)(n-—2)(n-3 
[2 (3 

= n> + 5n? + 6n. 

The sum of 2 terms may now be found by writing down the value of 


n° +55n? + 6 En. Or we may use the formula of the present article and 
obtain 


S, = 12+ 281 (n — 1) . 22n (n — 1) (n — 2) 
[2 [3 
+ me 


= oO (3n? + 26n + 69n + 46), 


= oa (n + 1) Gn” + 23n + 46). 


397. It will be seen that this method of summation will only succeed 
when the series is such that in forming the orders of differences we eventually 
come to a series in which all the terms are equal. This will always be the 
case if the n'" term of the series is a rational integral function of n. 

For simplicity we will consider a function of three dimensions; the 
method of proof, however, is perfectly general. 

Let the series be 

yk Up + U3 +... Fy, Fy Fy 42 Fy 43 T -... 


where Un = An? + Bn? + Cn + Ds 


and let v,,, W,,Z, denote the n'" term of the first, second, third orders of 
differences; 


then Vy = Unt] — Un =A (3n? +3n+1)+B(n+1)+C; 
that is, vy, = 3An’ + AES +2B)ntA+B+C; 

Similarly Wn = Yn+1 — Yn = 3A (21 + 1) + 34 + 2B 
and- Zn = Wnty — Wn = OA. 


Thus the hea in the efit order of differences are equal and 
genbeallys if the n'” term of the given series is of p dimensions, the terms 
in the p" " order of differences will be bie 

Conversely, if the terms in the p " order of differences are equal, the 
n'” term of the series is a rational integral function of n of p dimensions. 
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Example. Find the n'” term of the series —1, —3, 3, 23, 63, 129, .... 
The successive orders of differences are 
—2, 6, 20, 40, 66, .... 
8, 14.20, 20, .0% 
6;...6; 1D, fe 

Thus the terms in the third order of differences are equal; hence we 

may assume 
Uy, =A t+ Bn t+ Cn? + Dn’, 

where A, B, C, D have to be determined. 

Putting 1, 2, 3, 4 for n in succession, we have four simultaneous 
equations, from which we obtain A = 3, B = —3,C = -2,D=1,; 
hence the general term of the series is 3 — 3n — 2n? + n°. 

398. If a, is a rational integral funciton of p dimensions in n, the series 


Gg + a,xX4+452" 44. +.4,2" 


: 5 : ee "pt 
is a recurring series, whose scale of relation is (1 — xy 
Let § denote the sum of the series; then 


S (1 —x) =a + (a; — a9) x + (4 ~a,)x oe a. 


n n+] 
+ (Gy — Gy—1)X — ayx 
2 + 
=agtbyxt+box + ...+ b,X — yx" <i say; 
here by = Gy — Gn— 1, SO that b,, is of p — 1 dimensions inn. 


Multiplying this last series by 1 — x, we have 

S (1 — x)? = aq + (by — a0) ¥ + (by = BY)? F we + (Oy — By 1) x" 
~— Mee te tak 

= Ag + (by — ag) x + cx" x c3x° + tO, X" 


n+l n+2 
= (Ge Ab, ) x Gy X, Say 


here c, = by — by-}, SO that c, is of p — 2 dimensions inn. 
Hence it follows that after the successive multiplications by 1 — x, 


the coefficients of x” in the first, second, third, .... products are general 
terms in the first, second, third, .... orders of differences of the coefficients. 

By hypothesis a,, is a rational integral function of n of p dimensions; 
therefore after p multiplications by 1 — x we shall arrive at a series the terms 
of which, with the exception of p terms at the beginning, and p terms at the 
end of the series, form a geometrical progression, each of whose coefficients 
is the same. [Art. 397.] 


Thus S(1 =x =k Qe? bit ig tera +x’) +¥ &); 
where k is a constant, and f (x) stands for the p terms at the beginning and 
p terms at the end of the product. 
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% ap evap th 
S(l-xf = <e— +f); 


soe aa Ph +0 F@), 
(1 er ; 


thus the series is a recurring series whose scale of relation is (1 — me 
[Art. 325.] 
If the general term is not given, the dimensions of a, are readily found 
by the method explained in Art. 397. 
Exampie. Find the generating function of the series 


3+ Sx +9? + 15x? + 23x" + 33r* +... 
Forming the successive orders of differences of the coefficients, we 
have the series 


that is, 


ages pe nara, sala 
thus the terms in the second order of differences are equal; hence a,, is a 
rational integral function of n of two dimensions; and therefore the scale 
of relation is (1 — x). We have ; 
S=34+5x+ O° 415° + 23x" + 33" +... 


3S = = % — 15 — 28? — 454 -— 69° =... 
x’ S$ = Ox” + 15x? + 27x) + 45x? + .... 
-~S= Ba ar By ooh Oy” ee 
By addition, (l-xyS=3-4¢4+3r; 
; 
(1 —x) 


399. We have seen in Chap. xxiv., that the generating function of a 
recurring series is a rational fraction whose denominator is the scale of 
relation. Suppose that this denominator can be resolved into the factors 
(1 — ax) (1 — bx) (1 — cx)....; then the generating function can be separated 
into partial fractions of the form 

A Bid eam. 
l-a 1-bx ' 1l-ax | 

Each of these fractions can be expanded by the Binomial Theorem in the 
form of a geometrical series; hence in this case the recurring series can be 
expressed as the sum of a number of geometrical series. 

- If however the scale of relation contains any factor 1 — ax more than 
once, corresponding to this repeated factor there will be partial fractions 
A3 


” 
(l= ax) (1-2) : 
Theorem do not form geometrical series; hence in this case the recurring 
series cannot be expressed as the sum of a number of geometrical series. 


of the form 3? «3s Which when expanded by the Binomial 
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400. The successive orders of differences of the geometrical 
progression 
Da t58: pA petey 
Q, Gr, Qt Jaf; GF , OF, &:. 
=o 3 
are ar= 1}, age Year — Ur.2¢ — 1)r,... 
Pa 2 agg 4 
a(r-1),a?—-1) ra(r—-1) Tr, 
which are themselves geometrical progressions having the same common 
ratio r as the original series. : by 
401. Let us consider the series in which 
-1 
Un = ar +¢ (n), 
where ¢ (1) is a rational integral function of n of p dimensions, and from 
this series let us form the successive orders of differences. Each term in 
any of these orders is the sum of two parts, one arising from terms of the 
formar hs and the other from terms of the form ¢ (71) in the original series. 
Now since ¢ (7) is of p dimensions, the part arising from ¢ (7) will be zero 
in the (p + 1)" and succeeding orders of differences, and therefore these 


series will be geometrical progressions whose common ratio is r. 
[Art. 400.} 


Hence if the first few terms of a series are given, and if the p" order 
of differences of these terms form a geometrical progression whose common 
ratio is r, then we may assume that the general term of the given series is 
ar’! + f(n), where f(#) is a rational integral function of n of p-—1 
dimensions. 
Example. Find the n'” term of the series 
10, 23, 60, 169, 494, .... 
The successive orders cf differences are 
: 15, 3) AO A aoe ok 
7): Mi 7 Mai 3 Ae 
Thus the second order of differences is a geometrical progression in 
which the common ratio is 3; hence we may assume for the general term 
Uy =a us Op prcasel 
To determine the constants a, b, c, maken equal to 1, 2, 3 successively; 


then a+b+c=10,3a + 2b+c = 23,9a + 3b +c = 60, 
whence a=6,b=1,c =3. 
Thus i ict Brckaden i bdete Pan cee ee 


402. In each of the examples on recurring series that we have just 
given, on forming the successive orders of differences we have obtained a 
series the law of which is obvious on inspection, and we have thus been 
enabled to find a general expression for the n” term of the original series. 

If, however, the recurring series is equal to the sum of a number of 
geometrical progressions whose common ratios are a, b,c, ...., its general 


term is of the form Aa” '+ Bb"! + Cc"! and therefore the general 
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term in the successive orders of differences is of the same form; that is, all 
the orders of differences follow the same law as the original series. In this 
case to find the general term of the series we must have recourse to the 
more general method explained in Chap. xxiv. But when the coefficients 
are large the scale of relation is not found without considerable arithmetical 
labour; hence it is generally worth while to write down a few of the orders 
of differences to see whether we shall arrive at a series the law of whose 
terms 1s evident. 

403. We add some examples in further illustration of the preceding 
principles. 

Example. 1. Find the sum of 1 terms of the series 

4) + RV (OOH) a + ie ad 


SA rb opal ifmax al Sinpee acl crue e saceaa sic acre 
b-de dos 2n3 97.3.4 23 4.5 24 
oi: Be ah Seen | 
Here Msprre(a + 1) yt" 
La. eis 4 A B 
a n(n+1) nn ont? 
we find A=3,B=-1. 
Ey Ce mee Ege td 
ta ee Ne nee gt nano ae Oe i 
d theref Ree eg 
and therefore n= reD yp 
Example. 2. Find the sum of n terms of the series 
i ) 5 7 
ob a OF Pe YE .. 
Fi: ce bp RE CL a TE 
Th th 3 an —'T 
efihs terres 3,7.11. (41 = 5) (4n ~ 1): 
a= 1 


SSSUME 3771. heh MEANS 


LOatie I+ B An+B 
9) RAD, ep Ma Uyrgs Bip T nl (4 SY 
as 2n —1=An + (A +B) — (An + B) (4n — 1). 
On equating coefficients we have three equations involving the two 
‘unknowns A and B, and our assumptign will be correct if values of A and 
B can be found to satisfy all three. 


Equating coefficients of n’, we obtain A = 0. 
5 1 b bene 
Equating the absolute terms, —1 = 2B; that is B = — > and it will 
be found that these values of A and B satisfy the third equation. 
1 i 1 1 


Ut 9°35 7. ee HE 8. Tl, (ave D) 1)’ 
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Api ders thi dey drat ote 
2° 2°3.7.11....(4n = 1) 
Example. 3. Sum to n terms the series 
6.9+12.21 + 20.37 + 30.57 + 42.81 + .... 


h 
By the method of Art. 396, or that of Art. 397, we find that the n' 
term of the series 6, 12, 20, 30, 42, .... is n +3n + 2 
and the n‘” term of the series 


9, 21, 37, 57, 81, ... isn” + 6n +1. 
Hence u,, = (2 + 1) (n + 2) {2n (n + 3) + 1} 
= 21 (n + 3) (n+ 2) +3) + (1 +1) (n + 2); 


S,= En (n+ 1) +2) (n+3)(n +4) 


hence Sn = 


+3 (n+ 12 (0 +3)-2 
Example. 4. Find the sum of 1 terms of the series 
Desde et Aedes The SO MO Si PF nome 
In the series 2, 6, 12, 20, 30, .... the n' term isn? + n; 
hence Uy, = (n° +n) e: 
Assume (n° +n)2'= (An? + Bn+C)2"-{A(n- 1° 


+ B(n—1)+C}2""’; dividing ott by 2’ and equating coefficients of 
like powers of n, we have 
2=A,2=24+B,0=C-A+B; 


whence A=2,B=-2,C=4. 
tee ABM oN HM Aoeelae — 1) —2H = 1442 
and Sy = (2? ~2n +4) 2-42 (7? —n 4+ H7*1- 4, 


| EXAMPLES. XXIX. b,| 


Find the ne term and the sum of 7 terms of the series : 
4, 14, 30, 52, 80, 114, .... 
8, 26, 54, 92, 140, 198; .... 
212756; SU, TI, Doe 
8, 16, 0, —64, —200, —432, .... 

30, 144, 420, 960, 1890, 3360, .... 
‘ind the generating functions of the series : 
1+ 3ar + " + 13\7 + 21x + 31 +. +... 
1+ 2x + Ox? + 200? + 35407 + 540° 4... 
2+, Sx + 10e7 + 17? + 20r4 + 370° +... 
Le Ge 4x — ae 98 ee Te elt 


TA kW N 


Perle ee 
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pei eke eee Se ak a NE ae 
Find the sum of the infinite series : 
1.22.3 3.44.5 


11° Seo 
= ® ee ape bs 
2 yale ORL pot 

2. votive. (2 Share 
5 <2 ra sf 5 


Find the general term and the sum of n terms of the series : 
WSs) ORNs. 28, 94, AOS, aes 

14. -—3,-—1, 11, 39, 89, 167, .s. 

1S, 2, 5.12, 31, 86, .... 

16. i, 0, 1, 3,29680.193,-05 

17.--¢4, 13,35, 94, 262, 755. 

Find the sum of # terms of the series : 


18. V2 3x7 ae Se 
19. 1+ 3x + 6x” + 108 + 1 


gage 1h 4 1 3 i 6 1 
 —S ot —- + ——,.— + 
“au Ls 2 Las 2? Se 73 Bees) 4 
2 2 2 
1 oe 2 3 3 4 4 
al. eatipk.F, A ike Leaagll wore 506 


22.  BT44,8. 111s, 20. 4+ 24. 3¥ 4235, 44 4... 
BS. Fee) AS IG git 25 U3 he. 
24. Vast 2 15 ¢ 3. Siphd - 33. ou 81+ .. 


1 2 3 4 
aa $e tt et ot. 
isugig Dipegegin PT gagh pty gs agg 
2 3 4 
1.2. 2.2 ~3'3 4.2 
ee ee 
VC ee CTS 
7. 2.244.4+7.8+ 11.16 + 16.32 +2. 
56-3 ea HE SAS HS +913 +... 
1 1.3 Goh ue Lomeeed 
290d a. Alt DIAG Pe AOR 254 OL wT 
Z 5 UNO Rep 1H eres 2 
ta ee Sp 
Oy aay ase | ed 4 
4 fies 


19 1 28 1 a2 1 52 1 
eee i ats hee tinpigres foopet ghee 
33. 2 iBe dim Be Bade BUND I WE 460015! n6 2 
404. There are many series the summation of which can be brought 
under no general rule. In some cases a skilful modification of the foregoing 
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methods may be necessary; in others it will be found that the summation 
depends on the properties of certain known expansions, such as those 
obtained by the Binomial, Logarithmic, and Exponential Theorems. 
Example. 1. Find the sum of the infinite series 
2: A 2 ant 
4 4p t+ tet o.. 
i PLB SeSb 


The n'" term of the series 2,12, 28, Wists, fe is yy +a 2; hence 


3 +n-—2_ 3n(n- 1) t+ 4n alt 
ne [n Fa: |n 


Put 7 equal to 1, 2, 3, 4, .... in succession; then we have 
3 4 2 


4 Z 
Tape eaten eS 


my a4— Ts =3 


and so on. 
Whence S,, = 3e + 4e —2 (e — 1) = Se +2. 
= 
Example. 2. If (1 +x)" =cgteyx tox tute, x", find the 
value of 
2 2 2 2 
hey 2 ty ets FES HA Cy 
As in Art. 398 we may easily shew that 
2 2x 2'32 2 oe 
Licey 2 se en eee es 
(1 — x) 
—? — 
BiSO Cy FC ee Cox" Me Y 1x. es cox =(1 +x)" 


Multiply together these two results ; then the given series is equal to 
er er ake jor 9 oa ae ae ae 
lin pias that is, in Gees 
(1 -x) (1 =x) 


<a nih ‘ . . 
The only terms containing x in this expansion arise from 


the coefficients of x” 


ola =x)". sored yee ae eo ee: 
.. the given series = ae 7 ag de (1 + 1) dente (n + 1) nol 


[2 
=n(n+1)2" 7, 
Example. 3. If b = a + 1, and 2 is a positive integer, find the value 
Ofat ie Gherababe lad ili 3 (a ate 1 
* Nie i oe 3) 3,6 mer 


By the Binomial Theorem, we sec that 
ee (at ire iat zai (1 — 5) (n Es (1 — ) by 


[2 
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ee na ‘i aad 6 


are the sro ans of x" aX , « In the expansions: of 
(V—x) , ma —x) 4 (1 Fak el = ny is respectively. Hence the sum 
required is equal to the coefficient of x” in Pie expansion of the series 

Le eas =a aaa ax 


bot Hobe) Gide)? ona 
and although the given expression consists only of a finite number of terms, 
this series may be considered to extend to infinity. 
But the sum of the series 
1 
ig 


: 1 
1% = 
a l—bx + ax 
: 


Be as ee, Since fi sea + 1. 
i fe ea ae 


Hence the given series = coefficient of x” in niall suber 
e (=a) Gay) 


1 a 
= coefficient of x” in ——— | ——— - be he 
te lah Wp Ni 5 eal ico 
, Fide, ir 
dare ft 
Example. 4. lf the series 
Ley et et See +++... 


[3 [6 [4 a ie b 18 
are denoted by a, b, c respectively, shew that a+b +c — 3abe = 1. 
If w is an imaginary cube root of unity, 
a+b? +c) —3abe = (a+b +c) (at wb +c) (a+b + WC). 


4 5 
eG x x 

=ltxt—++> 47-4... 

Now atb+c=1+x [2 3 [4 [5 
ee wey" wre 

= + + Ht I... 
and a+ wb force OR 3 136 E i4 [5 

b Pad 


2 
ras 2 Ox 
similarly a+wb+wc=e 


% ’ 
OX wrt _ ol! +mt+o)x 


a+b +c — abc =e .e”.¢ 
4 2 
=1,sinceel+otw =0. 
405. To find the sum of the 7 powers of the first n natural numbers. 
Let the sum be denoted by S,,; then , 


is ey ae a 
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Assume that 
r+1 r= Z 
Sy = Ag + Ayn" +Azn Ay Fin + Ay BeAr st} (4) 
where Ao, A}, A>, A3, .... are quantities whose values hae to be eee! 
Write n + 1 in the place of 1 and subtract; thus 
1 
(n+1) =A, {(n + Pe n* }+A,{(n + fl =n} 


If 


Ay fre dye b aint! } +43 {(n +1) Prater TY tea A Nita 

es 5 | 
Expand (n+1) ,(@+ 1), (n+ Hi, ... and equate the 
coefficients of like powers of n. By equating the coefficients of n’, we have 


eae! 


1 = Ag (r+ 1), so that Ap = phy 


By equating the coefficients of no we have 
Ag(r+1)r 
ge gee 
Equate the coefficients of n’ ”, substitute for 4g and Aj, and multiply 
both sides of the equation by 
Lp 


r(r—1)(r—2)...(r—-p +1) 


+ A,r, whence A; = . 


we thus obtain 


meee DR roe pprhs eae er en a 
1 pei 3 +4,& 7350-1 ee 4 (rl) (r— 2) = a3) 
In (1) write n — 1 in the place of 7 and subtract, thus 


n = Ay fits: -(n- iy} + A, {n’ —(n- 17} 
+i s{piot = ta Sy + tot ... 
_ Equate the coefficients of n” ?, and substitute for Ag, A}; thus 


= Ft b + aes P(p — 1)(p — 2) | se oi 


prt? 2 rs res Pu Sy 2) 
From (3) and 4), by addition and subtraction, 
AC REG 4 Ye Ping 1V(p = 2) 
weptt ey fe) fe eee (5) 
= ree pp — 1) (p — 2) Pp — 3) , 
As Pr iz + > rit Sp Ahaer ein Mn d Ucn 


By ascribing to p in aie the values 2, 4, 6, ..., we see from (6) 
that each of the coefficients A3, As, Az, .... is equal to vero! and from (5) 
we obtain 


= hs x A. = ° 
6° [2’ 30" [4 
aia EU re D2) (o5)3) ree 4), 
An = 35 6 
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By equating the absolute terms in (2), we obtain 
1 = Ap + Ay +A + A3 a at fi + Ay; 
and by putting 7 = 1 in equation (1), we have 
1 =Ag +A, +A, +A3 obi Ay Ape 
thus _ Ary; = 0. | 
406. The result of the preceding article is most conveniently expressed 


by the formula, 
r+1 


gt 4 te ort r(r—1)(r=2) +3 
Sere Be i Thi ep” Bs [4 n 
pe LO DO- DC 3) 0-4) Fs 
+ Bs [6 n + eeey 
1 1 1 1; a 
where By = ¢, Bs = 35, Bs = 45» B1 = 39 Bo = Ger 


~The quantities B,, B3, Bs, ... are known as Bernouili’s Numbers; for 


examples of their application to the summation of other series the advanced 
student may consult Boole’s Finite Differences. 


Example. Find the value of P+243 +... +0. 
6 5 
SE: SO A a ee re 
We have Sn = ey eel 2” B, [4 ne CC, 
OG 32 6 Tbe ir 


the constant being zero. 


EXAMPLES. XXIX. c. 


Find the sum of the following series : 


Co x€ x! 
, +t +i. 
4. Bielsal 
3 
x xm x 
—~. +=—+., 
- 1. +33 3.4 
ex 
—+—+.., 
3 x+ 5 9 
1 2 3 
§ i ET écéusie 
: |r r+1 Ir+2 
2 2 2 3 2 4 
oy Oe Sime: Dire er Seer og ee 
5 1+2¢c+ 5 Lat 3 or 4 aut 


r 2 8 
6 ee Be ee te tor +-Tterms. 
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n(lt+x) ate I), ob ties 


1 + nx 2 a tnx)’ 
pe ES Oe ton terms. 
[3 SEAT ER Fe) 
2 
8. r43Bthes (Bed) + ... ton terms. 
paige i pa Yas: ee ae: 
9. 1-44" “ = is oe z +... ton + 1 terms. 
1 eit 176205 3° 
pio” 2 3 
10. ace ea E (log, 2)” re = (loge 2) +... 
1 1 1 
: + + 
TEs 52.32.34 US cGnT 
Qi F UheGes Bb etd 
1220 —+—+—5>+7—+-—1+. 
[1 [2 B L4 [beni 7 
Dede aX sles 23x 
‘ aa 4 a re 
13 ale Fe Bt ia 13 


14. ees asshmipe the oe find ne sum of the series : 
(1) 1° ok yt : aT 
(Gaile 22s 4 +a 


33 4 5° 
15. Find the sum of 1° es Sk erie eo 
iE B 
16. Shew that the coefcicient of x" in the expansion of a is 
; (i 5).-"er 
ae. = 1) (n° nih 2 
njl +. 
e [5 
(n? — 1) (rn — 4) (0 - 9) 3 
of WRN Se. te. ee i sree] 
17. If is a positive od find the value of 
See) yi? atl maar pee) y4 
' Sy re) aa ee 
E * 


and if n is a multiple of 3, shew that 


i= (nt) Naik Fas ee 


—& =A -5§ n 
“Or DOADOD, cay, 
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18. If is a positive integer greater than 3, shew that 


n _ = os 
pe y= ay + CED eat) 8) it * 


[2 [4 
en (nt3)2 4. 
19. Find the sum of 1 terms of the series : 
Ce ee he 


LST ET ie eee tee Ss 
Brera saa Oe se pat ae 
20. Sum to infinity-the series whose n' term is 
ates y 
n(n+1)(n +2) 
21. If(1+x)" =cg+ cyxt+ cx" + c3x° +... + ¢,X", n being a positive 
integer, find the value of 
(n= 1)°c ta(n= 3)°c3 rhe 5)°cs th xi. 
22. Find the sum of 7 terms of the series : 
(fttipce Pihicg Bt ar er 


pepeped: ae cceeag: 
11f2;.. Brin’ adudber 3 Aides 4 phabss! 506.7 


23.‘ Prove that, ifa < 1, (1+ ax) (1+ a°x) (1 a°x) i 


ax” ax 
: aan Sane eles 


=1+ 5 ph a ee 
feat oa a yaa’) a=Aalaale” 


24. _IfA, is the coefficient of x in the expansion of 


4 


2h 2 u 
1+x)' {1 nb ya £5) of pre Se yn 
(1 +x) ona | 3 | 3| | 


2 
Dig 1072 
prove that A, =——— (4, + A,-2), and Aq =e. 
fe eke ‘ie 31S 


~ 


25. If 7 is a multiple of 6, shew that each of the serics 


ee ecw , hr -YoO-)u-3 ) (1 — 4) 230 


: [REI Coe 
yan (n — 1)(n — 2) 1 ge We) (2) Ore or aye Te 


<jubiiane E pe! 


is equal to zero. 
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26. Ifn is a positive integer, shew that 


( +4)"-(-1)pqptay + Sane eet @ig)t’ ~ 


ane: Re a 
is equal to 


27. te =@on@ are eeD Mas Greer + p — I), 
Ore tre) 6-42 & + o-- 8; 


Ip lq |a-1+pt+aq 
PQ; + P2Q2 + P3Q3 + «... + Py—1Qn-1 = IES 
28. If is a multiple of 3, shew that ; 
1. 8s2 eae n — 5) (a — 6) (n —- 
2 13s: \4 
—F-)@ =r— 2)... (2 —- 2 +1 + 


r a 


R 3 A 7 : 
is equal to Oe according as n is odd or even. 


shew that 


+(-1) |“ 


29. Ifx is a proper fraction, shew that 
x x Y x x Z 
: es ereeapese sued — 


jie owae Tee 


CHAPTER XXX 
THEORY OF NUMBERS 


407. In this chapter we shall use the word number as equivalent in 
meaning to positive integer. 

A number which is not exactly divisible by any number except itself 
and unity is called a prime number, or a prime; a number which is divisible 
by other numbers besides itself and unity is called a composite number, thus 
53 is a prime number, and 35 is a composite number. Two numbers which 
have no common factor except unity are said to be prime to each other; 
thus 24 is prime to 77. 

408. We shall make frequent use of the following elementary 
propositions, some of which arise so naturally out of the definition of a 
prime that they may be regarded as axioms. 

(i) If a number a divides a product be and is prime to one —— 
it must divide the other factor c. 

For since a divides bc, every factor of a is found ir. bc; but since a is 
prime to b, no factor of a is found in b; therefore all the factors of a are 
found in c; that is, a divides c. 

(ii) If a prime number a divides a product bcd... it must divide one 
of the factors of that product; and therefore if a prime number a divides 


b", where n is any positive integer, it must divide b. 

(iii) If a is prime to each of the numbers b and c, it is prime to the 
product bc. For no factor of a can divide b or c; therefore the product be 
is not divisible by any factor of a, that is, a is prime to bc. Conversely if a 
is prime to bc, it is prime to each of the numbers b and c. 

Also if a is prime to each of the numbers b, c, d, ..., it is prime to 
the product bcd...; and conversely if a is prime to any number, it is prime 
to every factor of that number. 

(iv) If a and b are prime to each other, every positive integral power 
of a is prime to every positive integral power of b. This follows at once from 


(iii). 
a a" 
(v) Ifa is prime to b, the fraction rs and — are in their lowest terms, 
b 


n and m being any positive integers. Also if - and < are any two equal 


( 309 ) 
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fractions, and : is in its lowest terms, then c and d must be equimultiples 


of a and b respectively. 
409. The number of primes is infinite. 

For if not, let p be the greatest prime number; then the product 
2.3.5.7.11. ...p, in which each factor is a prime number, is divisible by each 
of the factors 2, 3, 5, .. p; and therefore the number formed by adding unity 
to their product is not divisible by any of these factors; hence it is either a 
prime number itself or is divisible by some prime number greater than p : 
in either case p is not the greatest prime number, and therefore the number 
of primes is not limited. 

410. No rational algebraical formula can represent prime numbers only. 


2 . 
If possible, let the formula a + bx + cx” + det... represent prime 
numbers only, and suppose that when x = the value of the expression is © 
' p, so that 


p=atbm+ cm + dm> + rs 
when x = 1 + np the expression becomés 


a+b(m+np)+c (mt np) + etn, + np) 5 


that is, atbm+cm +dm> +... +4 multiple of p, 
or p +a multiple of p, 
thus the expression is divisible by p, and is therefore not a prime number. 
411.4 number can be resolved into prime factors in only one way. 
Let N denote the number ; suppose N = abcd ... , where a, b, c, d, ... 
are prime numbers. Suppose also that N = aPyd...., where a, B, y, 4d, .... are 
other prime numbers. Then 
abcd .... = aByo....; 
hence a must divide abcd....; but each of the factors of this product is a 
prime, therefore a must divide one of them, a suppose. But a and a are 
both prime; therefore a must be equal to a. Hence bed .... Byod ....; and as 
before 8 must be equal to one of the factors of bed....; and so on. Hence 
the factors in aByo .... are equal to those in abcd...., and therefore N can 
only be resolved into prime factors in one way. 
412. To find the number of divisors of a composite number. 


Let N denote the number, and suppose N = a bic” .., Where a, b, C, 
.... are different prime numbers and p, q, /, .... are positive integers. Then it 
is clear that each term of the product 


(tata +..¢d@)(1+b+b +... +b) +ce+e +... +2) 


is a divisor of the given number, and that no other number is a divisor; 
hence the number of divisors is the number of terms in the product. that 


is, 
(p+1)(qt+1)(r +1)... 
This includes as divisors, both unity and the number itself. 


413. To find the number of ways in which a composite number can be 
resolved into two factors. 
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Let N denote the, number, and suppose N = a@’b‘c’ ..... where 
a,b,c.... are different prime numbers and p,q,r.... are positive integers. 
Then each term of the product 


: 2 : . 
(tata t+...¢2)(1+b+b' +... +b) (ltce+e 4+... $C)... 
is a divisor of N; but there are two divisors corresponding to each way in 
which WN can be resolved into two factors; hence the required number is 


FOt+N@t G+)... 
This supposes N not a perfect square, so that one at least of the 
quantities p, q, 7, .... is an odd number. 
If N is a perfect square, one way of resolution into factors is 


VN x YN, and to this way there corresponds only one divisor VN. If we 
exclude this, the number of ways of resolution is 


1 

5{@+9)@+)+1)...-3}, 
and to this we must add the one way VN x VN; thus we obtain for the 
required number 


510 PGT EH CH +1}. 


414. To find the number of ways in which a composite number can be 
resolved into two factors which are primes to each other. 


As before, let the number N = a’b4¢" .... Of the two factors one must 


contain a’, for otherwise there would be some power of a in one factor and 
some power of a in the other factor, and thus the two factors would not be 


prime to each other. Similarly b? must occur in one of the factors oniy; and 
so on. Hence the required number is equal to the number of ways in which 
the product abc.... can be resolved into two factors; that is, the number of 


ways is 5a Ly 37 1) a OF Mie where n is the number of 


different prime factors in N. 

415. To find the sum of the divisors of a number. : 

Let the number be denoted by a°b7c’ ...., as before. Then each term 
of the product 
(itatat+...¢@)(1t+b4¢b' 4... +b) (ltetet+..+¢¢)... 
is a divisor, and therefore the sum of the divisors is equal to this product; 
that is, - 
ay 50) oa uel x 4 

Gal Neat ¢ G1, 7 

Example. 1. Consider the number 21600. 
Since 21600 = 6.10" =2°.3°.2.5°=2°.3°.5, 
the number of divisors = (5 + 1) (3 + 1) (2 + 1) = 72; 
a-1.3-1 5-1 


Pei 3=% 5-1 


+1 
the sum required = 


the sum of the divisors = 
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= 60 x 40 x 31 
= 78120. 
Also 21600 can be resolved into two factors prime to each other in 


Siw 


2, or 4 ways. 


Example. 2. If n is odd shew that 1 (n? — 1) is divisible by 24. 


We have n(n? — 1) =n(n—-1) (n + 1). 

Since n is odd, n — 1 and n + 1 are two consecutive even numbers; 
hence one of them is divisible by 2 and the other by 4. 

Again n — 1,n,n + 1 are three consecutive numbers; hence one of 
them is divisiole by 3. Thus the given expression is divisible by the product 
of 2,3, and 4, that is, by 24. 

Example. 3. Find the highest power of 3 which is contained i in 100. 

Of the first 100 integers, as many are divisible by 3 as the number of 
times that 3 is contained in 100, that is, 33 ; and the integers are 3, 6, 9, 99. 
Of these, some contain the factor 3 again, namely 9, 18, 27, .... 99, and their 
number is the quotient of 100 divided by 9. Some again of these last integers 
contain the factor 3 a third time, namely 27, 54, 81, the number of them 
being the quotient of 100 by 27. One number only, 81, contains the factor 
3 four times. 

Hence the highest power required = 33 + 11+3+1= 48. 

This example is a particular case of the theorem investigated in the 
next article. 

416. To find the highest power of a prime number a which is contained 


in |[n. 
Let the greatest integer contained in pale as, ... Tespectively be 
n n hale 
denoted by J 4 oF a of Ss ,--. Then among the numbers 1, 2, 3, .... 
as a 


n : : 
n, there are J (4) which contain a at least once, namely the numbers 


which contain a at least once, 


a, 2a, 3a, 4a, .... Similarly there are 2 * 
a 


n ‘ "asta ’ 
and J |—5| which contain a” at least once; and so on. Hence the highest 
a 


power of @ contained in |[n is 


I 2) +1 2 +1 3 oi 


417. In the remainder of this chapter we shall find it convenient to 
express a multiple of n by the symbol M (7). 
418. To prove that he product oy r consecutive integers is divisible by 
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Let P,, stand for the product of 7 consecutive integers, the least of 
which is 2; then : 
P,=n(n+1)(n+2)...(2+7r-1), 
and Ph4y =(n + 1) (0 + 2) (2 +3)... 2 $9, 
APy41 = (n +7) Py =P, + rPr; 


Pr 
Presa Pa Ke 


=r times the product of r — 1 consecutive integers. 
Hence if the product of r— 1 consecutive integers is divisible by 
|r — 1, we have , 
Pr+1 — Py =rM(|r—-1) 
=M((9). | 
Now P; = |r, and therefore P, is a multiple of |7; therefore also 
P3, Pg, .... are multiples of [7 . We have thus proved that if the product of 
r — 1 consecutive integers is divisible by |7 — 1, the product ofr consecutive 
integers is divisible by lr but the product of every two consecutive integers 
is divisible by | 2; therefore the product of every three consecutive integers 
is divisible by ee and so on generally. 
This proposition may also be proved thus : 
By means of Art. 416, we can shew that every prime factor is contained 
in |n +7 as often at least as it is contained in |n |r. 
This we leave as an exercise to the student. 
419. If pis a prime number, the coefficient of every term in the expansion 


of (a + by, except the first and last, is divisible by p. 
With the exception of the first and last, every term has a coefficient 
of the form 
—1)(p-2)...p-rt+)) 
r ? 
where 7 may have any integral value not exceeding p — 1. Now this 
expression is an integer; also since p is prime no factor of |r is a divisor of 
it, and since p is greater than r it cannot divide any factor of |r; that is, 
(p -1)(p —2)....(2@ —r +1) must be divisible by |7. Hence every 
coefficient except the first and the last is divisible by p. 
420. If p is a prime number, to prove that 


(atb+ct+dt+..f =a +P +0 +d +...+M(p). 
Write 8 for b +c + ....; then by the przceding article 


4 (a+ py =a? +f? +M(p). 
Again PP =(b+ct+d a 4 = (b + y)’ suppose; 
=p +P+M(p). 
By proceeding in this way we may establish the required result. 
421. [Fermat’s Theorem.] /f p is a prime number and N is prime to p, 


then N’-' — 1is a multiple of p. 
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We have proved that 


(atb+ctdt..f ab +P +P +d +... +M(p); 
let each of the quantities a, b, c, d, .... be equal to unity, and suppose they 
are N in number; then 


N =N+M(p); 
: -1 
that is, N(N°-* - 1) =M@). 
But N is prime to p, and therefore N? ~! _ 4 is a multiple of p. 
COR. Since p is prime, p — 1 is an even number except when p = 2. 
Therefore 


pal e2k 
(N 2 +1) (N 2 -1)=M(p) 
pol pal 
Hence either N 2 +1orN ? —1isa multiple of p, 


pel 
that is N 2 = K, = 1, where K is some positive integer. 
422. It should be noticed that in the course of Art. 421 it was shewn 


that N? — N = M (p) whether N is prime to p or not, this result is sometimes 
more useful than Fermat’s theorem. 


Example. 1. Shew that n’ — nis divisible by 42. 
Since 7 is a prime, n'—-n=M (7); 
also n'-n=n (n° -lH=arnm+)H)a-) (n* +n? + 1). 
Now (n — 1) 7 (n + 1) is divisible by |3; hence n' — nis divisible by 
6 X 7, or 42. 
Example. 2. If p is a prime number, shew that the difference of the 


oe powerof any two number exceeds the difference of the numbers by a 
multiple of p. 
Let x, y be the numbers; then 
x —x=M(p) andy —y=M(), 
that is, x -P -@-y)=M@); 
whence we obtain the required result. 


Example. 3. Prove that every square number is of the form 5n or 
Sn Sa, : 


If N is not prime to 5, we have N” = Sn where n is some positive 
integer. If Nis prime to 5 then N - lisa multiple of S by Fermat’s theorem; 
thus either N? — 1 or N° + lisa multiple of 5; that is, N? =5n +1. 


EXAMPLES. XXX. a. 


1. _ Find the least multipliers of the numbers 
3675, 4374, 18375, 74088 
respectively, which will make the products perfect squares. 


“7 
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Find the least multipliers of the numbers 
-7623, 109350, 539539 


respectivley, which will make the products perfect cubes. 


= 


23. 


If x and y are positive integers, and if x —y is even, shew that 
2 Di eines anes 

x —y is divisible by 4. 

Shew that he difference between any number and its square is even. 
If 4x — y is a multiple of 3, shew that 4x” + Txy — 2y” is divisible by 
oP 
Find the number of divisors of 8064. 

In how many ways can the number 7056 be resolved into two factors ? 


Prove thast 2” — 1 is divisible by 15. 

Prove that n (7 + 1) (7 + 5) is a multiple of 6. 

Shew that every number and its cube when divided by 6 leave the 
same remainder. 


If n is even, shew that 71 (n° + 20) is divisible by 48. 

Shew that n (n” — 1) (3n + 2) is divisible by 24. 

If n is greater than 2, shew that n> — 5n° + 4n is divisible by 120. * 
Prove that 3" + Tis a multiple of 8. 


If #2 is a prime number greater than 3, shew that n’— lisa multiple 
of 24. 


Shew that 2° — 1 is divisible by 30 for all values of n, and by 240 if 7 
is odd. 

Shew that the difference of the squares of any two prime numbers 
greater than 6 is divisible by 24. 

Shew that no square number is of the form 3 — 1. 

Shew that every cube number is of the form 9n or 9n + 1. 

Shew that if a cube number is divided by 7, the remainder is 0, 1 or 
6. 

If a number is both square and cube, shew that it is of the form 7n 
or 7n + 1. : 

Shew that no triangular number can be of the form 3n — 1. 


If 2n + lis a prime number, shew that 1’, ¥ 3° n° when divided 
by 2n + 1 leave different remainders. 


Shew that a‘ + a anda ~— a are always eyen, whatever a and x may 
be. 

Prove that every even power of every odd number is of the form 
8r + 1. 

Prove that the 12” power of any number is of the form 13” or 
13” + 1. 

Prove that the 3” power of any number is of the form 17n or 
17n + 1. 
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28. Ifn is a prime number greater than 5, shew that n’ — 1 is divisible 
by 240. } 

29. If n is any prime number greater than 3, except 7, shew that nn — 1 
is divisible by 168. 

30. Shew that n° — 1 is divisible by 33744 if n is prime to 2, 3, 19 and 
EA : 

; 

31. When p + 1 and 2p + 1 are both prime numbers, shew thatx? —1 
is divisible by 8(p +1) (2p + 1), if x is prime to 2,p +1, and 
2p +1. | 

32, Ifp is a prime, and x prime to p, shew that xp —p' | — 1is divisible 


by p’. 
33. If is a prime number, and a, b two numbers less than m, prove 
that 
Psat code MO oe Mea ak ID Ete 


is a multiple of 772. 

423. If a is any number, then any other number N may be expressed 
in the form N = ag + r, where q is the integral quotient when N is divided 
by a, and ris a remainder less than a. The number a, to which the other is 
referred, is sometimes called the modulus; and to any given modulus a there 
are a different forms of a number N, each form corresponding to a different 
value of r. Thus to modulus 3, we have numbers of the form 
3q, 3q + 1,3qg + 2; or, more simply, 3g, 3g + 1, since 3q + 2 is equal to 
3 (q + 1) — 1. In like manner to modulus 5 any number will be one of the 
five forms 5q, 5q + 1, 5q + 2. 

424. If b, c are two integers, which when divided by a leave the same 
remainder, they are said to be congruent with respect to the modulus a. In 
ths case b — c jg a multiple of a, and following the notation of Gauss we 
shall sometimes express this as follows : ‘ 

b =c (mod. a), or b —c = 0 (mod. a). 

Either of these formulae is called a congruence. 

425. If b,c are congruent with respect to modulus a, then pb and pc 
are congruent, p being any integer. 

For, by supposition, b — c = na, where n is some integer; therefore 
pb — pc = pna; which proves the proposition. 

426. If a is prime to b, and the quantities 

@, 2a, 3a, ....(b — lha 
and divided by b, the remainders are all different. 
For if possible, suppose that two of the quantities ma and m'a when 
divided by b leave the same remainder r, so that 
ma=qb +r, m'a+q'b+r, 
then (m —m')a=(q—q')b; 
therefore b divides (m — m') a; hence it must divide m — m’, since it is 
prime to a; but this is impossible since sn and m’ are each less than b. 


THEORY OF NUMBERS. 317 


Thus the remainders are all different, and since none of the quantities 
is ane divisible by b, the remainders must be the terms of the series 1, 
2, 3, ....b — 1, but not necessarily in this order. 
per If a is prime to b, and c is any number, the b terms of the A.P. 
c,c + a,c + 2a,. SoH (SA) a, 
when divided by b will leave the same remainders as the terms of the series 
co Le #2y..6 + (6 = 1), 
pe ie wninge ay in this order; and therefore the remainders will be 
427. Ifby, b2, b3, .... are respectively congruent to Cy, C2, C3, .... with regard 
to modulus a, then the products by by b3, ...4 Cy C2 C3, .... are also congruent. 
For by supposition, 
by —c, =nya, by — cz =nQ 4, b3 — ¢3 = 134,.. 
where 74, 112, 73 .... are integers; 
g +h bo b3 . = (cy te na) (cz Se Na) (cz + n3a) ie 
= €1 C2 C3... + M (a), 
which proves the proposition. 
428. We can now give another proof of Fermat’s Theorem. 


If p be a prime number and N prime to p, then N “1 _ isa multiple 


of p. 
Since N and p are prime to each other, the numbers 
N, 2N, 3N, .... (p — 1) N (1) 
when divided by p leave the remainders 
1, 2, 3, .... (p — 1) --(2) 


though not necessarily in this order. Therefore the product of all the terms 
in (1) is congruent to the product of all the terms in (2), p being the modulus. 

That is, |p — 1N?~ 1 and |p — 1 leave the same remainder when 
divided by p; hence 

Ip-1("' - 1) =M@); 
but |p — 1 is prime to p; therefore it follows that 
M1 -1=M@). 

429. We shall denote the number of integers less than a number a 
and prime to it by the symbol ¢(a); thus $(2)=1, $(13)=12 
y (18) = 6; the integers less than 18 and prime to it being 1, 5, 7, 11, 13, 17. 
It will be seen that we here consider unity as prime to all numbers. 

0. To shew if the number a, b,c, d, .... are prime to each other, 

¢ (abcd ....) = 9 (a). (b) - (C) - 

Consider the product ab; then the first ab aumbers o can be written in 

b lines, each line containing a numbers; thus 
1, Di dei Ge! a, 
a +1, (dake aig te el a+k,.... ata, 
2a +1, 2a + 2,.... 2a EK, xi. 2a + a, 


Pee e cece esc e ee ee es seeseenasr sense cess OOSes SO SSSEe STOO CSREES OSSOSOD SOO HOS EOD 
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(b-l)at+1,(b-1)a+2,..(6-l)atk,..(b— lata. 

Let us consider the vertical column which begins with k; if k is prime 
to a all the terms of this column will be prime to a; but if k and a have a 
common divisor, no number in the column will be prime to a. Now the first 
row contains ¢ (a) numbers prime to a; therefore there are ¢ (a) vertical 
columns in each of which every term is prime to a; let us suppose that the 
vertical column which begins with k is one of these. This column is an A.P, 
’ the terms of which when divided by b leave remainders 0, 1, 2, 3, .... 
b —1[ Art. 426 Cor.; hence the column contains ¢ (b) integers prime to 
b. 

Similarly, each of the ¢ (@) vertical columns in which every term is 
prime to a contain ¢ (b) integers prime to b; hence in the table there are 
¢ (a) .¢ (b) integers which are prime to a and also to b, and therefore to 
ab; that is 

(ab) = $ (a) .¢ (0). 
Therefore ¢ (abcd ....) = $ (a) .$ (bed....) 
"= $(a).9 (6). (cd...) 
= $ (a). (b)-¢(€)-9@... 

431. To find the number of positive integers less than a given number, 

and prime to it. 


Let N denote the number, and suppose that N = @°b%’ ...., where 
a,b,c.... are different prime numbers, and p,q,r.... positive integers. 


Consider the factors a’; of the natural numbers 1, 2, 3, ....@” — 1, a’, the 
only ones not prime to a are 


a, 2a. 3a, ....(@ = 1)a,(¢')a 


and the number of these is a” we hence 


dP) PoP ag tes: 


a 


Now all the factors @” . bt c, .... are prime to each other; 


¢ (a b%c" .....) = (a). p (b*), ¢ (C) ... 


(1-2). (r-3).e (0-3). 


=f te. [1-4 tor etek Ae 
a Cc 


pahalnaded: sigicta aria (a edantha 2 
that 1s,  (N) vi ; [ ; f 7 ne 


Example. Shew that the sum of all the integers which are less than N 
and prime to it is 5 No (N). 


If x is any integers less than N and prime to it, then N — « is also an 
integer less than N and prime to it. 
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Denote the integers by 1, p, q,r, ...., and their sum by S; then 
S=1l+pt+qtrt+...+(N-7 + (N-q)+(N—-p) +(N-D, 
_ the series consisting of ¢ (NV) terms. 

Writing the series in the reverse order, 

S=(N-1)+ (N-p)+(N-—q)+(N—r) +... tiga + 1; 
.. by addition, 2S=N+N+N+... tog (N) terms; 


1 
=,N¢). 


432. From the last article it follows that the number of integers which 
are less than N and not prime to it is 


nenbod) bod] f-3 fa) 


that is , 

Ed ENS nite LY, DORI EAE Mit ; 

Bie BO ab ac be abc 
here the term x gives the number of the integers 

@, 2a, 3a, i BE .a 
a 

which contain a as a factor; the term a gives the number of the integers 
ab, 2ab, 3ab, as ab, which contain ab as a factor and soon. Further, every 


integers is reckoned once, and once only; thus, each multiple of ab will 
appear once among the multiples of a, once among the multiples of b, and 
once negatively among the multiples of ab, and is thus reckoned once only. 


Again, each multiple of abc will appear among the ~ pies terms which 


; t NNN ; 
are multiples of a, b, c respectively; among the ape betepe terms which are 


mutlinles of ab, ac, bc, respectively; and among the ie multiples of abc; 


that is, since 3 — 3+1=1, each multiple of abc occurs once, and once 
only. Similarly, other cases may be discussed. 
433. [Wilson’s Theorem.] Jf p be a prime number, 1 + |p —1 is 


divisible by p. 
By Ex. 2, Art. 314 we have 


p~1=(- 19 '-@-np-2 ‘= 2-2-4 (p - 3)" 


i Leese ee (p - ay! +... top — 1 terms; 


and by Fermat’s Theorem each of the expressions (p - iy 
(p - 2P~', (@ — 3)? |... is of the form 1 + M (p); thus 
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|p - =M@)+{1-@-» + P=DB=2 sop 11erms| 


=M (p) = {(1- 1" - (-17"} 
= M (p) — 1, since p — 1 is even. 

Therefore 1+ |p—1=M(p). 

This theorem is only true when p is prime. For suppose p has a factor 
q; then q is less than p and must divide p — 1; hence 1+ |p — 1 is nota 
multiple of g, and therefore not a multiple of p. 

Wilson’s Theorem may also be proved without using the result quoted 
from Art., 314, as in the following article. 

434, [Wilson’s Theorem.] /f p be a prime number, 1 + |p + 1is divisible 
by p. , 
Let a denote any one of the numbers 

1, ak ck he 5%, 
then a is prime to p, and if the products 
1:4, 2.4,3.a,..tp — lia 
are divided by p, one and only one of them leaves the remainder 1. [Art. 
426. 

Let this be the product ma; then we can shew that the numbers m 
and a are different unless a = p — 1 or 1. For if a” were to give remainder 
1 on division by p, we should have 

a’ -1=0 (mod. p), 
and since p is prime, this can only be the case when a +1-—p, or 
a — 1=0; that is, when a = p — lor 1. 

Hence one and only one of the product 2a 3a, ....(p — 2) a@ gives 
remainder 1 when divided by p; that is for any one of the series of numbers 
in (1), excluding the first and last, it is possible to find one other such that 
the product of the pair is of the form M (p) + 1. 

Therefore the integers 2, 3, 4, .... (p — 2), the number of which is 
even, can be associated in pairs such that the product of each pair is of the 
form M (p) + 1. 

Therefore by multiplying all these pairs together, we have 

2.3.4..(—2@-2=M(p) +h 
here 1.2 3h 4. -~-H=( ~ 1) {M(p) + 1}; 
whence |p - =\Mip) ¥p.<4; 
or 1 + |p — 1 is a multiple of p. 


F eS If 2p +1 is a prime number (p) + (- 1) is divisible by 
+ 
For by Wilson’s theorem 1+ |2p is divisible by 2p +1. Put 
n = 2p + 1, so that p + 1 =n — p; then 
[2p =1.2.3.4...p(p + 1) (p +2)... (2-1) 
=1(a-1)2(-2)3(1-3)..p(n—p) 
= a multiple of n + (—1)' ( lp)’. 
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Therefore 1 = (-19 (1p) is divisible by n or 2p + 1, and therefore 
(Ip) + (—1/ is divisible by 2p + 1. 

435. Many theorems relating to the properties of numbers can be 
proved by induction. . 

Example 1. If p is a prime number, x — x is divisible by p. 


Let x” — x be denoted by f (x); then 


f@t+l)-f@= por ayS<s (+1) —@? -x) 
= pl 4 ee) ld + px 


= a multiple ; P; eh pisprime  [Art. 419.] 
f+ 1) =f() + a multiple of p. 
If therefore f (x) is divisible by p, so also is f (x + 1); but 
f(Q=% -2=(14+1/ -2, 
and this is a multiple of p when p is prime [Art. 419]; therefore f (3) is 
divisible by p, therefore f (4) is divisible by p, and so on; thus the proposition 
is true universally. 
This furnishes another proof of Fermat’s theorem, for ifx is prime to 
p, it follows that °~' — 1 is a multiple of p. 


Example. 2. Prove that 57*? _ 24n — 25 is divisible by 576. 


Let 5""*? — 24n — 25 be denoted by f(r); 
then f(n+ 1) = ae: 24 (n + 1) — 25 
=5°.57"*? — 24n — 49; 
f(a + 1) — 25f (n) = 25 (24n + 25) — 24n — 49 
= 576 (n + 1). 


Therefore if f (”) is divisible by 576, so also is f(nt 1); but by trial 
we see that the theorem is true when n =1, therefore it is true when 
n = 2, therefore it is true when 7 + 3, and so on; thus it is true universally. 

The above result may also be proved as follows : 


Bre _ An — 25.= 25" | 2th — 25 
= 25 (1 + 24)" — 24n — 25 
= 25 + 25.n.24 + M (24°) — 24n — 25 
= 576n + M (516) 
- = M (576). 


EXAMPLES XXX. b. 


1. Shew that 10” + 3.4’ *? + 5 is divisible by 9. 
2. Shew that 2.7' + 3.5" — Sis a multiple of 24. 
3. Shewthat 4.6" +5" "| when divided by 20 leaves remainder 9. 


seer Awa 


> 


11. 


woe 


13. 


14. 


15. 
16. 


17. 


18. 


19. 


20. 


21. 
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Shew that 8.7" + 4”*? is of the form 24 (27 — 1). 

If p is prime, shew that 2p — 3 + 1 is a multiple of p. 

Shew that a””*! — a is divisible by 30. 

Shew that the highest power of 2 contained in re ~ Lis 7 7 = 1, 
Shew that 3777 + 577? 


Shew that 3°"*° + 160n” — 56n — 243 is divisible by 512. 

Prove that the sum of the coefficients of the odd powers of x in the 
expansion of (1 +x + Ptr t hy eae when 71 is a prime number 
other than 5, is divisible by n. 

If n is a prime number greater than 7, shew that n° — 1 is divisible 
by 504. 


If n is an odd number, prove that n° + 3 + In? — 11is2 multiple 
of 128. 

If p is a prime number, shew that the coefficients of the terms of 
(1+ xy are alternately greater and less by unity than some multiple 
of p. 


is a multiple of 14. 


If p is a prime, shew that the sum of the (p — 1)" powers of any p 
numbers in arithmetical progression, wherein the common difference 
is not divisible by p, is less by 1 than a multiple of p. 

Shew that a’” — b’” is divisible by 91, if a and b are both prime to 91. 
If p is prime, shew that |p — 2r |2r — 1 — 1 is divisible by p. 

If n — 1,2 + 1 are both prime numbers greater than S, shew that 
n(n” — 4) is divisible by 120, and n” (n” + 16) by 720. Also shew that 
n must be of the form 30¢ or 30¢ + 12. 


Shew that the highest power of n which is contained in Ln’ — lis. 
equal to 
n —nr¢tr—-1 
n-1 ; 
If p is a prime number, and a prime to p, and if a square number rad 
can be found such that c” — a is divisible by p, shew that 


1 
a? sat tea 1 is divisible by p. 
Find the general solution of the congruence 
98x — 1 =0 (mod. 139). 
Shew that the sum of the squares of all the numbers less than a given 
number N and prime to it is 


“ | 
cote [1-3] [1-2] w+ 2 - a) b) (1-0), 


THEORY. OF NUMBERS. 323 


and the sum of the cubes is 

Nn 1 1 1\ N° 

a; fer [1-3] [1-4] et la) b) iene) 
BD Gx. being the different prime factors of N. 
22. Ifp and q are any two positive integers, shew that |pq is divisible by 


(\p). [a and by (|)? |p. 


23. Shew that the square numbers which are also triangular are given by 
the squares of the coefficients of the powers of x in the expansion of 


>» and that the square numbers which are also pentagonal 


Lm 6r +x 

by the coefficients of the powers of x is the expansion of 
1 

1-10r +x” 


24. Shew that the sum of the fourth powers-of all the numbers less than 
N and prime to it is 


3 
(1-2) [1-5] (1 -3] +E a-a)(1-—)G-0-. 


a 
N 3. 3. 3 
~(1-a)(1=b y(bHc’)...., 


a, b,c .... being the different prime factors of N. 
25. If @ (N) is the number of integers which are less than N and prime 
to it, and if x is prime to N, shew that 
x?) _ 1 =0 (mod. N) 
26. If dy, d>, d3, .... denote the divisors of a number N, then 
? (41) + (do) + (G3) +... = N. 
Shew also that 


3 
¢() + -¢03)—3 + 465) 
1+x” 1+x 


5 
x 
ieee 


Pig 
— .... ad. inf. = = ee) ee 
{(L+x) 


x 


| 


CHAPTER XXXIi 


THE GENERAL THEORY OF CONTINUED 
FRACTIONS 


*436. In Chap. xxv. we have investigated the properties of Continued 


. 1 < 

Fractions of the form a; + a + 7 + ..... Where @>, 43, .... are positive 
2 3 

integers, and a; is either a positive integer or zero. We shall now consider 

continued fractions of a more general type. 

*437, The most general form of a continued fraction is 
—=—=—=.,,, where .. a), @, 43, ...., by, bz, 3, ..... represent. .any 
OO es 
quantities whatever. 

_ Dp by by ; 
The fractions — , —, —, .... are called components of the continued 
a; a2 a3 x 
fraction. We shall confine our attention to two cases; 

(i) that in which the sign before each component is positive; (ii) that 
in which the sign is negative. 

*438. To investigate the law of formation of the successive convergents 
to the continued fraction 

Dy. Be ~ 183 
at a> F “ant bay 
The first three convergents are 
by arb, a3 .azb, + b3.b, 
@,’ Axa, + by’ a3 (an a, + bo) + b3..a4 

We sec that the numerator of the third convergent may be formed by 
multiplying the numerator of the second co ergent by a3, and the 
numerator of the first by b3 and adding the results together; also that the 
denominator may be formed in like manner. 

Suppose that the successive convergents are formed in a similar way; 
let the numerators be denoted by pj. 2, p3 ...., and the denominators by 
Fir I25 V3 


Assume that the law of formation holds for the 2” converyent; that 
IS, SUPpOse 


Pu = np Pr=1 + On Pa->. Yn = An Qn—1 + By Qn --2- 


( 324) 
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The (n+ 1)" convergent differs from the- n” only in having 


n+l in the place of a,,; hence 


(TEES os 
Qn+1 


the (2 + 1)" convergent 


n+1 
Gy + a _ Pn-1 + by Pn-2 Pn t+ Pn Pn=1 
; ta Qn+1 _- 
bn+1 y bn+1 
ay, + GQn-1 + bn Gn-2-— In + Qn-1 
- Qn4+1 Gn+1 


_ 9n+1Pn + bn+1Pn-1 
nay 4'gy i bn+19n-1 
If therefore we put 
Pn+1 = 49n+1Pn + bn41Pn-1» Inti = Int1 In F On41 In-1; 
we see that the numerator and denominator of the (n + a convergent 


follow the law which was supposed to hold in case of the n’” But the law 
does hold in the case of the third convergent; hence it holds for the fourth; 
and so on; therefore it holds universally. 
*439. In the case of the continued fraction 
by bz bg 
OT 30) 43 a 
we may prove that 
Pn = 4nPn—-1 — OnPn-2 In = 4n In-1 — On In-2; 
a result which may be deduced from that of the preceding article by changing 
the sign of b,,. 
*440. In the continued fraction 
b; bo bg 
a, + an + a3 pao 


we have seen that 
Pn = 4 Pn-1 + On Pn—-2, In = 4n In-1 + On In-2- 


Patt _ Pr 

dns! Gn 
a (0n+1Pn + bn+1Pn-1) In — (Qn+19n + On+1 In-1) Pn 
a 9n+19n | 

4 — nti dn-1 Pn. ~Pa4)- 
4 Qn+1 Qn n-1]" 

bn+19n—-1 bn+19n-1 


but er eR TTT 
Qn+1 4n+19n + bn 41 In-1. 
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Pn+1 _ Pn is numerically less than 


n+1 n 


and is therefore a proper fraction; hence 


Pa Pua} 

Qn qn-1 
By reasoning as in Art. 335, we may shew that every convergent of 
an odd order is greater than the continued fraction, and every convergent 
of an even order is less than the continued fraction; hence every convergent 
of an odd order is greater than every convergent of an even order. 


, and is of opposite sign. 


Thus fore) 5h is positive and less than Fh Ee ; hence 
9mt+1 Wan Ym-1 Fun 
P2ntl — P2n-1 
qm+1  Wn-1 
hee eee positive and less than s2ssh'y ined hence 
dmr-1 In qx-1  Wn-2 
P2n _ P2n-2 
Gan 2n-2 


Hence the convergents of an odd order are all greater than the 
continued fraction but continually decrease, and the convergents of an even 
order are all less than the continued fraction but continually increase. 

Suppose now that the number of components is infinite, then the 
convergents of an odd order must tend to some finite limit, and the 
convergents of an even order must also tend to some finite limit; if these 
limits are equal the continued fraction tends to one definite limit; if they 
are not equal, the odd convergents tend to one limit, and the even 
convergents tend to a different limit, and the continued fraction may be 
said to be oscillating; in this case the continued fraction is the symbolical 
representation of two quantities, one of which is the limit of the odd, and ~ 
the other that of the even convergents. 

=o +9, 52 05 
*441. To shew that the continued fraction ——- ———- ——.... has a 
a, + a.+ a+ 


: : =. 4n 4n+) AM al 

definite value if the lintit of oo ape when n is infinite is greater than zero. 
n+l 

The continued fraction will have a definite value when nv is infinite if 


the difference of the limits of eee). and ea is equal to zero. 


Qn+1 Qn 
Ne Pnt+1 _ Pn, _ Anti 9n-1 {Pn — Pn-1 
Qn+1 Wn Qn+1 Qn = Yn-1 
whence we obtain 
Pnt+1 Pn n-12n+14n-1 Dn Gn-2 —b4q2 53491(P2 Pi 


— = (—1 ANeamage s 
Gn+1 An =) Qn+1 Qn 4 93 (942 hI 
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But bn+19n-1 a bn+1Qn-1 “ L 
Qn+1 9n+19n + bn +1 In-1 9n+19n rf ‘ 
bn In-1 
ae Qn+19n _ 4n+1 (@n Qn—1 + Bn Qn-2) 
bn+14n-1 bn+1In-1 
_ M4nt+1 An+1 by In-2. 
bn+1 bnt+1Qn-1 ” 
: , ; - . -4n Qn4+1. 
also neither of these terms can be negative; hence if the limit of ——— is 
n+1 
. Sie 9n+19n : aes 
greater then zero so also is the limit of —————-; in which case the limit 
bn+14n-1 u 
b me 
of Cuntontt is less than 1; and therefore Paar is the limit of the 
TS col Anti Yn 
product of an infinite number of proper fractions and must therefore be 
equal to zero; that is , ee and Pn tend to the same limit; which proves 
n+! n ; 


the proposition. 
For example, in the continued fraction 
v 2 2 2 
bid tus n 


Ga es A Oe 


Aya ade ) (2n +3) 
Lim ~—*! = Lim i 2 ate =4; 


bn+1 (n +1) 
and therfore the continued fraction tends to a definite limit. 
b, by bg 


*442. In the continued fraction 


seis 
wii” Yee: bok 
if the denominator of every component exceeds the numerator by unity at least, 
the convergents are positive fractions in ascending order of magnitude. 
{puis c Vib 2s a) 5 ore 
By supposition Pa positive proper fractions in each 
by 207353 
of which the denominator exceeds the numerator by unity at least. The 


second convergent is and since a, exceeds b, by unity at least, and 


bee . by. 
isa proper fraction, it follows that a, — z is greater than b,; that is, the 
an 2 

second convergent is a positive proper fraction. In like manner it may be 


b : 
shewn that —- is positive proper fraction; denote it by f;, then the third 
3 
a _ 
2 a3 
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b ; ie ; ae 
convergent is : FR and is therefore a positive proper fraction. Similarly 
oe sicdh 


bp bs by, aa ' 
we may shew that 2 hs positive proper fraction; hence also 
an = 


the fourth convergent 
b, bp bz by 


Gy 5-402 20g Gg 


is a positive proper fraction; and so on. 


Again Dp = 4n Pn—1 — On Pn—2» In = Qn In-1 — On Gn-2; 
Pn+1 Pn 5n4+19n-1 | in ai 


Qn Qn-1 ‘ 


Qn+1 Yn Qn+1 


pa Nee and phi it —— have the same sign. 


Gn+1 n Qn Wn-1 


aob b b,b 
But es =a ee a at) and is therefore positive; 
92 9 942-562 ay 14 


fences ae HA RE Ht 403 ; and so on; which proves the proposition. 


q2 9°93 492 4% ae 

COR. If the number of the components is infinite, the convergents 
form an infinite series of proper fractions in ascending order of magnitude; 
and in this case the continued fraction must tend to a definite limit which 
cannot exceed unity. 

*443. From the formula 

Pn = 4p Pn—-1 + Op Pn—2; In = In In-1 + On Qn-2, 

we may always determined in succession as many of the convergents as we 
please. In certain cases, however, a general expression can be found for the 


in 
n convergent. 


hence 


Example. To find the ni convergent to — Sis emis 
We have p, = Spn-1 —' 6Pn—2; hence the numerators form a recurring 
series any three consecutive terms of the which are connected by the relation 
Pn — SPn-1 + ©Pn-2- 
Let S = py t pox t pz + rt Pp bt end 
Pi t+ 2 — Spi) 
1-5 + & 
6 30. 
But the first two convergents are = 5° 19° 
Lal noitoest vaqorg. avigiog © 4 Whos 
1-5 +6" BF gg Hy 2 
whence pe = ie Fe 3" —2'), 


then, as in Art. 325, we have S = 
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Similarly if SS’ = gy + qox t+ q3X° Hunt qnx it .. 
we find six 2&8 
1 ere ee. Gear te 
whence fas ea oe 


ong gitl _ antl’ 
This method will Bi succeed when a, and b,, are constant for all 
values of n. Thus in the case of the continued fraction cae aE —_ 
Ochea+ vat” 
we may shew that the numerators of the successive convergents are the 


coefficients of the powers of x in the expansion of ERAT re, and the 
1 = at'>-bx_ 
denominators are the coefficients of the powers of x in the expansion of 
at bx 


1— ax — bx” 

*444. For the investigation of the general values of p,, and q,, the 
student is referred to works on Finite Differences ; it is only in special cases 
that these values can be found by Algebra. The following method will 
sometimes be found useful. 

Aree 

Example. Find the value of + “eo Gas ae 

The same law of formation holds for p,, and q,, ; let us take u,, to 
denote either of them ; then 

Up, = NUy—1 + NUy—, 
or uae a, 1 2 (ty—4 —"Titls 9). 
Similarly, Uyj—1 — NUpyj—2 = — (Un-2—n — Tuy-3). 
U3 = 4ity = — (U3 — 3144); 
whence by multiplication, we obtain 


iene ty is a (1) * (i) = SU). 


I #2: 
the first two convergents are — a hence 


Pn-~ FY) Ppt = (HI Qn $1) n—1 = (-1)"” 
Thus Brg FAAt ala st ; pest Le ig 
inti |» nti? [nti fp [a #t 
Pask, %, Page os (ait a. Ga-1 irre (ah 


PPTTTTTITIT eee 
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P22 Prep tele 2 Wd 
3e)2.. se Eee 
i> Brod treptlocls 
Cy, 4 Pe: |2’ 
weheunce, by addition , . 
fa Bee A ay 
' Int+1 [2 [3 [4 n+1’ 
od tale or are eer rin nes 
{a+ [2 13 [4 n+1 


By making n infinite, we obtain 
Lim@2 == + [1-3] = : ’ 


in e vet 
which is therefore the value of the given expression. 
bz 53 


*445, If every component of ... ls @ proper fraction 


a) + ay + a3 + : 
with integral numerator and denominator, the continued fraction is 
incommensurable. 


For if possible, suppose that the continued fraction is commensurable 
b 
and equal to =, where A and B, are positive integers; then 5 = = 5 fi’ 


re 
an te a3 eos 


where f,; denotes the| infinite continued fraction 
Ab; — Bay _C¢ 
i= B critava Be suppose. Now A, B, 4a,,b; are integers and f; is 


b> h 
———, where 
a, + fr’ fa 

“fae : : bz by 
denotes the infinite continued fraction ———- ——....; hence 
a3 + a4 + 


positive, therefore C is a positive integer. Similarly & = 


Bb» = Caz D . 4 “ye 
fr= Ee = © Suppose; and as before, it follows that D is a positive 


integer; and so on. 


Again, — Bi Gl 
oo a 
C. bz b3 
is a proper fraction ; = is less than = —};— 1s less than — ; and so on. 
B % az” 
Thus A, B, C, D, .... form an ‘tn nite series of positive integers in 
descending order of magnitude; which is absurd. Hence the given fraction 
cannot be commensurable. 


by 
are proper fractions ; for i is less than —, which 
ay’ 
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_ The above result still holds if some of the components are not proper 
fractions, provided that from and after a fixed component all the others are 
proper fractions. 


b 
For suppose that - and all the succeeding components are proper 
n 


fractions; thus, as we have just proved, the infinite continued fraction 


, BE CONGR es | 
beginning with rs is incommensurable; denote it by k, then the complete 
n 


_ quotient corresponding to is *, and therefore the value of the continued 
n 


Qn—1 + kdn-2 
: Pn-1 | Pn-2. , 
This cannot be commensurable unless ——— = ; and this 
Ea ae: (Ey a 
panded umothold wiles = LF seo) CS eae ..., and finally 
Qn-2 4n-3 In-3 In-4 
P2_ Pi 


ie Gi that is byb> = 0, which ts impossible; hence the given fraction must 

2 1 

be incommensurable. 

ds ah + Soa ; 

*446. If every component of Tn pe pea I 2 2 fraction 
PARR A309 


with integral numerator and denominator, and if the value of the infinite 
continued fraction beginning with any component is less than unity, the fraction 
is incommensurable. 

The demonstration is similar to that of the preceding article. 


*EXAMPLES. XXXI. a. 


1. Shew that is the continued fraction 
b, “box b3 

gee, ool 

Pr = % Pn -17- on Pn-2» Qn = 4nGn - 1 — On Qn - 2- 


sey 


ie : i § ; 
y into a continued fraction with unit numerators. 


; + 
Ze Convert = 


3. Shew that 


seeee 
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bz 53 
i3 au apa 
every component exceed the numerator by unity at least, shew that 
Pn and gy, increase with n. 
5. If ay, a3, a3, ... @g are in harmonical progressivn, shew that 


4. In the continued fraction .., if the denominator of 


i: SO Es EE 
Q,-, 2-2-2-"2-a 
6 Shew that 
2 2 
1 1 1 1 2 
eet ae ———— =2a, 
[a+ rapa ) +( jg 
Poet Sk ee ae 1 
and eee [a - = =| =a MOTT 
7. In the continued fraction 
orga Somos 
b+atat+”” 
2 
shew that Pn +1 = 0Gn; bGn +1 — Pn+1=5 Gn -1- 
x xc 
8. Shew that 2 7. hee ae 
x being the number of components, and a, f the roots of the equation 
2 
k= ak’ —D= 0. 


9. Prove that the product of the continued fractions 


wt etek Hee sy 2 de nidoere ah 
TPP Oda eo nee ee ae ae 
is equal to — 1. 
Shew that 
Pree ee as et (n° = 1)" | (n+) (n +2) (2 +3) 
2 
11. Lai: apt: St Roum} _ n(n +3) 
1- 5- 7— "M41 — 2 
Di ee Ror are 
eo Sy iy Hoey Dayps dated 442 Bs tysatsh [2- 
| A Se ds n=~—1 
BOO 78 EU 
OY 5 ge Sg Be 
2 
14, se eee el Z(e =I) 


15. 


16. 


i7. 


18. 


19. 
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3.33.43.5 3(m+2) _ 6(2e°?+1) 


itary) en emer n+ 5.) t:9 
Ifa, == b= ma u3= oe each successive fraction 
SP 7 kath Ses es . 2 


being formed by taking the denominator and the sum of the numerator 
and denominator of the preceding fraction for its numerator and 
v5—1 

oF 
Prove that the n™" convergent to the continued fraction 


denominator respectively, shew that u,, = 


r r Aoki —r 
r+1—-r+1-7+1-"" 


ee ee 
@y- 1 —.ayt 1 34+ 1— 
being positive and greater than unity. 


Find the value of ————— ———_- ———"—_..... » 44, A>, A3, .... 


Shew that the 1‘ convergent to 1 — 


th gost lb 
(2—1) convergent tour ae 1hay 


.. Is equal to the 


20. Shew that the 3n" convergent to 
a yi api Os IO 
§- 2-1-5- 2-1- 5-"  3n +1 
be AS a3 Ses 
21. Shew that a oo a 
hence shew that e lies between 2 and 2 = 


‘, CONVERSION OF SERIES INTO CONTINUED FRACTIONS. 


*447, It will be convenient here to write the series in the form 
1 1 1 4 4 1 


fy Pye hy 


2 Saito Ta se 
oe UciTure ie ar te 


(u, 7: X;) (u; a hd Ur) = Uy Uy + 4, 
2 
Uy 
xX, = — —————_. 
‘ My +p 41 
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334 
Similarly, 
2 
u 
: i a i = "2 + ee = 1 ioe eee ak . 
Uat+xX% Ug— Wy Hdl2 TX 


uy uz uz OU, 


2 2 
1 uy U4 
Uy Uy tug — Uy t U3 


and so on; hence generally 
1 


dtp its 1 
—+—4¢— Ft... += 
Uy U2 U3 Un 
Z 2 Z 
1 uy ua Un —1 
uy Wy tug — up tu3- 7 yp Pay 
Example 1. Express as a continued fraction the series 
= n 
1 x Bs x 
3 eee — 1... + (-1) : 
ao apa, 494185 G04 1442 «..- Ay 
1 x; 1 
Put == SS; 
Qn GnQn+1 Ant Yn 
then (4, + y Py) (@n + 1X) = ayn Gp 4 i? 
bs AyX 
. 4,41 —% 
1 x a 
Hake 2 ete ee eee 
49 49, Agtyo Agt ay -x 
2 
1 x 
Again, oe nh eed ae oe a oe 
Sq 4941 ~ Cae e940 AG Fe 
chad nn Z = 
a ag (4, + 9)) 
) at 
7 a0 + ay + y) = 
fa ax ayx 
ag + ay —x+ ay—-X 
1 ‘ 2 rt 
and generally eae beh ht (—1)" 
4% 404, aaa 494142 .. dy 
SL. CHK ayx a, 5X oe 
per gg ae 


~ aot ay --xX+ ay—x+t 
Example 2. Express log (1 +.x) as a continued fraction 
2 3 4 


We have log (1 + x) = : 5 “Sy 
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_ The required expression is most simply deduced from the continued 
fraction equivalent to the series 


By putting — - — = — 
Qn  4n+1 typ 
2 
; Qn X 
we obtain Yn = 
Qn +1 — Ar 
hence we have 
2 3 4 ; 2 2 2 
ee er ee ee 
@, 42 G3 Gy ay t+ A,—-4;X+ a3-ax+ ay-—ayxt™” 
Z3 2 2 
x i x BPX 


we ++) ft Dee tot a ee pL 
*448. In certain cases we may simplify the components of the 
continued fraction by the help of the following proposition : 


The continued fraction 
b; boa bz dy 


a,+ ant a4,+ a4+ 


ones 


is equal to the continued fraction 
4D, €4C2b2 Cr¢3b3 €3C4b4 


C4, + Cpaq + C7044 CyQ4 + 
where C}, C2, C3, C4, .... are any quantities whatever. 


seeee 


Let f; denote 2 as then 
1 a> rey wet > 
h en er by ab, 
the continued fraction = ———- = —————--. 
a,+f, cya, +eyfy 
bz bg 
Let f5 denote —....; then 
. fh a3 + a4 + 4 


cyb2 C1C2b2 
Cc = SZ 
fi Q2+ fz C22 + Cof> 


€2€ + . 
shat teas 3 ; and sc on; whencc the proposition is 
C303 + €3f3 


| *EXAMPLES. XXXI. b. | 
Shew that 


Be PAS ee 


_ Similarly, cz fo = 


established. 
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2 2 2 
abigids| uo prvsetine ies mo 
~ ug + Uy —ugit aa By Un — Un -} 
- 2 x 
4 cb ee pee ee 
49 4044 ao@,a2 04142 --- Gn 
oe ec ees eae eee eee 
~ ag— a t+x- agtx- Qn +x" 
3 ident ae pa le oe eZ 
Sp a2 Serer + Z— 
2n L 1 1 Ly i 
=— — — —..... ton quotients. 
4 nl le a 
2 
Peel 1 Ee Pe ae 
5, Ng ret ee de et eT ae ek 
4 4 
1 1 i n 
6. State tea os * 
Teias2t (n + 1)- Vv Zess agit (n +649" 
x ey x 2x 3x 
if Pama BOING acre DARE bial 
5 211,42 See 
“~~ @ ab abe abcd at b-1+c¢-1+ d-1+™ 
] ] 1 1 
9. bt tg eee a 
r re 
3 5 
ig al A 
TP +1—-Prt+1—-r +1- 
10 Gy 6 Bak as m 1 reer arabs Qn -2 
; (Chea ay + a3+ “a, 1+ a,+ a+ + Gy +, 
GIO Ae a 2ab%, a6 
lid Vt? SS ae ee Se ee ee 
at b+ c+” OF Bege 
show that P(a+1+Q)=a+Q. 
1 a x Y ‘ : 
12. Shew that -- — + —— — — +... 1s equal to the continued 
41 9192 9243-9344 
x ¥. x 


: ] 
fraction ——- 
a, + an+ a+ a4y+ 


denominators of the successive convergetns. 


Sines , where 4), 42,43, «.... are the 


CHAPTER XXXII 
PROBABILITY 


449. DEFINITION. If an event can happen in a ways and fail in’b 
ways, and each of these ways is equally likely, the probability, or the chance, 


of its happening is 5 ‘ ra 


For instance, if in a lottery there are 7 prizes and 25 blanks, the chance 


, and that of its failing is 5 


that a person holding 1 ticket will win a prize is a and his chance of not 


25 , 
winning is — 37° 

450. The reason for the mathematical definition of probability may 
be made clear by the following considerations : 

If an event can happen in a ways and fail to happen in b ways, and 
all these ways are equally likely, we can assert that the chance of its 
happening is to the chance of its happening is represented by ka, where k 
is‘ an undetermined constant, then the chance of its failing will be 
represented by kb. 

*. chance of happening + chance of failing = k (a + b) 
“Now the event is certain to happen or to fail; therefore the sum of 
the chances of happening and failing must represent certainty. If therefore 
we agree to take certainty as our unit, we have 


1 =k (a_+b), ork = 


at+b’ 


: Tt LO 
. the chance that the event will happen is Pee 


and the chance that the event will not happen is eb" 


COR. If p is thé probability of the happening of an event, the 
probability of its not happening 1 is 1—p. 

451. Instead of saying that the chance of the happening of an event 
is ne, it is sometimes stated that the odds are a to b in favour of the event 
or b to a against the event. 

452. The definition of probability i in Art. 449 may be given ina slightly 
different form which is sometimes useful. If c is the total number of cases, 
cach being equally likely to occur, and of these a are favourable to the 
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event, then the probability that the event will happen is = and the probability 


that it will not happen is 1 — .- 


Example I. What is the chance of throwing a number greater than 4 
with an ordinary die whose faces are numbered from 1 to 6 ? 
There are 6 possible ways in which the die can fall, and of these two 
are favourable to the event required; 
therefore the required chance = 7 = 
Example 2. From a bag containing 4 white and 5 black balls a man | 
draws 3 at random; what are the odds against these being all black ? 


The total number of ways in which 3 balls can be drawn is a and 


the number of ways of drawing 3 black balls is Cy; therefore the chance 
of drawing 3 black balls j 


9c, 9.8.7 42 


Thug the odds against the event are 37 to 5. 

Example 3. Find the chance of throwing at least one ace in a single 
throw with two dice. 

The possible number of cases is 6 X 6, or 36. 

An aceon one die may be associated with any of the 6 numbers on 
the other die, and the remaining 5 numbers on the first die may each be 
associated with the ace on the second die; thus the number of favourable 
cases is 11: 

Therefore the required chance is ve 

Or we may reason as follows : 

There are 5 ways in which each die can be thrown so as not to give 
an ace; hence 25 throws of two dice will exclude aces. That is, the chance 


: ay: ; 
of not throwing one or more aces is —; so that the chance of throwing one 


ace at least is 1 — = or a 

Example 4: Find the chance of throwing more than 15 in one throw 
with 3 dice. % 

A throw amounting to 18 must be made up of 6, 6, 6, and this can 
occur in 1 way, 17 can be made up of 6, 6, 5 which can occur in 3 ways; 16 
may be made up of 6, 6, 4 and 6, 5, 5, each of which arrangements can occur 
in 3 ways. . : 

Therefore the number of favourable cases is 

1+3+3 + 3, or 10. 


And thé total number of cases is e, or 216; 
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oe A 
216 108 

Example 5. A has 3 shares in a lottery in which there are 3 prizes and 
6 blanks; B has 1 share in a lottery in which there is 1 prize and 2 blanks : 
shew that A’s chance of success is to B’s as 16 to 7. 


A may draw 3 prizes in 1 way; 


therefore the required chance = 


he may draw 2 prizes and 1 blank in 236 x 6 ways; 
he may draw 1 prize and 2 blanks in 3 x $2 ways; 


the sum of these numbers is 64, which is the number of ways in which A 


can win a prize. Also he can draw 3 tickets in 123° or 84 ways; 
64 16 
therefore A’s ch f el oe 
erefore A’s chance of success = 94 = 57 
B’s chance of success is clearly . 
>? ? 16 1 
therefore A’s chance : B’s chance = 21:3 
= 16:7. 
Or we might have reasoned thus : A will get all blanks in Sot or 
ay LD ne 
20 ways; the chance of which is gq? Of 943 
therefore A’s chance of success = 1 — Estar Gel 
ere ‘ c = M21 


453. Suppose that there are a number of events A, B, C, ..., of which 
one must, and only one can, occur; also suppose that a,b,c, ... are the 
numbers of ways respectively in which these events can happen, and that 
each of these ways is equally likely to occur; it is required to find the chance 
of each event. ° 

The total number of equally possible ways isa +b +c +..., and of 
these the number favourable to A isa : hence the chance that A will happen 

a 


ctr, Nor ae Ne Similarly the chance that B will happen is 
pane aca and so on 
aD 4 tithing 7 


454, From the examples we have given it will be seen that the solution 
of the easier kinds of questions in Probability requires nothing more than 
a kr.owledge of the definition of Probability, and the application of the laws 
of Permutations and Combinations. 


EXAMPLES. XXXII. a. 


i. In a single throw with two dice find the chances of throwing (1) five, 
(2) six. 
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From a pack of 52 cards two are drawn at random; find the chance 
that one is a knave and the other a queen. 

A bag contains 5 white, 7 black, and 4 red. balls; find the chance that 
three balls drawn at random are all white. 

If four coins are tossed, find the chance that there should be two 
heads and two tails. 

One of two events must happen : given that the chance of the one is 
two-thirds that of the other, find the odds in favour of the other. 

If from a pack four cards are drawn, find the chance that they will 
be the four honours of the same suit. 

Thirteen persons take their places at a round table, shew that it is 
five to one against two particular persons sitting together. 

There are three events.A, B, C, one of which must, and only one can, 
nappen; the odds are 8 to 3 against A, 5 to 2 against B : find the odds 
against C. 


. Compare the chances of throwing 4 with one die, 8 with two dice, 


and 12 with three dice. 

In shuffling a pack of cards, four are accidentally dropped; find the 
chance that the missing cards should be one from each suit. 

A has 3 shares in a lottery containing 3 prizes and 9 blanks; B has 2 
shares in a lottery containing 2 prizes and 6 blanks : compare their 
chances of success. 

Shew that the chances of throwing six with 4, 3, or 2 dice respectively 
are as 1:6: 18. 

There are three works, one consisting of 3 volumes, one of 4, and the 
other of 1 volume. They are placed on a shelf at random; prove that 
the chance that volumes of the same works are all together is a 
A and B throw with two dice; ifA throws 9, find B’s chance of throwing 
a higher number. 

The letters forming the word Clifton are placed at random in a row: 
what is the chance that the two vowels come together ? 

In a hand at whist what is the chance that the 4 kings are held by a 
specified player ? 

There are 4 rupees and 3 ten nP’s placed at random in a line : shew 


that the chance of the extreme coins being both ten n?’s is = 


Generalize this result in the case of m rupees and n ten nP’s. 
455. We have hitherto considered only those occurrences which in 


the language of Probability are called Simple events. When two or more of 
these occur in connection with each other, the joint occurrence is called a 
Compound event. 


For example, suppose we have a bag containing 5 white and 8 black 


balls, and two drawings, each of three balls, are made from it successively. 
If we wish to estimate the chance uf drawing first 3 white and then 3 black 
balls, we should be dealing with a compound event. 
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In such a case the result of the second drawing might or might not 
be dependent on the result of the first. If the balls are not replaced after 
being drawn, then if the first drawing gives 3 white balls, the ratio of the 
black to the white balls remaining is greater than if the first drawing had 
not given three white; thus the chance of drawing 3 black balls at the second 
trial is affected by the result of the first. But if the balls are replaced after 
being drawn, it is clear that the result of the second drawing is not in any 
way affected by the result of the first. 

We are thus led to the following: definition : 

Events are said to be dependent or independent according as the 
occurrence of one does not affect the occurrence of the others. Dependent 
events are sometimes said to be contingent. 

456. If there are two independent events the respective probabilities of 
which are known, to find the probability that both will happen. 

Suppose that the first event may happen in a ways and fail in b ways, 
all these cases being equally likely; and suppose that the second event may 
happen in a’ ways and fail in b’ ways, all these ways being equally likely. 
Each of the a + b cases may be associated with each of the a’ + b’ cases, 
to form (a + b) (a’ + b’) compounds cases all equally likely to occur. 

In aa’ of these both events happen, in bb’ of them both fail, in ab’ of 
them the first happens and the second fails and in a’b of them the first fails 
and the second happens. Thus 

aa’ 
(a +b) (a' +d’) 
bb’ 

(a +b) (a’' +5’) 
ab’ 
(a+b) (a' +b’) 
a'b 
(a + b)-(a' +b’) i 

Thus if the respective chances of two indepedent events are p and 
p’, the chance that both will happen is pp’. Similar reasoning. will apply in 
the case of any number of independent events. Hence it is easy to see that 
if P1, P2,P3 --- are the respective chances that a numtber of mdependent ~ 
events will separately happen, the chance that they will all happen is 
P1P2P3.---; the chance that the two first will happen and the rest. fail is 
P1P2 (1 — p3) (1 — pg) ... ; and similarly for any other particular case. 

- 457. If p is the chance that an event will happen in one trial, the chance 


that it will happen in any assigned succession of r trials is p’; this follows 
from the preceding article by supposing : 
PES erg ee 

To find the chance that some one at least of the events will happen 

we proceed thus : the chance that all the events fail is 

(1 — p;) (1 — po) (1 — p3) ..., and except in this case some one of the events 


must happen; hence the required chance ts 


i$ the chance that both events happen; 
is the chance that both events fail 
is the chance that the first happens and the second fails, 


is the chance that the first fails and the second happens. 


342 HIGHER ALGEBRA. 


, 1-(-p1) GQ —p2) 1 - p3) -- 

Example 1. Two drawings, each of 3 balls, are made from a bag 
containing 5 white and 8 black balls being replaced before the second trial : 
find the chance that the first drawing will give 3 white, and the second 3 
black balls. 


The number of ways in which 3 balls may be drawn is meal 
sosbaecbdbotadine Bit ted aeons Sowhite: isis2 ene cei, Og 


LN Sitpatont. ah, okey sae oem M6 oe SERRA RONEN ES 


Therefore the chance of 3 white at the first trial 
5.040, -13212 AL r 5 


4. Qi eprdelk Bin AB? 
and the chance of 3 black at the second trial 
S76 2atS 312). 14 28 


aspas age “s gig 
143 ~ 143 20449" 
Example 2. In tossing a coin, find the chance of throwing head and 
tail alternately in 3 successive trials. 
Here the first throw must give either head or tail; the chance that the 


therefore the chance of the compound event = 


second gives the opposite to the first is 5 and the chance that the third 
throw is the same as the first is Z 
2 

Therefore the chance of the compound event = ; x ; = . 

Example 3. Supposing that it is 9 to 7 against a person .A who is now 
35 years of age living till he is 65, and 3 to 2 against a person B now 45 
living till he is 75; find the chance that one at least of these persons will be 
alive 30 years hence. 


The chance that.A will die within 30 years is a 


the chance that B will die within 30:years is > 


> 
therefore the chance that both will die is 2 x = or de 
therefore the chance that both will not be dead, that is that one at least will 
be alive, is 1— =4 or > 
7 80’ 80° 

458. By a slight modification of the meaning of the symbols in Art. 
456, we are enabled to estimate the probability of the concurrence of two 
dependent events. For suppose that when the first event has happened, a' 
denotes the number of ways in which it will not follow; then the number of 
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ways in which the two events can happen together is aa’, and the probability 
aa’ 

(a+b) (a'+b') 
Thus if p is the probability of the first event, and p’ the contingent 
probability that the second will follow, the probability oft the concurrence 
of the two events is pp’. 

Example 1. In a hand at whist find the chance that a specified player 
holds both the king and queen of trumps. © 

Denote the player by A; then the chance that A has the king is clearly 


of their concurrence is 


= for this particular card can be dealt in 52 different ways, 13 of which 
fall to.A. The chance that, whan he has the king, he can also hold the queen — 


is then Ee for the queen can be dealt in 51 ways, 12 of whieh fall to A. 
: SAR 2 OD 
Therefore the chance required = 532 217 17 


Or we might reason as follows : 

The number of ways in which the king and the queen can be dealt to 
A is equal to the number of permutations of 13 things 2 at a time, or 13 . 
12. And similarly the total number of ways in which the king and queen can 
be dealt is 52. 51. 


Therefore the chance = eyes as before. 


SSNS) 178 

Example 2. Two drawings, each of 3 balls, are made from a bag 
containing 5 white and 8 black balls, the balls not being replaced before the 
second trial : find the chance that the first drawing will give 3 white and the 
second 3 black balls. ; 


At the first trial, 3 balls may be drawn in ae ways; 


and 3 white balls may be drawn in ee ways; 


NG 2154 4 ni 1G Boyd Sans. 
therefore the chance of 3 white at first trial = oe tad ae Sg ea 


When 3 white balls have been drawn and removed, the bag contains 
2 white and 8 black balls; 8 
therefore at the second trial 3 balls may be drawn in 0G. ways; 


and 3 black balls may be drawn in °C, ways; 
therefore the chance of 3 black at the second trial 


therefore the chance of the compound event 


pig ty ipa en 
Te 443d £559 GIS" 


The student should compare this solution with that of Ex. 1, Art. 457. 
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459. If an event can happen in two or more different ways which are 
mutually exclusive, the chance that it will happen is the sum of the chances 
of its happening in these different ways. 

This is sometimes regarded as a self-evident proposition arising 
immediately out of the definition of probability. It may, however, be proved 
as follows : 

ia the event can happen in two ways which cannot concur; and 


a, 4 


let be the chances of the happening of the event in these two ways 


7»? Aigo i2 
‘eluant, Then out of b,b> cases there are a,b in which the event may 
happen in the first way, and @3b, ways in which the event may happen in 
the second; and these ways cannot concur. Therefore in all, out of byb> cases 
there are a,b> + ab, cases favourable to the event; hence the chance that 
the event will happen in one or other of the two ways is 

ab + a5b, a, @ 
paar ieee 

Similar reasoning will apply whatever be the number of exclusive ways 
in which the event can happen. 

Hence if an event can hapen inn ways which are mutually. Ree 
and if p1, p2, p3, --- Py» are the probabilities that the event will happen in 
these different ways respectively, the probability that it will happen in some 
one of these ways is 

Paitapa A PRthize.. chy Daze 

Example 1. Find the chance of throwing 9 at least in a single throw 

with two dice. 


9 can be made up in 4 ways, and thus the chance of throwing 9 is on 


10 can be made up in 3 ways, and thus the chance of throwing 10 is a4 
11 can be made up in 2 ways, and thus the chance of throwing 11 is = 


12 can be made up in 1 way, and thus the chance of throwing 12 is a 


Now the chance of throwing a number not less than 9 is the sum of 
these separate chances; 
4+3+24+1 5° 
36 ia 
Example 2. One purse contains 1 rupee and 3 nP’s, a second purse 
‘contains 2 rupees and 4 nP’s, and a third contains 3 rupees and 1 nP. If a 
coin is taken out of the purses selected at random, find the chance that it 
is a rupee. 


the required chance = 
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Since each purse is equally likely to be taken, the vues of selecting 


1 
the first is 3) and the chance of then drawing a age is7 a henee the chance 


of drawing a rupee so ree! as it depends upon the first purse is ai jor 


ag 
DD Similarly the chance of drawing a rupee so fat as it depends on the 


1 eee: ; 
second purse is = X =, ons ; and from the third purse the chance of drawing 


SUG Ge 
aru eae ors 
Pp 3% 4 
“ SRY ORL _4 
the required chance = 0 < send 9 +3 =>: 


460. In the preceding article we have seen “es the probability of an 
everit may sometimes be considered as the sum of the probabilities of two 
or more separate events; but it is very important to notice that the probability 
of one or other of a series of events is the sum of the probabilities of the 
separate events only when the events are mutually exclusive, that is, when 
the occurrence of one is incompatible with the occurrence of any of the 
others. 

Example. From 20 tickets marked with the first 20 numerals, one is 
drawn at random; find the chance that it is a multiple of 3 or of 7. 


The chance that the number is a multiple of 3 is 20 and the chance 


2 
that it is a multiple of 7 is — - and these events are mutually exclusive, hence 


20’ 
the required chance is at 70° 5" 

But if the question had been : find the chance that the nuinber is a 
multiple of 3 or of 5, it would have been incorrect to reason as follows : 


Because the chance that the number is a multiple of 3 is oa and the 


chance that the number is a ean of 5 is + therefore the chance that 


ire , : 
it is a multiple of 3 or 5 is =~ 70 fe = 92 = For the number on ticket, might 
be a multiple both of 3 and of 5, so that the two events considered are not 
mutually exclusive. 

461. It should be observed that the distinction between simple and 
compeund events is in many cases a purely artificial one; in fact it often 
amounts to nothing more than a distinction between two different modes 
of viewing the sarne occurrence. 

Example. A bag contains 5 white and 7 black balls; if two balls are 
drawn what is the chance that one is white and the other black ? 
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(i) Regarding the occurrence as a simple event, the chance _ 
=(5X 1) + Q= 22 
= ( ) 2 66" 


(ii) The occurrence may be regarded as the happening of one or other 


of the two following compound events : J 


(1) drawing a white and then a black ball, the chance of which is 
gy" pga 
jy lah alin 6 rig 
(2) drawing a black and then a white ball, the chance of which is 
aS x = or = 
20d Pave ig 
And since these events are mutually exclusive, the required chance 
he ee ee 
12320 «13266 ) 
It will be noticed that we have here assumed that the chance of drawing - 


two specified balls successively is the same as if they were drawn 
simultaneously. A little consideration will shew that this must be the case. 


EXAMPLES. XXXil. b. 


What is the chance of throwing an ace in the first only of two successive 
throws with an ordinary die ? 

Three cards are drawn at random from an ordinary pack : find the 
chance that they will consist of a knave, a queen, and a king. 

The odds against a certain events are 5 to 2, and the odds in favour 
of another event independent of the former are 6 to 5S: find the chance 
that one at least of the events will happen. 


- The odds against A solving a certain problem are 4 to 3, and the odds 


in favour of B solving the same problem are 7 to 5: what 1s the chance 
that the problem will be solved if they both try ? 

What is te chance of drawing a rupee from a purse one compartment 
of which contains 3 nP.’s and 2 rupees, and the other 2 rupees and 1 
nP. ? 

A bag contains 17 counters marked with the numbers 1 to 17. A 
counter is drawn and replaced; a’second drawing is then made : what 
is the chance that the-first number drawn is even and the second 
odd ? 

Four persons draw each a card from an ordinary pack : find the 
chance (1) that a card is of each suit, (2) that no two cards are of 
equal value. 
Find the chance of throwing six with a single die at least once in five 
trials. 

The odds that book will be favourably reviewed by three independent 
critics are 5 to 2, 4 to 3, and 3 to 4 respectively; what is the probabilitiy 
that of the three reviews a majority will be favourable ? 


20. 
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A bag contains 5 white and 3 black balls, and 4 are successively drawn 

out and not replaced; what is the chance that they are alternately of 

different colours ? 

In three throws with a pair of dice, find the chance of throwing 

doublets at least once. 

If 4 whole numbers taken at random are multiplied together shew 

that the chance that the last digit in the product is 1, 3, 7, or 9 is 
16 

625° 

In a purse are 10 coins, all five nP.’s except one which is a rupee; in 
another are ten coins all five nP.’s. Nine coins are taken from the 

former purse and put into the latter, and then nine coins are taken, 


’ from the latter and put into the former : find the chance that the 


rupee is still in the first purse. 


. If two coins are tossed 5 times, what is the chance that there will be 


5 heads and S tails ? 

If 8 coins are tossed, what is the chance that one and only one will 
turn up head ? 

A, B, C in order cut a pack of cards, replacing them aiter each cut, 
on condition that the first who cuts a spade shall win a prize : Find 
their respective chances. 

A and B draw from a purse containing 3 rupees and 4 nP.’s ; find their 
respective chances of first drawing a rupee, the coins when drawn 
not being replaced. 

A party of persons sit a round table, find the odds against two 
specified individuals sitting next to each other. 

A is one of 6 horses entered for a race, and is to be ridden by one of 
two jockeys B and C. It is 2 to 1 that B rides A, in which case all the 
horses are equally likely to win, if C rides A, his chance is trebled : 
What are the odds against his wining ? 

If on an average 1 vessel in every 10 is wrecked, find the chance that 
out of 5 vessels expected 4 at least will arrive safely. 


462. The probability of the happening of an event in one tral being 


known, required the probability of its happening once, twice, three times, .... 
exactly in n trials. 


Let p be the probability of the happening of the event in a single trial, 


and let g = 1 — p: then the probability that the event will happen exactly r 
times in 71 trials is the (7 + ie term in the expansion of (q + p)”. 


For if we select any particular set of r trials out of the total number 


n, the chance that the event will happen in every one of these r trials and 
fail in all the rest isp'q' [Art. 465], and as a set ofr trials can be selected 
in "C, ways, all of which are equally applicable to the case in point, the 
required chance is 


r 


1 oe ae 
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If we expand (p + q)" by the Binomial Theorem, we have 


p" Pa en +. ae wae ras ¢ AT PAM Pgs hd q’:; 


thus the terms of this series will represent respectively the probabilities of 
the happening of the event exactly n times,  — 1 times, n — 2 times, ... in 
n trials. 

463. If the event happens n times, or fails only once, twice, ... 
(n —r) times, it happens r times or more; therefore the chance that it 
happens at /east r times in 7 trials is 

p" + a aa + ae 8 ghar p i mes i Sal 

or theorem of the first 2» — r + 1 terms of the expansion of (p + q). 


Example. In four throws with a pair of dice, what is the chance of 
throwing doblets twice at least ? 


In a single throw the chance of doublets is L and the chance 


36° 8 
of failing to throw doublets is . Now the required event follows if doublets 


are thrown four times, three times, or twice; therefore the required chance 


4 
is the sum of the first three terms of the exparsion of ts + 3] ‘ 


1 2 19 
he ch S54 5 + 65") ae 
Thus the chance f | F765 *} 144 
Example. 2. A bag contains a certain number of balls, some of which 
are white; a ball is drawn and replaced, another is then drawn and replaced; 
and so on; if p is the chance of drawing a white ball in a single trial, find 
the number of white balls that is most likely to have been drawn in 7 trials. 


The chance of drawing exactly r white balls is", pq” ', and we have 
to find for what value of r this expression is greatest. - 


Now fey pan at Wa, ' po ey 
so long as (n —r+1)p > rq), 
or (a+ Dp>@ta)r. 


But p + q = 1; hence the required value of r is the greatest integer 
in p (2 + 1). 

If n is such that pn is an integer, the most likely case is that of pn 
successes and qr failures. 


464. Suppose that there are n tickets in a lottery for a prize of £ x; 
then since each ticket is equally likely to win the prize, and a person who 


possessed all the tickets must win, the money value of cach ticket is £ = in 
n 
‘other words this would be a fair sum to pay for each ticket; hence a person 
who possessed r tickets might reasonably expect £ ~ as the price to be paid 
n 


for his tickets by any one who wished to buy them; that is, he would estimate 
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r : : : : ' 
£ ne as the worth of his chance. It is convenient then to introduce the 


following definition : 


If p represents a person’s chance of success in any venture and M the 
sum of money which he will receive in case of success, the sum of money 
denoted by pM is called his expectation. 

465. In the same way that expectation is used in reference to a person, 
we may conveniently use the phrase probable value applied to things. 

Example. 1. One purse contains 5 shillings and 1 sovereign : a second 
purse contains 6 shilings. Two coins are taken from the first and placed in 
the second ; then 2 are taken from the second and placed in the first : find 
the probable value of the contents of each purse. 

The chance that the sovereign is in the first purse is equal to the sum 
or the chances that it has moved twice and that it has not moved at all; 


: 1 “19 (8 3 
that is, the chance= 3°4 + 3" l= 4 
the chance that the rupee is in the second purse = ; 


Hence the probable value of the first purse 
2 of Rs. 1-05 nP. + : of 6 nP’s = 807 nP’s. 


the probable value of the second purse 
111 nP’s — 805 nP’s = 305 nP.’s. 
Or, the problem may be solved as follows : 


The probable value of the coins removed 


is of 105 nP’s = 35 nP’s. 


Wl 


the probable value of the coins brought back 
= 7 of (6 nP.’s + 35 nP’s) = 105 nP.’s. 
. the probable value of the first purse 


=1(105 — 35 + 10 ») nP’s = 805 nP’s, as before. 


Example. 2. A and B throw with one die for a stake of Rs. 11 which 
is to be won by the player who first throws 6. If A has the first throw, what 
are their respective expectations ? 

shia eae 5 agvll 

In his first thorw.A’s chance is % in his second it is? x ; x 6 because 

each player must have failed once before A can have a second throw ; in 


4 
his third throw his chance is 2 x : because each player must have 


failed twice; and so on. 
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Thus A’s chance is the sum of the infinite series 


if. (3) +(3) ++} 


Similarly B’s chance is the sum of the infinite series 


. A’s chance is to B’s as 6 is to 5 ; their respective chances are 
therefore i and =, and their expectations are Rs. 6 and Rs. 5 respectively. 

466. We shall now give two problems which lead to useful and 
interesting results. 

Example. 1. Two players A and B want respectively m and n points of 
winning a set of games; their chances of winning a single game are p and 
q respectively, where the sum of p and q 1s unity; the stake is to belong to 
the player who first makes up his set : determine the probabilities in favour 
of each player. 

Suppose that A wins in exactly m + r games; to do this he must win 


the last game and m — 1 out of the preceding m + r — 1 games. The chance 


mtr ~1 +r-1 
of this is’”*” ‘Coue q P, Of Com 4D ee 


Now the set will necessarily be decided in m +n — 1 gamies, and A 
may win his m games in exactly :n games, or m +1 games, .... , Or 
m +n — 1 games, therefore we shall obtain the chance that A wins the set 


by giving to r the values 0, 1, 2, .. m—1 in the expression 


m+r-1 mor 7 . 
Cn-1P q- Thus A’s chance is 


ling + Mt oy ea? pl 
ey [m1 —1 |n—1 : 


similarly B’s chance is 


( ) mtn—2 i 
q@: l+ngt+— ee p+... +e p- : ‘ 
1:2 [m—1|n-1 


This question is known as the “Problemvof Points,” and has engaged 
the attention of many of the most eminent mathematicians since the time 
of Pascal. It was originajly proposed to Pascal by the Chevalier de Mere in 
1654, and was discussed by Pascal and Fermat, but they confined themselves 
to the case in which the players were supposed to be of equal skill : their 
results were also cxhibited in 2 different form. The formulae we have given 
are assigned to Montmort, as they appear for the first time in a work of his 
published in 1714, The same result was after wards obtained in differnt 
ways by Lagrange and Laplace, and by the latter the problem was treated 
very fully under various modifications. 
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Example 2. There are n dice with f faces marked from 1 to f: if these 
are thrown at random, what is the chance that the sum of the numbers 
exhibited shall be equal to p ? 


Since any one of the f faces may be exposed cn any one of the n dice, 


the number of ways.in which the dice may fall is f”. 
Also the number of ways in which the numbers thrown will have p 


for their sum is equal to the coefficient of x” in the expansion of 
1 2 3 i n 
Oe, EN CAPR HS ck Xe 
for this coefficient arises out of the different ways in which n of the indices 
1, 2, 3, ... f. can be taken so as to form p by addition. 


Now the above expression = x" (1 +x +x? +... +. Behyft 


n 
ee, ieee 
Be 1-x 


We have therefore to find the coefficient of x” ~” in the expansion of 


a-xv"a-x™. 


Now 
fanaa) eeche seine oe a oee tie (1 — 1) (n all Pe 
iE 2 5 LAs § 
pad (1a mt hx 4) a Pee nee roa ef Le 


Multiply these series together and pick out the coefficient of” in 
the product; we thus obtain 


a(n +1) .(p-I nite D) oc(p =f ek) 
|p—n ; |lp—-n-f 
4A a dD) Bt Wr _ 


29 


where the series is to continue so long as no negative factors appear. The 
required probability-is obtained by dividing this series by f t 

This problem is due to De Moivre and was published by him in 1730; 
it illustrates a method of frequent utility. : 

Laplace afterwards obtained the same formula, but in a much more 
laborious manner; he applied it in an attempt to demonstrate the existence 
of a primitive cause which has made the planets to move in orbits close to 
the ecliptic, and in the same direction as the earth round the sun. On this 
point the reader may consult Todhunter’s History of Probability. Art. 987. 


EXAMPLES. XXXII. c. 


1. ‘Ina certain game A’s skill is to B’s as 3 to 2 : find the chance of A 
winning 3 games at least out of 5. 

2. Acoin whose faces ze marked 2, 3 is thrown 5 times : what is the 
chance of obtaining a total of 12 ? 
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16. 


17. 
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In each of a set of games it is 2 to 1 in favour of the winner of the 
previous game : what is the chance that the player who wins the first 
game shall win three at least of the next four ? 
There are 9 coins in a bag, 5 of which are rupees and the rest are 
unknown coins of equal value; find what they must be if the probable 
value of a draw is 60 nP. 
A coin is tossed 1 times, what is the chance that the head will present 
itself an odd number of times ? ; . 
From a bag containing 2 rupee pieces and 3 ten nP. pieces a person 
is allowed to draw 2 coins indiscriminately ; find the value of his 
expectation. 
Six persons throw for a stake, which is to be won by the one who first 
throws head with a penny; if they throw in succession, find the chance 
of the fourth person. 
Counters marked 1, 2, 3 are placed in a bag, and one is withdrawn 
and replaced. The operation being repeated three times, what is the 
chance of obtaining a total of 6 ? 
A coin whose faces are marked 3 and 5S is tossed 4 times : what are 
the odds against the sum of numbers thrown being less than 15 ? 
Find the chance of throwing 10 exactly in one throw with 3 dice. 
Two players of equal skill, A and B, are playing a set of games; they 
leave off playing when A wants 3 points and B wants 2. If the stake 
is Rs. 16, what share ought each to take ? 
A and B throw with 3 dice : if A throws 8, what is B’s chance of 
throwing a higher number ? 
A had in his pocket a rupee and four ten nP. coins; taking out two 
coins at random he promises to give them to B and C. What is the 
worth ef C’s expectation ? 
In five throws with a single die what is the chance of throwing (1) 
three aces exactly, (2) three aces at least. 
A makes a bet with B of Rs. 15 to Rs. 6 that in a single throw with 
two dice he will throw seven before B throws four. Each has a pair 
of dice and they throw simultaneoulsy until one of them wins, equal 
throws being disregarded : find B’s expectation. 
A person throws two dice, one the common cube, and the other a 
regular tetrahedron, the number on the lowest face being taken in 
the case of the tetrahedron; what is the chance that the sum of the 
numbers thrown is not less than 5 ? 
A bag contains a coin of value M, and a number of other coins whose 
aggregate value is 7. A person draws one at a time till he draws the 
coin M : find the value of his expectation. 
If 67 tickets numbered 0, 1, 2, .... 6 — 1 are placed in a bag, and 
three are drawn out, show that the chance that the sum of the numbers 
on them is equal to 6: is 
3 
(6n — 1) (67 — 2) 
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*INVERSE PROBABILITY. 


*467. In all the cases we have hitherto considered it has been supposed 
that our knowledge of the causes which may produce a certain event is such 
as to enable us to determine the ‘chance of the happening of the event. We 
have now to consider problems of a different character. For example, if it 
is known that an event has happened in consequence of some one of a 
certain number of causes, it may be required to estimate the probability of 
each cause being the true one, and thence to deduce the probability of 
future events occurring under the operation of the same causes. __ 

*468. Before discussing the general case we shall give a numerical 
illustration. 

Suppose there are two purses, one containing 5 sovereigns and 3 
shillings, the other containing 3 sovereigns and 1 shilling, and suppose that 
a sovereign has been drawn : it is required to find the chance that it came 
from the first or second purse. Fat 

Consider a very large number N of trials; then, sincé before the event 
each of the purses is equally likely to be taken, we may assume that the first 


purse would be chosen in : N of the trials, and in 2 of these a sovereign 


would be drawn; thus a sovereign would be drawn 2 x SN, or > N times 
from the first purse. | 
1 
Pe 


these a sovereign would be drawn; thus a sovereign would be drawn 2N 


N of the trials, and in 2 of 


The second purse would be chosen in 4 


times from the second purse. 

Now N is very large but is otherwise an arbitrary number; let us put 
N = 16n; thus a sovereign would be drawn 5n times from the first purse, 
and 67 times from the second purse; that is, out of the 117 times in which 
a sovereign is drawn it comes from the first purse Sn times, and from the 
_ second purse 6n times. Hence the probability that the sovereign came from 


the first purse is 2, and the probability that it came from the second is 


6 
it) 

*469. It is important that the student’s attention should be directed 
to the nature of the assumption that has been made in the preceding article. 
Thus; to take a particular instance, although in 60 throws with a perfectly 
symmetrical die it may not happen that ace is thrown exactly 10 times, yet 
it will doubtless be at once admitted that if the number of throws is 
continually increased the ratio of the number of aces to the number of 
throws will tend more and more nearly to the limit °. There is no reason 
why one face should appear oftener than another; hence in the long run 
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the number of times that each of the six faces will have appeared will be 
approximately equal. 

The above instance is a particular case of a genera! theorem which 
is due to James Bernoulli, and was first given in the Ars Conjectandi, 
published in 1713, eight years after the author’s death. Bernoulli’s theorem 
may be enunciated as follows : 

If p is probability that an event happens in a single trial, then if the 
number of trials is indefinitely increased, it becomes a certainty that the limit 
of the ratio of the number of successes to the number of trials is equal to p; 
in other words, if the number of trials is N, the number of successes may be 
taken to be pN. 

See Todhunter’s History of Probability, Chapter VII..A proof of 
Bernoulli’s theorem is given in the article Probability in the Encyclopaedia 
Britannica. : 

*470. An observed event has happened through some one of a number 
of mutually exclusive causes : required to find the probability of any assinged 
cause being the true one. i 

Let there be 1 causes, and before the event took place suppose that 
the probability of the existence of the causes was estimated at 


P, P>, P3, .... Pn. Let p, denote the probability that when the 7 cause exists 
the event will follow : after the event has occurred it is required to find the 
probability that the r" cause was the true one. 

Consider a very great number N of trials; then the first cause exists 
in P; N of these, and out of this number the event followsinp, P, N similarly 
there are p> P2 N trials in which the event follows from the second cause; 
and so on for each of the other causes. Hence the number of trials in which 
the event follows is 

(p, P) + po Po + ... + Py Pn) N, or N= (pP); 
and the number in which the event was due to ther” cause is Pr P, N; hence 
after the event the probability that the 7" cause was the true one is 
PrPp>N+NZ(pP); ; 
that is, the probability that the event was produced by the 7” cause is 
PrP, 
= (pP) 

*471. It is necessary to distinguish clearly between the probability of 
the existence of the several causes estimated before the event, and the 
probability after the event has happened of any assigned cause being the true 
one. The former are usually called a priori probabilities and are represented 
by Pi, P2, P3, ... Py; the latter are called a posteriori probabilities, and if we 
denote them by Q), Q>, Q3, ... Qn, we have proved that 


ts Pr Ep ; 
Or = 5 Py 
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where p, denotes the probability of the event on the hypothesis of the 


existence of the r'" causes. 

From this result it appears that 2 (Q) = 1, which is otherwise evident 
as the event has happened from one and only one of the causes. 

We shall now give another proof of the theorem of the preceding 
article which does not depend on the principle enunciated in Art. 469. 

*472. An observed event has happened through some one of a number. 
of mutually exclusive causes : required to find the probability of any assinged 
causes being the true one. 

Let there be n causes, and before the event took place suppose that 
the probability of the existence of these causes was estimated at 


Py, P>, P, ... Py. Let p, denote the probability that when the 7” cause exists 
the event will follow; then the antecedent probability that the event would 


follow from the r'” cause is ‘Dp, Pr. 
Let Q, be the a posteriori probability that the r'” cause was the true 


one; then the probability that the r'" cause was the true one is proportional 
to the probability that, if in existence, this cause would produce the event; 


ie ee ee eae ) eal ae 
Pp rpePy MOP, ~ Fp PP) EOP’ 
* Pty. 
Or 5 (PP) 


Hence it appears that in the present class of problems the product 
P.p,, will have tu be correctly estimated as a first step; in many cases, 
however, it will be found that P;, P>, P3, ... are all equal, and the work is 
thereby much simplified. 

Example. There are 3 bags each containing 5 white balls and 2 black 
balls, and 2 bags each containing 1 white ball and 4 black balls : a black © 
ball having been drawn, find the chance that it came from the first group. 

Of the five bags, 3 belong to the first group and 2 to the second; hence 


3 2 | 
P; = 5’ P> = G . | 
If a bag is selected from the first group the chance of drawing a black 
sisi 2 4 
bali is S if from the second group the chance is =; thus pj = > P2 = 5) 
6 8 
a. PiPi=35, P2P2= 56. 


Hence the chance that the black ball came from one of the first group 
6. (6,8) 15 
BS! SBR ZS PO “PAS 

*473. When an event has been observed, we are able by the method 
of Art. 472 to estimate the probability of any particular cause being the true 
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one; we may then estimate the probability of the event happening in a 

second trial, or we may find the probability of the occurrence of some other 
event. 

3 For example, p, is the chance that the event will happen from the 


r'" cause if in existence, and the chance that the r'" cause is the true one iS 
Q,; hence on a second trial the chance that the event will happen from the 


r” cause is prQ,. Therefore the chance that the event will happen from 
some one of the causes on a second trial is 2 (pQ). 

Example. A purse contains 4 coins which are either sovereigns or 
shillings; 2 coins are drawn and found to be shillings : if these are replaced 
what is the chance that another drawing will give a sovereign ? 

This question may be interpreted in two ways, which we shall discuss 
separ ately. , . 

I. If we consider that all numbers of shillings are a prion equally likely, 
we shall have three hypotheses; for (i) all the coins may be shillings, (ii) 
three of them may be shillings, (ii) only two of them may be shillings. 

Here P, = Pz = P3; 


2 1 
also Pi = 1, Dats Pa =e 
Hence probability of first hypothesis = 1 + [1 + ; + 3] = . =O). 


probability of second hypothesis = = = f eee ‘| = 7 =Q>, 


probability of third hypothesis = a + f pb, ‘| wd ag 03, 
Therefore the probability that another drawing will give a sovereign 
1 2 
= 24x09 (0323) + (053 


A FN Fk IEE: apt vam 
4°10 4°10 40° 8 
II. If each coin is equally likely to be a shilling or sovereign, by taking 


4 
? , 1 
the terms in the expansion of me i ;) , we see that the chance of four 


shillings is es of three shillings is i$ of two shillings is - 


16’ 16° thus 


; 1 1 
also, as before, a ==—m=s 
r 8 ; Pi 1, p2 yP3 6 
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‘QO; Q2 O23 QitQ2+Q3 1 


H St S23 Sit 2423 1 
st 6 isdn +6 24 24° 


Therefore the probability that another drawing will give a sovereign 


= (Q, x 0) + (a: 3} + [osx 3 
Teg? Wf 


g hie ha: 7 

*474, We shall now shew how the theory of probability may be applied 
to estimate the truth of statements attested by witnesses whose credibility 
is assurned to be known. We shall suppose that each witness states what he 
believes to be the truth, whether his statement is the result of obsevation, 
or deduction or experiment; so that any mistake or falsehood must be 
attributed to errors of judgment and not to wilful deceit. . 

The class of problems we shall discuss furnishes a useful intellectual 
exercise, and although the results cannot be regarded as of any practical 
importance, it will be found that they confirm the verdict of common sense. 

*475. When it 1s asserted that the probability that a person speaks 
the truth is p it is meant that large number of statements made by him has 
been examined, and that p is the ratio of those which are true to the whole 
number. , 

_*476. Two independent witnesses, A and B, whose probabilities of 
speaking the truth are p and p’ respectively, agree in m+king a certain 
statement : what is the probability that the statement is tru ? 

Here the observed event is the fact that A and B make the same 
statement. Before the event there are four hypotheses; for A and B may 
both speak truly; or A may speak truly, B falsely; or A may speak falsely, B 
truly; or A and B may both speak falsely. The probabilities of these four 
hypotheses are z 

pp',p(1—p'),p' (Ap); (1p) (1 — p’) respectively. 

Hence after the observed events, in which A and B make the same 
statement, the probability that the statement is true is to the probability 
that it is false as pp’ to (1 — p) (1 — p’); that is, the probability that the 
joint statement is true is ; 


, 


Lipp ; 
pp' + (1—p)(1-p’) | 
Similarly if a third person, whose probability of speaking the truth is p’’, 
makes the same statement, the probability that the statement is true is 
pp'p"" : 
ee pp'p'' + (1—p)(1~p’)(— py’ 
and so on for any number of persons. 

*477, In the preceding article it has been supposed that we have no 
knowledge of the event except the statement made by A and B; if we have 
information from other sources as to the probability of the truth or falsity 
of the statement, this must be taken into account in estimating the probability 
of the various hypotheses. 
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For instance, if A and B agree in stating a fact, of which the a prion 
probability is P, then we should estimate the probability of the truth and 
falsity of the statement by 

Ppp’ and (1 — P) (1 — p) (1 — p’) respectively. 
Example. There is a raffle with 12 tickets and two prizes of Rs. 9 and 
ne ‘ 1°23 
Rs. 6. A, B, C, whose probabilities of speaking the truth are 23° 5 
respectively, report the result to D, who holds one ticket. A and B assert 
that he has won the Rs. 9 prize, and C asserts that he has won the Rs. 6 
prize; what is D’s expectation ? 

Three cases are possible; D may have won Rs. 9, Rs. 6, or nothing, 
for .A, B, C may all have spoken falsely. 

Now with the notation of Art. 472, we have the a prior probabilities 


1 1 10 
Furia fam yi fs om 

Ow 2a ee ee ey eee ae 
Oy HOF 10 Ba57 24 


i Aa. 3 3 = 
hence D’s expectation = 7 of Rs. 9 + 7 of Rs. 6 = Rs. 2. 


*478, With respect to the results proved in Art. 476, it should be 
motice:’ ‘at it was assumed that the statement can be made in two ways 
on:,, .o that if all the witnesses tell falsehoods they agree in telling the same 
falsehood. 

If this is not the case, let us suppose that c is the chance that the two 
witnesses A and B will agree in telling the same falsehood; then the 
probability that the statement is true is to the probability that it is false as 
_ pp’ toc(1—p)(1—p’). 

As a general rule, it is extremely improbable that two independent 
witnesses will tell the same falsehood, so that c is usually very small; also it 
is obvious that the quantity c becomes smaller as the number of witnesses 
becomes greater. These considerations increase the probability that a 
statement asserted by two or more independent witnesses is true, even 
though the credibility of each witness is small. 

Example. A speaks truth 3 times out of 4, and. B 7 times out of 10; 
they both assert that a white ball has been drawn from a bag containing 6 
balls all of different colours : find the probability of the truth of the assertion. 

There are two hypotheses ; (i) their coincident testimony is true, (ii) 
it is false. 


Here Pe 
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Sie fie vindtbs lees fea nes hk 
i ahs ri i’ em seer eid ind 
for in estimating p2 we must take into acocunt the chance that A and B will 
both select the white ball when it has not been drawn; this chance is 
e Ae fi 
cde How Li 
Now the probabilities of the two hypotheses.are as P;p, to P, P2, and 


therefore as 35 to 1; thus the probability that the statement is true is on 


*479. The cases we have considered relate to the probability of the 
truth of concurrent testimony; the following is a case of traditionary 
testimony. 

IfA states that a certain event took place, having received an account 
of its occurrence or non-occurrence from B, what is the probability that 
the event did take place ? 

The event happened (1) if they both spoke the truth, (2) if they both 
ne falsely; and the event did not happen if only one of them spoke the 
trut 

Let p, p’ denote the probabilities that A and B pian the truth; then 
the probability that the event did take place is 

pp’ +(1—p)(1—>p’), 
and the probability that it did not take place is 
p(l--p') +p’ (1—p). 

*480. The station of the preceding article is that which has usually 
been given in text-books; but it is open to serious objections, for the assertion 
that the given event happened if both A and B spoke falsely is not correct 
except on the supposition that the statement can be made only in two ways. 
. Moreover, although it is expressly stated that A receives his account from 
B, this cannot generally be taken foz granted as it rests on A’s testimony. 

A full discussion of the different ways of interpreting the question, 
and of the different solutions to which they lead, will be found in the 
Educational Times Reprint, Vols. XX VII. and XXXII. 


*EXAMPLES. XXXII. d. 


1. There are four balls in a bag, but it is not known of what colours they 
are; one ball is drawn and found to be white; find the chance that all 
the balls are white. 

2. In a bag there are six balls of unknown colours; three balls are drawn 
and found to be balck; find the chance that no black ball is left in the 
bag. 

3. ° A letter is known to have come either from London or Clifton; on 

. the postmark only the two consecutive letters ON are legible, what 
is the chance that it came from London ? 

4. Before a race the chances of three runners, A, B, C were estimated 
to be proportional to 5, 3, 2; but during the race A meets with an 
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accident which reduces his chance to one-third. What are now the 
respective chances of B and C ? ; t 

A purse contains n coins of ynknownvalue; a coin drawn at random 
is found to be a sovereign; what is the chance that it is the only 


‘sovereign in the bag ? 


A man has 10 shillings and one of them is known to have two heads. 
He takes one at random and tosses it 5 times and it always falls head : 
what is the chance that it is the shilling with two heads ? ; 
A bag contains 5 balls of unknown colour; a ball is drawn and replaced 
twice, and in each case is found to be red; if two ball are now drawn 
simultaneously find the chance that both are red. 

A purse contains five coins, each of which may be a shilling or a 
sixpence; two are drawn and found to be shillings; find the probable 
value of the remaining coins. 

‘A die is thrown three times and the sum of the three numbers thrown 
is 15; find the chance that the first throw was a four. 

A speaks the truth 3 out of 4 times, and B 5 out of 6 times; what is 


the probability that they will contradict each other in stating the same 


fact ? 
A speaks the truth 2 out of 3 times, and B 4 times out of 5; they agree 
in the assertion that from a bag containing 6 balls of different colours 
a red ball has been drawn; find the probability that the statement is 
true.. plat Sal 

One of a pack of 52 cards has been lost; from the remainder of the 
pack two cards are drawn and are found to be spades; find the chance 
that the missing card is a spade. 

There is a raffle with 10 tickets and two prizes of value £5 and £1 
respectively..A holds one ticket and is informed by B that he has won 
the £5 prize, while C-asserts that he has won the £1 prize; what is A’s 


expectation, if the credibility of 3 is denoted by and that of C by 


2 
4° : 
A purse contains four coins; two coins having been drawn are found 
to be sovereigns : find the chance (1) that all the coins are sovereigns, 
(2) that if the coins are replaced another drawing will give a sovereign. 
P makes a bet with Q of £8 to £120 that three races will be won by 
the three horses A, B, C against which the betting is 3 to 2, 4 to 1, 
and 2 to 1 respectively. The first race having been won by A, and it 


being known that the second race was won either by B, or by a horse 
- D against which the betting was 2 to 1, find the value of P’s expectation. 


From a bag. containing 7: balls, all either white or black, all numbers 


of each being equally likely, a ball is drawn which terms out to be 
~ white; this is replaced, and another ball is drawn, which also turns 


out to be white. If this ball is replaced, prove that the chance of the 


next draw giving a black ball is 5 (n — 1) (2% +1). 
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17. If mn coins have been distributed into m purses, n into each, find (1) 
the chance that two specified coins will be found in the same purse : 
and (2) what the chance becomes when r purses have been examined 
and found not to contain either of the specified coins. 


18. A,B are two inaccurate arithmeticians whose chance of solving a 
: 1 i . bet 
given question correctly are 3 and D respectively ; if they obtain the 
same result, and if it is 1000 to 1 against their making the same mistake, 
find the chance that the result is correct. 


19. Ten witnesses, each of whom makes but one false statement in six, 
agree in asserting that a certain event took place ; shew that the odds 
are five to one in favour of the truth of their statement, even although 

1 


+1 


the a priori probability of the event is an small as 5 
5 


LOCAL PROBABILITY. GEOMETRICAL METHODS. 


*481. The application of Geometry to questions of Probability 
requires, in general, the aid of the Integral Calculus; there are, however, 
many easy questions which can be solved by Elementary Geometry. 

_ Example 1. From each of two equal lines of length / a portion is cut 
off at random, and removed : what is the chance that the sum of the 
remainders is less than / ? 

Place the lines parallel to one another, and suppose that after cutting, 
the right-hand portions are removed. Then the question is equivalent to 
asking what is the chance that the sum of the right-hand portions is greater 
than the sum of the left-hand portions. It is clear that the first sum is equally 
likely to be greater or less than the second; thus the required probabiiity 
per ; 

COR. Each of two lines is known to be of length not exceeding /: the 


E F sie 
chance that their sum is not greater than / is > 


Example 2. If three lines are chosen at random, prove that they are 
just as likely as not to denote the sides of a possible triangle. 

Of three lines one must be equal to or greater than each of the other 

-two; denote its length by /. Then all we know of the other two lines 1s that 
the length of each lies between 0 and /. But if each of two lines is known 
to be of random length between 0 and /, it is an even chance that their sum 
is gréater than /. [Ex. 1, Cor.] 

Thus the required result follows. 

Example 3. Three tangents are drawn at random to a given circle ; 
shew that the odds are 3 to 1 against the circle being inscribed in the triangle 
formed by them. 

Draw three random lines P, Q, R, in the same piane as the circle, and 
draw to the circle the six tangents parallel to these lines. 
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Then of the 8 triangles so formed it is evident that the circle will be 
escribed to 6 and inscribed in 2 ; and as this is true whatever be the original 
directions of P, Q, R, the required result follows. 

*482. Questions in Probability may sometimes be conveniently solved 
by the aid of co-ordinate Geometry. : : 

Example. On a rod of length a + b + c, lengths a, b are measured at 
random : find the probability that no point of the measured lines will 
coincide. 

Let AB be the line, and suppose AP = x and PQ =a; also let a be 
measured from P towards B, so that x must be less than b + c. Again let 
AP’ = y, P’Q' = b, and suppose P’Q’ measured from P’ towards B, then y 
must be less than a + c. 

Now in favourable cases we must have AP’ >AQ, or else 
AP > AQ’. 

hence y>atx,orx>bt+y ...(1) 

Again for all the cases possible, we must have 

x>0O,and<bt+c | 2 
y>0,and<atc [ ~+(2) 

Take a pair cf rectangular axes and make OX equal to b + c, and 
OY equal toa +c. 

Draw the line y = a + r, represented by TML in the figure; and the 
line x = b + y represented by KR. 

Then YM, KX are each equal to c, OM, OT are each equal to a. 


ALT PES B 
A Berar Qen Ey sod 


The conditions (1) are only satisfied by points in the triangles MYL 
and KXR, while the conditions (2) are satisfied by any points within the 
rectangle OX, OY ; 
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C : 
(a+c)(b+c) 

*483. We shall close this chapter with some Miscellaneous Examples. 

Example 1. A box is divided into m equal compartments into which 
n balls are thrown at random; find the probability that there will be p 
compartments each containing a balls, g compartments each containing b 
balls, » compartments each containing c balls, and so on, where 

Pack Gd Hive =n. 

Since each of the 7 balls can fall into any one of the m compartmenis 
the total number of cases which can occur is m”, and these are all equally 
likely. To determine the number of favourable cases we must find the number 
of ways in which the 1 balls can be divided into p, q, r, .... parcels containing 
a,b,c, .... balls respectively. 

First choose any s of the compartments, where s stands for 
p+qt+rt....; the number of ways in which this can be done is 


| 


Next subdivide the s compartments into groups containing 
P, 49,7, -.. severally ; by Art., 147, the number of ways in which this can be 
done is : 
|s 


Vp ld (ea oe 


Lastly, distribute the 1 balls into the compartments, putting @ into 
each of the group of p, then b into each of the group of q,c into each of 


the group of 7, and so on. The number of ways in this can be done is 


pan ea 6 
Clay (Oe Mie). 


Hence the number of ways in which the balls can be arranged to 
satisfy the required conditions is given by the product of the expressions 
(1), (2), (3). Therefore the required probability is 


__ [an | 
m: (jay ( [b)? ( [cy ene LOA Li ieee (tee a 2 ea. 


Example 2. A bag contains 7 balls; k drawings are made in succession, 
and the bal! on each occasion is found to be white: find the chance that the 
next drawing will give a white ball; (i) when the balls are replaced after 
each drawing; (ii) when they are not replaced. 

(i) Before the observed event there are n + 1 hypotheses, equally 
likely; for the bag may contain 0, 1, 2, 3, .... 2 white balls. Hence following 
the notation in Art. 471, 


1 k a w k “i (3 k - (2\" 
and Po = 9, Pi = oy Leite F »>P3> ln > Pn \n : 


the required chance = 
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Hence after the observed event, 


Now the chance that the next drawing will give a white ball =2 i" 0-3 


atu 1 WS ses eek da be Sevanielatioe ol 
thus the requifed Chante re ee ee 
i apie tpg ot + 


and the value of numerator and denominator may be found by Art. 405. 
In the particular case when k = 2. 


n(n + 1) 5 hy n(n + 1) (2n + 1) 
Zz ; 6 
2 eG) 
~ 2(2n +1) 
If n is indefinitely large, the chance is equal to the limit, when 7 is 
infinite, of 


the required chance = * 


z hus the ch 1 ———— 
and thus the chance is rar 


(ii) If the balls are not replaced, 


Borge Wyant Opuila ceesece AP kh’ 

— sy mes AA 
and O} = Som Bae k + 2)... r—1)r 
TE H-k +l -k +2)... ¢-Dr 


r=0 
(7 —k +1) (r—k +2)....(r7-1)r 


ai(k TY ee ees 
OG kED HKD Go AG) ee 
The chance that the next drawing will give a white ball _'>" r—k 0 
rey game ; 
k+1 r=n 
DOD GET on ED TE CH Edn. FF 
Seales are silk tl othe (pe Ue Dak + De Uo 
(n-—k)(n-—k +1)... (n +1) k+2 ; 
i kod 
ik +2’ 


which is independent of the number of balls in the bag at first. 

Example 3. A person writes n letters and addresses n envelops; if the 
lettusy are placed in the envelopes at random, what is the probability that 
every letter goes wrong ? 
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Let u, denote the number of ways in which all the letters go wrong, 


and let abcd ..... represent that arrangement in which all the letters are in 
their own envelops. Now if a in any other arrangement occupies the place 
of an assigned letter b, this letter must either occupy a’s place or some other. 

(1) Suppose b occupies a’s place: Then the number of ways in which 
all the remaining n — 2 letters can be displaced is u,, — >, and therefore the 
numbers of ways in which @ may be displaced by interchange with some 
one of the other » —1 letters, and the rest be all displaced is 
(AT) Ey 25. as 

(ii) Suppose a occupies b’s place, and b does not occupy a’s. Then 
in arrangements satisfying the required conditions, since a is fixed in b’s 
place, the letters b,c,d .... must all be displaced, which can be done in 
Uy, — 1 ways; therefore the number of ways in which a occupies the place of 


another letter but not by interchange with that letter is (n — 1) u,, _ |; 
vs Un = (2 — 1) Un-1 + Up -2)3 
This expression can be rewritten as 
Uy — Uy — 1 = (=) {Uy —1 — (2 — 1) ty — 9} 
2 
=(-1) {uy —2 — (2 — 2) Uy - 3} 
3 
unig do {uty — 3 — (1 — 3)uty - 4} 
and so on until finally this becomes 
= (=1)" 7° {uy — 3u} 
ne. 
=(-1) © {uz — ty}. 


But w is clearly 1 and 1, is 0 by the nature of the problem. Hence 


-—2 
Un = MU, ~~ +(-1) 7.1 


Also fly =n (2 —-1)uU_ 2+ (-2)" Fn 
and n(n —l1)u,—-2=n(n-1)(n—2)u,-2+ ih aan a= b) 
and so on until finally 
n(n — 1)...4u3 =n (n — 1)... 3uz + ey a(t — 1)....4 
n(n — 1)... 3g =n (n -— 1)... Qty + (-1)° n(n 1) Bi 


Using the fact that uw; = 0 and adding, these equations give 
u, = {n (tn — 1)... 3} — {n(@ — 1)... 4} 
; + {n(n —1)... 5}... + (-1)".1. 
Also the total number of ways of permuting the n letter is [1. Thus the 
probability required is u,, + | and this is 
ts SE re eg (=1)" 
— tt ne + 
oR sea ee Be) [n. rf 
This problem has been the source of many modifications in the Theory 
of Probability. It has been discussed by Montmort, De Moivre, Euler and 
Laplace. = 3 
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*484. Further reading on the subject of Probability can be found in 
Whitworth’s Choice and Chance, Professor Crofton’s article in the 
Encyclopaedia Britannia, and Todhunter’s History of the Theory of Probability. 


*EXAMPLES. XXxXIl. a. 


1. | What are the odds in favour of throwing at ieast 7 in a single throw 
with two dice ? 

2. Ina purse there are 5 sovereigns and 4 shillings. If they are drawn out 
one by one, what is the chance that they come out sovereigns and 
shillings alternately, beginning with a sovereign ? 

3.  Ifonanaverage 9 ships out of 10 return safe to port, what is the chance 
that out of 5 ships expected at least 3 will arrive ? 

4. Ina lottery all the tickets are blanks but one ; each person draws a 
ticket, and retains it : shew that each person has an equal chance of 

_ drawing the prize. 

5. One bag contains 5 white and 3 red balls, and a second bag contains 
4 white and 5 red balls. From one of them, chosen at random, two balls 
are drawn : find the chance that they are of different colours. 

6. Five persons A, B, C, D, E throw a die in the order named until one 
of them throws an ace : find their relative chances of winning, 
supposing the throws to continue till an ace appears. 

7. Three squares of a chess board being chosen at random, what ts the 
chance that two are of one colour and one of another ? 

8. A person throws two dice, one the common cube, and the other a 
regular tetrahedron, the number on the lowest face being taken in the 
case of the tetrahedron; find the average vaiue of the throw, and 
compare the chances of throwing 5, 6, 7. 

9.  A’sskillis to B’s are 1:3; to Cs as3:2; and to D’s as 4:3: find the 
chance that A in three trials, one with each person, will succeed twice 
at least. 

10. Accertain stake is to be won by the first person who throws an ace ‘vith 
an octahedral die : if there are 4 persons what is the chance of the last 
5 

11. Two players, A, B of equal skill are playing a set of games ; A wants 
2 games to complete the set, and B wants 3 games : compare their 
chances of winning. ) 

12. A purse contains 3 sovereigns and two shillings : a person draws one coin 
in each hand and looks at one of them, which proves to be a sovereign; 
shew that the other is equally likely to be a sovereign or a shilling. 

13. A and B play for a prize; A is to throw a die first, and is to win if he 
throws 6. If he fails B is to throw, and to win if he throws 6 ot 5. If 
he fails, A is to throw again and to win with 6 or 5 or 4, and so on: 
find the chance of each player. 

14. Seven persons draw lots for the occupancy of the six seats in a first 
class railway compartment : find the chance (1) that two specified 
persons obtain opposite seats, (2) that they obtain adjacent seats on 
the same side. 
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A number consists of 7 digits whose sum is 59; prove that the chance 
of its being divisible by 11 is a : 
Find the chance of throwing 12 in a single throw with 3 dice. 
A bag contains 7 tickets marked with the numbers 0, 1, 2, .... 6 
respectively. A ticket is drawn and replaced ; find the chance that 
after 4 drawings the sum of the numbers drawn in 8. 
There are 10 tickets, 5 of which are blanks, and the other are marked 
with the numbers 1, 2, 3, 4, 5 : what is the probability of drawing 10 
in three trials, (1) when the tickets are replaced at every trial, (2) if 
the tickets are not replaced? ~ 4 
If n integers taken at random are multiplied together, shew that the 


chance that the last digit of the product is 1, 3, 7 or 9 is z ; the chance 


it j nt 


; of its being 5 is 


of its being 2, 4, 6, or 8 is ; and of 
10"- 8" -5'+4" 


yt 


10 — 
A purse contains two sovereigns, two shillings and.a metal dummy 
of the same form and size ; a person is allowed to draw out one at a 
time till he draws the dummy : find the value of his expectation. 
A certain sum of money is to be given to the one of three persons 
A, B, C who first throws 10 with three dice ; supposing them to throw 
in the order named until the event happens, prove that their chances 
are respectively. 


2 2 
tg) Paige ni ainone 
beac abngple 


Two persons, whose probability of speaking the truth are and 7 


respectively, assert that a specified ticket has been drawn out of a bag 
containing 15 tickets : what is the probability of the truth of the assertion ? 


its being 9 is 


anf EU ed ; ; 
A bag contains aut) counters, of which one is marked 1, two are 


marked 4, three are marked 9, and so on; a person puts in his hand 


_ and draws out a counter at random, and is to receive as many shillings 


as the number marked upon it : find the value of his expectation. 
If 10 things are distributed among 3 persons, the chance of a particular 


; ; bn doe 
person having more than 5 of them is 19683 ° 
If arod is marked at random inn points and divided at those points, the 


1 raat | 
chance that none of the parts shall be greater than nt of the rod is —. 
n 
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There are two purses, one containing three sovereigns and a shilling, 
and the other containing three shillings and a sovereign. A coin is 
taken from one (it is not known which) and dropped into the other ; 
and:then on drawing a coin from each purse, they are found to be 
two shillings. What are the odds against this happening again if two 
more are drawn, one from each purse ? 

If a triangle is formed by joining three points taken at random in the 
circumference of a circle, prove that the odds are 3 to 1 against its 
being acute-angled. ; 

Three points are taken at random on the circumference of a circle : 
what is the chance that the sum of any two of the arcs so determined 
is greater than the third ? 

A line is divided at random into three parts, what is the chance that 
they form the sides of a possible triangle ? 

Of two purses one originally contained 25 sovereigns, and the other 
10 sovereigns and 15 shillings. One purse is.taken by chance and 4 
coins drawn out, which prove to be all sovereigns : what is the chance 
that this purse contains only sovereigns, and what is the probable 
value of the next draw from it ? 

On a straight line length a two points are taken at random; and the 
chance that the distance between them is greater than b. 

A straight line of length a is divided into three parts by two points 
taken at random : find the chance that no part is greater than b. 


If one a straight line of length a + b two lengths a,b are measured 


at random, the chance that the common part of these lengths shall 
2 


not exceed c is net , where c is less than a or b ; also the chance that 
a—b 


the smaller length b lies entirely within the larger a is 


If on a straight line of length a + b + c two lengths a, b are measured 
at random, the chance of their not having a common part exceeding 


SNL OE 

(c +.a) (c +b)’ . 
Four passengers A,B,C,D, entire strangers to each other, are 
travelling in a railway train which contains/ first-class, m second-class, 
and n third-calss compartments. A and B are gentlemen whose 
respective @ priori chance of travelling first, second, or third class are 
represented in each instance by A, v; C and D are ladies whose 
similar a priori chances are each represented by /, m, n. Prove that, 
for all values of A,u,v (except in the particular case when 
A:u:v=I1:m:n),A and B are more likely to be found both in the 
company of the same lady than each with a different one. 


where d is less than either a or b. 


CHAPTER XXiIll 
DETERMINANTS 


485. The present chapter is devoted to a brief discussion of 
determinants and their more elementary properties. The slight introductory 
sketch here given will enable a student to avail himself of the advantages 
of determinant notation in Analytical Geometry, and in some other parts 
of Higher Mathematics; fuller information on this branche of Analysis may 
be obtained from Dr. Salmon’s Lessons Introductory to the Modern Higher 
Algebra, and Muir’s Theory of Detenninants. 


486. Consider the two homogeneous linear equations 
a,;x+b,y=0, 

a,x + boy =0; , 
multiplying the first equation by b>, the second by 5, subtracting and 
dividing by x, we obtain 

a,b — anh, =.()! 

This fesult is sometimes written 
a, »d, 


dy 1b i 


and the expression on the left is called a determinant. It consists of two 
rows and two columns, and in its expanded form each term is the product 
of two quantities; it is therefore said to be of the second order. 

The letters a), by, G2, bz are called the constituents of the determinant, 


and the terms a, 2, a2 b, are called the elements. 
487. Since 


it follows that the value of the determinant is not altered by changing the rows 
into columns, and the columns into rows. 
488. Again, it is casily seen thal 


a2 bp by ap a, bo seg 


that is, if we interchange two rows or two columns of the determinant, we 
obtain & deterninant which differs from it only in sign. 
489, Let us now consider the homogencous linear equations 
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ayx+byy+cyz=0, 
a,x + boy +c2z=0, 
a3x + b3y +c3z = 0. 
By eliminating x, y,z we obtain as in Ex. 2, Art. 16, 
a) (b2¢3 — b3C2) + by (C243 — €342) + C1 (42b3 — 43b2) = 9, 
b> c2 C2 a2 a7 b> 


or a +b +C =0)} 
‘lbs c3 113 a5 ‘la, b3 


This eliminant is usually written 


Qa by Cy 
a2 b» %2\)= 0, 
a4, 53 6% 


and the expression on the left being a determinant which consists of three 
rows and three columns is called as determinant of the third order. 

499. By a rearrangement of terms the expanded form of the above 
determinant may be written 


a, (b2C3 — b3C2) + az (b3C1 — b4C3) + a3 (byC2 — b2c}), 


or ay bo bs + a bs a + 43 Pi be é 
c2 C3 C3 Cj Cy C2 
hence 
ay by Cj a) a> a3 
ar b> |= by b> b3 ; 
a3 b3 C3 Cy C2 C3 | 


that is, the value of the determinant is not altered by changing the rows into 
columns, and the columns into rows. 
491. From the preceding article, 


ay by yey 


b> (em) b a b Cc 
ay Dy ey l= a) + a> - . + a3 % ; 
a1 Sth, Me, 3 3 1 ! 2 .& 
b> C2 by Cc 
1 Cy 
=a, —a +@ 
b3 C3 2 b3 C3 3 b2 C2 (1) 
Also from Art. 489, 
a, by Cy 
b by C2 a2 C2 a2 bo 
#2) .98 62 FP bolaharchdh igh 5 cetsenadt ele Loe b 
Qsuubaunes 3 3 & 43 03 
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We shall now explain a simple method of writing dowr the expansion 
of a determinant of the third order, and it should be noticed that it is 
immaterial whether we develop it from the first row or the first column. 

From equation (1) we see that the coefficient of any one of the 
constituents @), 42,43 is that determinant of the second order which is 
obtained by omitting the row and column in which it occurs. These 
determinants are called the Minors of the original determinant, and the 
left-hand side of equation (1) may be written 

a, Ay — a2 Az + 03A3, 
where Aj, A>, A3 are the minor of a}, a>, a3 respectively. 


Again, from equation (2), the determinant is equal to 
a, A, — b, By +c, Cy, 
where 4, By, C; are the minors of a,, bj, cy respectively. 


4 by Cy 
492. The determinant | 42 (‘by C2 
a3 bz c3 


ay (b2C3 — b3C2) + by (c2a3 — C322) + Cy (ob3 — a3b2) 
—b, (a9¢3 — 32) — a4 (C2b3 — czb2) — Cy (b24a3 — b302); 


hence 
Vat Oye, bi) G1 361 
GY - Oy (C2) 42 10. Gee 
a3 b3 €3 b3 a3. «C3 


Thus it appears that if two adjacent columns, orrows, of the determinant 
are interchanged, the sign of the determinant is changed, but its value remains 
unaltered. 

If for the sake of brevity we denote the determinant © 


a, by Cc; 


by (a; b2 c3), then the result we have just obtained may be written 


(by a2. ¢3) = — (a; 62 ¢3). 
-Similarly we may shew that : 
(Cy 4263) = — (4, C2 b3) = + (aj 2 ¢3). 


493. If two rows or two columns of the determinant are identical the 
determinant vanishes. 

For Iet D be the valuc of the determinant, then by interchanging two 
rows or two columns we obtain a determinant whose value is — D; but the 
determinant is unaltered; hence D = — D, that is D = 0. Thus we have the 
following equations, 
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a, A, — 4, Az + 43A3 =D, 
b, Ay — bz Az + b3A3 = 9, 
C1 Ay — €2A2 + 63A3= 0. 
494. If each constituent in any row, or in any column, is multiplied by 
the same factor, then the determinant is multiplied by that factor. 
ma, by 
For ma, bz C2 
maz b3 C3 


= ma, - A; — ma, ° Az + maz> A3 
= m (444; — a347 + 433): 
which proves the proposition. 

COR. If each constituent of one row, or column, is the same multiple 
of rhe corresponding constituent of another row, or column, the determinant 
vanishes. 

495. If each constituent in any row, or column, consists of two terms, 
then the determinant can be expressed as the sum of two other determinants. 

Thus we have 


Qj +a, by ey @50°G] ich | Gig OY Cy 
G2 Gy Dy Gy = as hy a 1 Bs ee 
az e3 b3 C3 “3 b3 C3 a3 b3 C3 


for the expression on the left 
= (a, + ay) A, — (@2 + Ga) Ap + (43 + 3) AG 
= (a1 A] — €2 Ap + 43.3) + (4 Ay — G2 Ad + G3 A3); 
which proves the proposition. ; 


In like manner if each constituent in any one row or column, consists 
of m1 terms, the determinant can be expressed as the sum of m other 
determinants. 


Similarly, we may shew that 
@) Fa," DRA, cy 

a+ @, bo+ Br €2 
a3t+az; b3+P3 c3 


{ 
ay by Cy ay By Cy ay bj Cy ay B, Cy 
= |a. by ¢7| + |@2 By cz] + Ja bs co} + [42 Bo cp 
a, b3 63 a3 Bs c3 | Cy Hh, OE PM ESBS tc | 


1 . nM 
A} . . “oc . 
These results may easily be generalised; thus if the constituents of 


the three columns consist cfm, n, p terms respectively, the determinant can 
be expressed as the sum of mnp determinants. 
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Example 1. Shew that 
b+¢a=—b 


a 
cta b-c b = 3abe — = preset 
OTDs €—a@ te 
The given determinant 
D a> a DD ia Clava ChEDe Ta 
= LOE FS ce’ ib | Hea & bP la -c Ob 
GQ. Ce fC Ali Gain Die 26056 Dasha 


Of these four determinants the first three vanish, Art. 493; thus the 
expression reduces to the last of the four determinants; hence its value 


= — {c (c” — ab) — b (ac — b’) +a (a’ — be)} 


Stabe PRR oe 
GPO SINSOQT 
Example 2. Find the value of | 39 13 14}. 
Si 424 * 26 
We have 
645 190; 21 10+57 19 21 
Be 13, [14 b= Ot 39a 134.14 
! Sin 24. 126 9+72 24 26 
TO.) IO. 220 a hee | 
=] aot lake to ay 8 1a 
9 24 26 TZ, 1 24-626 
10 #39" “2t | 10 19 19+2 bes (Had (: \etage 
SA Is a ee a ee ek | ea Pr eee 
Q 24:0126 9 24 24+2 Oo tree. 
= 13 1 12S 2594 » ag 
= 10 m4 1a +e | =20 63 43. 


496. Consider the determinant 
a,t+pby+qe, by Cy 
a, +pby+qcz 62 C2}; 
a3+pb3+qc3 63 C3 


as in the last article we can shew that it is equal to 


a, by Cy poh; by cy gcy by Cy 
a, by C2| + |pbz bz C2} +] Ge2 bp 2]; 
Pa PO3.7 D3 Geka gcz3 3 3 


and the last two of these determinants vanish [Art. 494 Cor.]. 
Thus we sec that the given determinant is equal to a new one whose 
first column is obtained by subtracting from the constituents of the first 
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column of the original determinant equimuitiples of the corresponding 
constituents of the other columns, while the second and third columns 


remain unaltered. 


Conversely, 
Oy ede a,t+pbj+qcey bd) 
ay by Cy} =| 42+ pby+qcez bz 2}; 
a3. 53 63 az +pb3+qc3 bz 3 


and what has been here proved with reference to the first column is equally 
true for any of the columns or rows; hence it appears that in reducing a 
determinant we may replace any one of the rows or columns by a new row 
or column formed in the following way : 

Take the constituents of the row or column to be replaced, and increase 
or diminish them by any equimultiples of the corresponding constituents of 
one or more of the other rows or columns. 

After a little practice it will be found that determinants may often be 
quickly simplified by replacing two or more rows or columns 
simultaneously : for example, it is easy to see that 


a,+pb, by-—qe Cy ay bee; 
Gy pby> by—Gcez |} =| ay’ dF” \c2 |; 
G3; 5 poy by—g@cz c3 a" 3 inc; | 


but in any modification of the rule as above enunciated, care must be taken 
to leave one row or column unaltered. 

Thus, if on the left-hand side of the last identity the constituents of 
the third column were replaced by c, + 1a), cz + raz, c3 + ra3 respectively, 


we should have the former value increased by 


a, + pb, 
a2 + pbz 
a3 + pb; 


by qe, ray 
by—qcq raz], 
b3 — qc3 a3 


and of the four determinants into which this may be resolved there is one 


which does not vanish, namely 
pb, 
pb 
pbs 
Example 1. Find the value of 


The given determinant 


3) 26 6 =4 
asf ure Gowii@ lig! ter 
Dw 54s vied 


“EGG HEY 

—qc? Tay 

—qc3 ras 

29 262, 22 

go | Blow se 

63 54 46 
bis Boye Yi 
=-3x4x]-2 31 1 
2 
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hi Hs 4 
eg eats eas 
ie SO 
eran Cok 

= tele dey. we Bra G es iae 3] = 
Oeil 3 


[Explanation. In the first step of the reduction keep the second column 
unaltered; for the first new column diminish each constituent of the first 
column by the corresponding constituent of the second; for the third new 
column diminish each constituent of the third column by the corresponding 
constituent of the second. In the second step take out the factors 3 and 
—4, In the third step keep the first row unaltered; for the second new row 
diminish the constituents of the second by the corresponding ones of the 
first; for the third new row diminish the constituents of the third by twice 
the corresponding constituents of the first. The remaining steps will be 
easily seen.] 

Example 2. Show that 


; 

astb—c 2a 2a 

2b Peon 2b =(a+b+t+c) 
2ct 2c a 


The given determinant 


ab C sot O +6 ant bec 
= 2b b-c-a 2b 
2c 2c oa =D 


=(axbXc)X|2b b-c-—a 2b 


1 0 0 
= (a +b +:c) X | | =b —c =a 0 

2c 0 Sa i? Baa 
=(a+b+c) x neers epietuaal =(a+b+c). 


Explanantion. In the first new determinant the first row is the sum 
of the constituents of the three rows of the original determinant, the second 
and third rows being unaltered. In the third of the new determinants the 
first column remains unaltered, while the second and third columns are 
obtained by subtracting the constituents of the first column from those of 
the second and third respectively. The remaining transformations are 
sufficiently obvious.] 

497. Before shewing how to express the product of two determinants 
as a determinant, we shal! investigate the value of 


376 


430, + bP; + C3) 
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aja, + bpp + cy, aya2 + bBo + crv2 
Axa, + Dey + czy Azz + By + Cr72 
4302 + bxB + c3y2 


a,a3 + b1B3 + c173 
A703 + bf + C23 
2303 + bxB3 + c3y3 


From Art. 495, we know that the above determinant can be expressed 
as the sum of 27 determinants, of which it will be sufficient to give the 


following specimens : 


A, 4A, 4403 a3, biBo 173 
A701 A742 A703}, aya, bBo c2y3], 
30, A382 4403 axa, bxBo x73 
aa, Cy¥2 b1P3 
a7, C22 fs], 
430, C2 5383 
these are respectively equal to 
@1a703}4, a, a a Boy3} 4 5, Cy 
a2 4 42], a, by €2}, 
43 43 «3, a3 b3 C3 
a, B3y¥2 | a cy by 
@ Cz by 
a3 cz 53 


the first of which vanishes; similarly, it will be found that 21 out of the 27 
determinants vanish. The six determinants that remain are equal to 


(a; Bz 73 — & B32 + a2 B31 — o2P\ 73 + 438) 72 — 238271) 


a by 
xX | a2 bz C2 
a3 b3 C3 
a By a, by cy 
that is, a2 Bo y2| x] a bz ©]: 
a3 Bs ¥3 a3 b3 C3 


hence the given determinant can be expressed as the product of two other 
determinants. 

498. The product of two determinants is a determinant. 

Consider the two linear equations 


a, X4 “7 by X? = 0 
rae 
a, X "us by X4 =0 ( 
XxX, = aX are A2X2 
where Ps 
X2 = B2x1 + Box 2) 
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Substituting for X; and X> in (1), we have 


(4, 2 + by By) x1 + (ay a2 + by B) x2 = 0 
(47 a1 + by By) xy + (a2 @2 + 57 Bo) xy = 0 


(3) 


In order that equations (3) may simultaneously hold for values of 
x, and x2 other than zero, we must have 
a,a,+b,B, a, a) + bi Bo 
420, +b2B, 47a) + bp Bo 


=0 (4) 


But equations (3) will hold if equations (1) hold, and this will be the 
case either if 


Qi. P el, 0 
fais at itd) 
or if X;, = 0 and X> = 0; 
which last condition requires that 
a By . 
a Bo = 0 ...(6) 


Hence if equations (5) and (6) hold, equation (4) must also kold; and 
therefore-the determinant in (4) must contain as factors the determinants 
in (5) and (6); and a consideration of the dimensions of the determinants 
shews that the remaining factors of (4) must be numerical; hence 


a, By 


a, By 


4,0, +b, 8B, aya +b, By 
a2, +b2P, a2, + bz A, 


a, bj 


x 
a, bz 


by 


the numerical factor, by comparing the coefficients of a; bz a, B on the 
two sides of the equations, being seen to be unity. 


2 3 
ay Oy a, +be a) 4 + by bz 


COR. me 


2 
a, a2, +b; bo as +bs 


The above method of proof is perfectly general, and holds whatever 
be the order of the determinants. 

Since the value of a determinant ‘s not altered when we write the 
rows as columns, and the columns as rows, the product of two determinants 
may be expressed as a determinant in several ways; bui these will all give 
the same result on expansion. 


2 
Ai ei C, A pee, | 
Example. Shew that | —A2 Bye, 07 |e Gz Oa) 2 
A, —B; C3 a, b3 6% 


the capital letters denoting the minors of the corresponding small letters 
in the determinant on the right. 
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Let D,D’ denote the determinants on the right and left-hand sides 
respectively ; then 
[| ayy —DyBy + c,Cy 9A — DBy + €2Cj 
DD! = | —@;A2 + byBy—cyC2  —a2A2 + b2Bz — 202 
ayA3—b;B3+¢,C3 4x3 — bpB3 + €9C3 
azA; — b3B, + c3Cy 
—ayAz + bzBy — €3C2 
axA3 — b3B3 + c3C3 


0 
0 |; [Art. 493.] 
D 


thus D D’ = Pp and therefore D’ = D’. 


EXAMPLES XXxXIll..a. 


Calculate the values of the determinants : 


1 1 1 om 16 6 
1. 35g Ailah sae 2,-Ad4 417 
0 RE 2 Rae rs | 
1 Be ence pele el ae 
3. See ey es 4, /h 6b f 
B94 +9... 40 Sa te 
Pict Fed ce. ag 1 1 1 
5. —z 1 Bs G.}-1+ 61 A x 1 
y 2 ae lt is 1 1lt+y 
| a-b b-—-c ¢-a bt+e a a 
1. b-c c-a a-b 8. b ct+a b 
} c-a a-b b-c Cc Cc at+b 


If w is one of the imaginary cube rocts of unity, find the value of. 


1 @ 9 1 oa ow” 
9. wo 1 10s) doytt BLS be 
2 2 
@ Tasca w @ 1 


11. Eliminate /, m,n from the equations 
al +cm + bn = 0, cl + bm + an = 0, bl + am +cn =0, 
and express the result in the simplest form. 
12. Without expanding the determinants, prove that 
tall inl ee: ha oe Pere 
X OY 2) STL A Dla 4 nodaeek 
Pp aoe Boi Cade y Bs ob ie 
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13. Solve the equations : 
a° a4 
(Dim. pr - pi) 2 Q, 
ae a 


Prove the following identities : 


b+ci¢eGtae atd 
AS. Qe Ftd: ent i 
Vt2 pats ety 


two 


15. 


=e 

aS 
=> 

wow 


1 1 1 
16. ab c =(b -—c)(c-—a)(a—b)(at+b+tc), 
b 


b—- 2% ‘11 10 
(2) Ade 3x oT) 164 0. 
oe ae 18 


= (b —c)(c —a)(a—D), 


wt 3p (G2 
7% Py 2) =0-2@-x*)G-) 024 2+). 
| y2 ze xy 
—2a a+b atbdb 
18. b+a —-2b bt+c|=4(b+c)(ct+a)(atb), 
C+ 1,C-eb TG 
(D +c} a” a 
19, b? (+a) p2 | =2abc (a+b +c). 
c? ra (a +b) 
Ouic 2D g 
20. Expressasadeterminant|c 0 a 
Pia 40 


21. Find the condition that the equation & + my + nz =0 may be 
satisfied by the three sets of values (a), bj, C1) (@2, b2, C2) (43, 53, €3) 
and show that it is the same as the condition that the three equations 

~ aye + by + cz = 0, agx + by + coz = 0, ay + bz + cx = 0 

may be simultaneously satisfied by /, m,n. 


22. Find the value of 
an + Fig ab + cA 
7g mE Sal 
ca+bA bc-ai 


ca—ba A ah 
be + ad} x | -c A a 
a a ileal 
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a+ib asi a-igp y-—io 


23. Prove that SS aa ae ede -y-id atip|’ 


where i = V—1, can be written in the form 
A+ ib + C—O 
-C-iD A+iB |’ 
hence deduce the following theorem, due to Euler; 
The product of two sums each of four squares can be expressed as the 
sum of four squares. 
Prove the following identities : 


Zz 2 Zeae 
1 betad be t+ad 
24. 11 catbd ¢¢¢+p'¢ 


i ab +cd PS 
= —(b-—c)(c — a) (a—b) (a—d) (b-—d) (c — 4). 
> 5 
be a ca —b- ab —c 
25. —be+cat+ab  be—catab ba +ca—ab 


(a+b)(atec) (b+c)(b+a) (C+aj(c +b) 
= 3(b—c)(c —a)(a—b) (a+b +c) (bc + ca + ab). 


2 2 2 
ecla RIOOMI hae: cena 
2 Zz 
26. | (b-x) (b-y) (b-2) 
12 Z 2 
(6 =X) on (G-N)5 1 € HD) 
=2(b—c)(c—a)(@—b) (vy —z)@—x) &-Y). 
27. Find in the form of a determinaat the condition that the expression 
2 2 2 5 
ua’ + vB + wy” + 2u' By +2v' ya + 2w’ aB 
may be the product of two factors of the first degree in a, B, y. 
28. . Solve the equation : 


utax wt abx v'+acx | 

w' + abx vtb*x u'+bex | =0, 

vita ul tbe wteex 
expressing the result by means of determinants. 


499. The properties of determinants may be usefully employed in 
solving simultaneous linear equations. 


Let the equations be 
ax + boy + Cy dy i 0 
ax + by + cz + d, = 0, 
ay + by +cxz + ds = 0; 
multiply them by 4), —A2,A3 respectively and add the results, 4), 4,43 
being minors of 4, a, a3 in the determinant 
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qa bb Cy 
Diz az b> C2 
a3 b3 C3 


The coefficients of y and z vanish t in virtue of the relations proved in 
Art. 493, and we obtain 
(@yA; — dz + AxA3) x + (AYA, — dgAz + d3A43) = 0 
Similarly we may shew that 
(13, — b2B2 + b3B3) y + (dB, — d2B2 + d3B3) = 
and 
(cyCq — €2Cq + €3C3) 2 + (d,Cy — dyC + 43C3) = 0 
Now 44Ay — a947 + 4343 = — (6,3; — b2Ba + b3B3) 
= c4Cy . C1C> as c3C3 =i) 
hence the solution may be written 


y z 

a7 es cil | dy a, dy 

dy 42 C2 dz az by 

d3. @3 C3 d3 ..43 ,,b3 

—f ‘ 

“hay by cy 
te b> C2 
| 43 bz 63 


or more symmetrically 


500: Suppose we have the system of four homogeneous linear 


equations : 
axtbytoz+du=0 


ax + boy + coz + dy = 0 
ax + bay + cx + dye = 0 
ay + bay + Cqz + dyu = 0 
From the last three of these, we have as in the preceding article 
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: a, by % 


Substituting in the first equation, the eliminant is, 


by €y dy 44 Co a, bz dy, 
a, | 53 ¢3 43) —by |] 43 Cz 43) +1] 43 53 3 
by cq dy a4 Cy ay a4 by ay 
a2 bz cy 
+d; a3 b3 C3 = 0. 
a, ds cal 


This may be more concisely written in the form 


a, b}) cy ay 


az b> C2 a> sigh. 


the expression on the left being a determinant of the fourth order. 

Also we see that the coefficients of a),b1,¢,,d, taken with their 
proper signs are the minors obtained by omitting the row and column which 
respectively contain the constituents. 

501. More generally, if we have n homogencous linear equations 

ayxy te byx> “t= C4X3°t seco. + Kix, = 0, 


\ 


dary + bax + C93 +... + kox, = 0 


TOPOS HRT eee ee rename nn ee seee serene s seen aereeestaeeneetenneeese 


involving 2 unknown quantitics 21,5, X3, ....%,, these quantities can be 
climinated and the result expressed in the form 


ay by CY wetdacress ky 
ay bo CF .cxhostene k5 Yi 0 
Ge) Dyiy Wks Sate Kip 


The left-hand member of this equation is a determinant which consists of 


: S th 
n rows and n columns, and is called a determinant of the n” order. 
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The discussion of this more general form of determinant is beyond 
the scope of the present work ; it will be sufficient here to remark that the 
properties which have been established in the case of determinants of the 
second and third orders are quite general, and are capable of being extended 
to determinants of any order. 


For example, the above determinant of the n'” order is equal to 
Gy, — byBy + ¢yCy — dyDy + un. + (--1)" aK, 


or @oA5 ~ ayAz + W453 — a4Ag + 2. #(+1)" 7 a,Ap, 

according as we develop it from the first row or the first column. Here the 
capital letters stand for the minors of the constituents denoted by the 
corresponding small letters, and are themselves determinants of the 


(n — ah order. Each of these may be expressed as the sum of a number 


of determinants of the (n — 2)" order, and so on; and thus the expanded 
form of the determinant may be obtained. 

Although we may always develop a determinant by means of the 
process described above, it is not always the simplest method, especially 
when our object is not so much to find the value of the whole an pepe 
as to find the signs of its several elements. 

502. The expanded form of the determinant 


a by Gy 
ar b> C2 
a3, bz © 


= 4)b9C3 — 44b3C + Anb3C, — Azb4C3 + a3b4C2 — azb2C}, 

and it appears that each element is the product of three factors, one taken ° 
from each row, and one from each column ; also the signs of half the terms 
are + and of the other half —. The signs of the several elements may be 
obtained as follows. The first element a,b>c3, in which the suffixes follow 
the arithmetical order, is positive ; we shall call this the leading element ; 
every other clement may be obtained from it by suitably interchanging the 
suffixes. The sign + or — is to be prefixed to any element according as it 
can be deduced from the leading element by an even or odd number of 
permutations of two suffixes; for instance, the element a3b9c, is obtained 
by interchanging the suffixes 1 and 3, therefore its sign is negative, the 
element-a3b (C2 is obtained by first interchanging the suffixes 1 and 3, and 
then the suffixes 1 and 2, hence its sign is positive. 

503. The determinant whose leading element is @)b2¢3d, .... may thus 
be expressed by the notation 

X + aybocady .... ; 

the = + placed before the leading element indicating aggrcgate of all the 
elements which can be obtained from it by suitable interchanges of suffixes 
and adjustment of signs. 
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Sometimes the determinant is still more simply expressed by enclosing 
the leading element within brackets ; thus (@;bc3d4 ....) 1s used as an 
abbreviation of 2 + a4b 3d, ..... 

Example. In the determinant (a,b2c3d4es) what sign is to be prefixed 
to the element a4b3c,d5c2 ? 

From the leading element by permuting the suffixes of a and b we 
pet aybsc4d)cs ; from this by permuting the suffixes of b and c we have 
agb3¢od cs ; by permuting the suffixes of c and d we have a4b3c1d2és ; finally 
by permuting the suffixes of d and e we obtain the required element 
ayb3c\dsc> ; and since we have made four permutations the sign of the 
element is positive. 

$04. [fin Art. 501, each of the constituents by, cj, .....-.. k; is equal to 
zero the determinant reduces to aA; ; in other words it is equal to the 


product of a; and a determinant of the (n — 1)” order, and we easily infer 
the following general theorem. 

Lf each of the constituents of the first row or column of a determinant 
is zero except the frst, and if this constituent is equal to m, the determinant 
is equal to m times that determinant of lower order which is obtained by 
onutiing the first column and first row. y 

Ajso since by suitable interchange of rows and columns any 
constituent can be brought into the first place, it follows that if av row or 
column has ail its constituents except one equal to zero, tie determinant 
can immediately be expressed as a determinant of lower order. 

This is sometimes useful in the reduction and simplification of 
determinants. 

Example. Find the value of 

30 11 20 38 

Gir Bunny 0g 
Abi 2h S6n 208 
Wiss Set l Ty 22 


Diminish each constituent of the first column by twice the 
corresponding constituent in the second column, and each constituent of 
_ the fourth column by three times the corresponding constituent in the 
second column, and we obtain 


ook |) Les ( aes 

QeaBo22Oie 
bSitiase ciBOui9 

7 6 17 4 


and since the second row has three zero constituents this determinant 
= 3 (8. 20. 5.1.33 §: 90.5 


1 RE RL AO Dae 
y juthes i aati Cave i ety 
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0:10 
=3/8 19) 5 =-3|7 |= 
711 4 


F wa The following examples shew artifices which are occasionally 
useful. 
Example 1. Prove that 


=(a+b+c+d)(a—b+c-—d)(a—b-—c+d)(at+tb-—c-—d) 

By adding together all the rows we see that a + b +c +d isa factor 
of the determinant; by adding together the first and third rows and 
subtracting from the result the sum of the second and fourth rows we see 
that a -b+c-—d is also a factor; similarly it can be shewn that 
a—b-—c+d and a+b-—c-—d are factors; the remaining factor is 

: : . ae ad : 
numerical and, from a comparison of the terms involving a on each side, 
is easily seen to be unity; hance we have the required result. 

_ Example 2. Prove that 


qf) Sah wegde 5 
Coe oe So 
a be Pa a 
r 3 Pg di 


=(a—b)@-c)(a-d)(b-c)\b-dC-4) 

The given determinant vanishes when b = a, for then the first and 
second columns are identical; hence a — b is a factor of the determinant 
[Art. 514]. Similarly each of the expressions a — c, a — d, b —c, b —d, 
c — disa factor of the determinant; the determinant being of six dimensions 
the remaining factor must be numerical; and, from a comparison of the 


terms involving bc d° on each side, it is easily seen to be unity ; hence we 
obtain the required result. 


EXAMPLES. XXxXiIll. b. 


Calculate the values of the determinants : 


Bib +104 ; 35 10 46 
; Sire ae id 5 Se eal S4 
; 173-6" 10 Gee BS Aa Wg | 
14 10. 20 AN 6 3 
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(as ee Sa o 4 1 1 
tod Pad 4 1b ee: a a 
oat ame isp Pe eee 8 
1}. fT @ i c c a+b 
i en ae me Ata: ot 1 1 
5. IS F29- Die 84 6 1 Seb 1 1 
sane 16°19 47 pte be Sr eodick 
33°39 ei Se3e 1 1 1s. ad +d 
Ox yz O 24 Hae 
ee OR eZ y eS 0 Cy. B 
js yi izs.0 ax a Bees Bd 
Zx~yse 10 —Z .—b,. 7a 0 
a b c d 
9. a a+b at+b+c at+b+ct+d 
: a 2at+b 3a+2b+c 4a+3b+2+d 
a 3a+b 6a+3b+c 10a+6b+3c+d 


10. If w is one of the imaginary cube roots of unity, shew that the square 


of 
3 
Tg el Ae if Pe Dhic" 
tx ge? he ah 1 ae pide 
Or Od w —2 I t 1)? 
3 2 tr 32i-p=-1 
OT SoD ay 0 <p eof 


hence shew that the value of the determinant on the left is 3 V—3. 
{L.. If (f — be) x + (ch — fg)y + (bg —hf)z =0, 
(ch — fg)x + (p” — ca) y + (af — gh)z =0 
(bg — hf) x + (af — gh) y + (h” — ab)z =0 
shew that abc + afgh — af = bg — ch’ =0. 
Solve the equations : 


2 x+tyt z=1- 13. act+by +cz=k, 
ax + by + cz=k, ax + b’y + cz =k, 
2 2 : 
ax+by+t cz =k’. ax + by toz=K, 
14. SOE oe ie bene 


ax +by +cz +du=k, 
2 2 2 Ag? 2 
axtby+cz+du=k, 
a’x + by tezt+duak, 
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15. Prove that 
i+e=-a—d be-ad be(a+d)—ad(b+c)} 
c+a-b—d ca-—bd  ca(b+d)—bd(ct+a) 
a+b—c—d ab—cd ab(c+d)—cd(a+b) 
| = —2(b~c)(¢ =a) @—b)(@-d) (6-4) (c -d). 
16. Prove that 
@? sia ea be 
b2 b-(-ay 
2 e =e =p ab 
=(b-c)(C—a)(@-b)(at+b+c)(@ +b +’), 
¥7. Shew that 
i haan otal otal ers 
| i, ail ap ek Sra gs 
Se ee ge ae od A Bohs 
=|C A BI, 
| A OR IRE NS 1 a 3 BCA 
AT AE PE PAN IGA: 
DG. dg £5 8 
where Az=a—d’ + Xe — 2f, 
-B=e' —b’ + 2ac — 2af, 
2 
C=c’—f + 2ae — 2bd. 
18. If a deter.ninant i isc of the nt order, and if the constituents of its first, 


second, third, .. .n"" rows are the first n figurate numbers of the first, 


second, third, ..... nt orders, shew that its value is unity. 
ee 


CHAPTER XXXIV 
MISCELLANEOUS THEOREMS AND EXAMPLES 


506. We shall begin this chapter with some remarks on the permanence 
of algebraical form, briefly reviewing the fundamental laws which have been 
established in the course of the work. 

507. In the exposition of algebraical int tire we proceed 
analytically : at the outset we do not lay down new names and new ideas, 
but we begin from our knowledge of abstract Arithmetic ; we prove certain 
laws of operation which are capable of verification in every particular case, 
and the general theory of these operations constitutes the science of Algebra. 

Hence it is usual to speak of Anthmetical Algebra and Symbolical 
Algebra, and to make a distinction between them. In the former we define 
our symbols in sense arithmetically intelligible, and thence deduce 

‘fundamental laws of operation ; in the latter ‘we assume the laws of 
Arithmetical Algebra to be true in ail cases, whatever the nature of the 
symbols may be, and so find out what meaning must be attached to the 
symbols in order that they may obey these laws. Thus gradually, as we 
transeend the limits of ordinary Arithmetic, new results spring up, new 
language has to be employed, and interpretations give symbols which 
were not contemplated in the original definitions. At thetsame time, from 
the way in which the general laws of Algebra are establistted, we are assured 
of their permanence and universality, even when they are applied to 
quantities not arithmetically intelligible. 

508. Confining our attention to positive integral values of the symbols, 
the following laws are easily established from a priori arithmetical 
definitions. 

I. The Law of Commutation, which we enunciate as follows : 

(i) Additions and subtractions may be made in any order. 


Thus atb—-c=a-—-ct+b=b:-c+a. 
(i1) Multiplication and divisions may be made in any order. 
Thus axb=bxXa; 


axbxc=bxXcXa=axXcXb;and so on. 
ab+c=axb+c=(a+c)Xb=(b+c) Xa. 
II. The Law of Distribution, which we enunciate as follows : 


Multiplications and divisions may be distributed over additions and 
subtractions. 


Thus (a@-—b+c)m=am -bm+cm, 
( 388 ) 
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(a —b) (¢ ~ d) = ac ~ ad be + bd. : 
[See Elementary Algebra, Arts. 33, 34]. 
And since diviciod’ is the reverse of multiplication, Bai distributive. 
law for division requires no separate CISCUSSION: 
Ill. The Laws of Indices. 


(i) ae Xa Bilbo o 
m m-n 
a +a" =a fe 
(ii) (a” =" 


[See Eldmentaty Algebra, Art. 233 to 235) 
These laws are laid down as fundamental to our subject, having been. 
proved on the supposition that the symbols employed are. positive and 

integral, and that they are restricted in such a way that the operations above | 
indicated are arithmetically intelligible. If these conditions do not‘hdld, by ; 
the principles of Symbolical Algebra we assume the. laws of Arithmeti al 
Algebra to be true in every case and accept the interpretation to which this 
assumption leads use. By this course we are assured that the laws. of 
Algebraical operation are self-consistent, and that they include in their 

- generality the particular cases of ordinary Arithmetic. 

509. From the law of commutation we deduce the rules for the removal 
and insertion of brackets [Elementary Algebra, Arts. 21, 22]; and by the aid 
of these rules we establish the law of distribution as in Art. 35. For example, © 
it is proved that 

“ (@—b)(c —d) =ac —ad—be+ be. 
with the restriction that a,b, c,d are positive integers, and @ greater than 
b, and ¢ greater than d. Now it is the province of Symbolical Algebra to 
interpret results like this when all restrictions are removed. Hence by putting 
a = Oandc = 0, we obtain (—b) x (—d) = bd or the product of two negative 
qunatities is positive. Again by putting b=0 and c=0, we obtain 
a X (—d) = —ad, or the product of two quantities of opposite signs is negative. 

We are thus led to the Rule of Signs as a direct consequence. of tae 
law of distribution, and henceforth the rule of signs is included in our 
fundamental laws of operation. 

510. For the way in which the fundamental laws are applied to establish 
the properties of algebraical fractions, the reader is referred to Chapters 
XIX, XXI, and XXII of the Elementary Algebra; it will there be seen that 
symbols and operations to which we cannot give any a priori definition are 
always interpreted so as to make them conform to the laws of Arithmetical 
Algebra. 

_511. The laws of indices are fully discussed in Chapter XXX of the 
Elementary Algebra. When m.and n are positive integers and mm > 1, we 
at directly my the definition of an index that 


is Sf SR mn, 7 Inn rin 
a” x a" =€4 ;a +aQ =a Ga ) = 


We then assume that first of these to be true when th: ces are 
free from all restriction, and in this way we determine meaning ymbols 
to which our original definition does not apply. 
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The interpretations for @” 4 @°, a” thus derived from the first law 
are found to be in strict conformity with the other two laws; and henceforth 
the laws of indices can be applied consistently and with perfect generality. 

512. In Chapter VIII, we defined the symbol i or V—1 as obeying the 


relationi” = —1. From this definition, and by making i subject to the general 
laws of Algebra we are enabled to discuss the properties of expressions of 
the form a + ib, in which real and imaginary quantities are combined. Such 
forms are sometimes called complexnumbers, and it will be seen by reference 
to Articles 92 to 105 that if we perform on a complex number the operations 
of addition, subtraction, multiplication, and division, the result is in general 
itself a complex number. Also since every rational function involves no 
- operations but those above mentioned, it follows that a rational function 
of a complex number is in general a complex number. 


Expressions of the form Pa log (x + iy) cannot be fully treated 
without Trigonometry; but by the aid of De Moivre’s theorem, it is easy to 
shew that such functions can be reduced to complex numbers of the form 
At Bs 

The expression e” 


xti sIpiin? ; 
a’ ™ but another mode of treating it is worthy of attention. 


We have seen in Art. 220 that 


+i. , : 
” is of course included in the more general form 


vt 
: : x SCs Gag 
é =Lim 1+ a , when 71 is infinite, 


n being any real quantity; the quantity ¢ at 4 may be similarly defined by 
means of the equation 


: n 
+i é 5 Gail) he: . 
é *=Lim ( 1+ ae] , when 7 is infinite, 


x and y being any real quantities. 
The development of the theory of complex numbers will be found 
more fully discussed in Chapter V, of Barnard and Child’s Higher Algebra. 
513. We shall now give some theorems and examples illustrating 
methods which will often be found useful in proving identities, and in the 
Theory of Equations. 
: 514. To find remainder when any rational integral function ofx is divided 
yx — a. 
Let f (x) denote any rational integral function of x; divide f (x) by 
x — a until a remainder is obtained which does not involve x; let Q be the 
quotient, and R the remainder; then 
fe) =Q(«-a)+R. 
___ Since R does not involve x it will remain unaltered whatever value we 
give to.x; put x = a, then 
f@=Qx0+R; 
now Q is finite for finite values of x, hence 
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COR. If f(x) is exactly divisible by x — a, then R =0, that is 
f (@) = 0; hence if a rational integral function of x vanishes when x = a, it is 
divisible by x — a. ate had 
515. The proposition contained in the preceding article is so useful 
that we give another proof of it which has the advantage of exhibiting the 
form of the quotient. 
Suppose that the function is of n dimensions, and let it be denoted by 
n nw i 2 n-3 : 
Pox + pe + pox + px F ve + Pry 
then the quotient will be of  — 1 dimensions; denote it by 


a iL 2. n—3 
Gox + qx + gox +. + On 15 


let R be the remainder not containing x ; then 
Pot + px + px”? + px" P+... + Pp 
iS ithecrn tt 2 n—-3 
= (x — a) (qx + qx + qx Pe ee he ce 


Multiplying out and equating the coefficients of like powers of x, we have 
qo = Po> 
91 — 940 = Pi, 0 9, = Ado t+ Py; - 
92 — 44, = P2, OF 42 = aq, + '/p2; 
93 — 4q2 = P3 , OY q3 = Gq7 = 3; 
R — 4p —1 = Pn, OF R = agn—1 + Pn; 
thus each successive coefficient in the quotient is formed by multiplying by 
a the coefficient last formed, and adding the next coefficient in the dividend. 


The process of finding the successive terms of the quotient and the 
remainder may be arranged thus : 


Po Pi P2 P3 Pn-1 Pn 
449 44, 442 G@Qn-2 44n-1 


90. 2-91, +92 «- 93, Fada 5 
Thus R= ag, —1+ Pp = 4 (gn —2+Pn—1) + Pn =» 


sil nm=2 


n n 
= pod + pia + pa 5 os cat 2 
If the divisor isx + a the same method can be used, only in this case 
the multiplier is —a. 
Example. Find the quotient and remainder when 
3x’ — x° + 31x’ + 21x + 5 is divided by x + 2. 
Here the multiplier is —2, and we have 
PEs Ta 0 Tes 5 eg ed 6a a Py 2 
—-6 14 -28 -6 12 —24 6 
Sibaha Peernedou ROGIZ6s weg 11 


Thus the quotient is ar° — 7 + 14x) + 3x? — 6x” + 12x my and the 
remainder is 11. 


> 
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516. In the preceding example the work has been abridged by writing 
down only the coefficients of the several terms, zero coefficients being used 
to represent terms corresponding to powers of x which are absent. This 
method of Detached Coefficients may frequenty be used to save labour in 
elementary algebraical processes, particularly when the functions we are 
dealing with are rational and integral. The following is another illustration. 


_ Fxample.. _— Divide 3y°- 8x" ox + 26x" — 33x + 26 by 
x— 2 4 +8, ane 
1+2+4-8)3-8-— 5+26-33+ 2%6(3—2+3 
3+6+12-24 | 
—2+ 7+ 2— 
=2— 4 —) 8 +16 
a= 6-17 +6 
3. +-.6:+ 12:-— 24 
TL ae 


Thus the quotient is 3x” — 2x + 3 and the remainder is —Sx + 2. 
It should be noticed that in writing down the divisor, the sign of every 
term except the first has been changed ; this enables us to replace the process 
of subtraction by that of addition at each successive stage of the work. 
- §17. The work may be still further abridged by the, following 
arfangement, which is known as Horner’s Method of Synthetic Division. 
‘ 1|1.3-8— 5 +2%6—33 + 26 


2 | 6+ 12-24 
4 | — 4-— 8+ 16 \ 
-8| 6+12-—24 ‘ 
| “S27 Saal bate 


[Explanation. The column of figures to the left of the vertical line 
consists ‘of the coefficients of the divisor, the sign of each after the first 
being changed ; the second horizontal line is obtained by multiplying 2, 4, 
—8 by 3, the first term of the quotient. We then add the terms in the second 
column to the right of the vertical line ; this gives —2, which is the coefficient 
of the second term of the quotient. With the coefficient thus obtained we 
form the next horizontal line, and add the terms in the third column ; this 
gives 3, which is the coefficient of the third term of the quotient. 

By adding up the other columns we get the coefficients of the terms 
‘in the remainder. ] 


Example. Divide 6° + 5a‘b — 8a°b” — 6a°b* — 6ab* by 
2a° + 3a’b — b to four terms in the quotient. 
2|6+5-8-6-6| 


Solve 2H Ovki Ota | 
0 | 6+0-2| 
1 | 3+0[=1 


| | 12+0-4 
=—2-14F0-—4] +11 +0— 
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Thus the quotient is 3a” — i Dabs b 2 -4a~*b', and 11b> — 4a7 7b’ is 
the remainder. 

Here we add the terms in the several columns as before, but each. 
sum has to be divided by 2, the first coefficient in the divisor. When the 
requisite number of terms in the’ quotient has been so obtained, the 
remainder is found by merely adding up the rest of/the columns, and setting 
down the results without division. : 

The student may easily. verify thus rule by working the divison by 
deteched coefficients. 

518. The principle of Art. 514 is often sefil in proving aloebraical 
identities ; but before giving any illustrations of it we shall make some 
remarks n Synimetrical and Alternating Functions. 

A function is said to be symmetrical with respect to its variables when 
its value is unaltered ty the pnter change of any pair of them ; thus 
xt+y + 2,be + ca + ab, x +y “es xyz at symmetrical functions of the 

first, second.and third degrees respectively. 
' It is worthy of notice that the only symmetrical function of the first 
degree in x, y,z 1s of the form M (x +y +2), where M is seo asoeeetay of 
‘X,Y, Z- 

519. It easily follows ona the aeRaition that the sum, difference, 
product, and quotient of any two symmetrical expressions must also be 
symmetrical expressions. The recognition of this principle, is of great use 
in checking the accuracy of algebraical work, and in some cases enables us 
to dispense with much of the labour of calculation. 


For example, we know that the expansion of (x + y + zy must be a 
homogeneous ao sab ee = ri therefore of the form 


r+y +z +A (ry tx" + yz + yz" + 2x + 2x’) + Bryz, where A and 


B are quantities independent of x, y, z. 

Put 0, then A = 3, being the coefficient of x ‘ in the expansion 
of (x + yy. 

Put x=y=z=1, and we get 27= Gy biG ae8) oh B ; whence 
B=6. 

Pies (x = vr zy" 

2 2 e 2 Qe fe 2 
=x° +y° +2 + 3x°y + By” + 3yz + 3yz” + 3z x + 32x + Bax + Oxyz. 
520. A function is said to be alternating with respect to its variables, 


when its.sign but not its value is altered by the interchange of any pair of 
them. Thus x — y and 
; a’ (b—c) +b? (c a) +" (a —b) 

are alternating functions. 

__ It is evident that there can be no linear alternating function involving 
more than two variables, and also that the product of a symmetrical function 
and an alternating function must be an alternating function. 

521. Symmetrical and alternating functions may be concisely denoted 
by writing down one of the terms and prefixing the symbol 2 ; ; thus 2a 
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stands for the sum of all the terms of which a is the type, Zab stands for 
the sum of all the terms of which ab is the type ; and so on. For instance, 
if the function involves four letters a, b, c, d. 
ta=at+b+crt+d; 
Sib Saas Phas Be PO + ed 
and so on. 
Similarly if the function involves three letters a, b,c, 
? vA . 
Sa" (b —c) =a" (b—c) +b’ (C—a) +¢ (@ bd); 
J Sa’be = a’bc + b’ca + cab : 


and so on. ‘e 
{t should be noticed that when there are three letters involved 2a°b 
does not consist of three terms, but of six : thus 
2 2 = 2 a 2 2 
Yab=ab+actbct+batcatcb. 
The symbol = may also be used to imply summation with regard to 
two or more sets of letters ; thus 
Lyz (b — c) = yz (b —c) +x (Cc — a) + xy (@ — DB). 
522. The above notation enables us to express in an abridged form 
the products and powers of symmetrical expressions : thus 
(a+b+c) =a +32ab + babe; 
(a+bt+c + dy = Ba" + 3 Ea’ + 6 Zabc ; 
(a+b +9), = 2a + 4Ea°b + 6 Fab” + 12a°be ; 


La x Ya” =a’ +a by, 
Example 1. Prove that 
5 5 5 2 

(a+by —a —b° =Sab (a+b) (a +ab+b). 
Denote the expression on the left by E ; then E is a function of a 
which vanishes when a = 0; hence a is a factor of E ; similarly b is a factor 
of E. Again £ vanishes when a = —b, that is a + b is a factor of E ; and 
therefore E contains ab (a + b) as a factor. The remaining factor must be 
of two dimensions, and, since it is symmetrical with respect to a and }, it 


must be of the form Aa” + Bab +Ab” ; thus 
(a +b) —a° —b° = ab (a +b) (Aa” + Bab + Ab’), 
where A and B are independent of a and b. 
Putting a = 1,b = 1, we have 15 = 24 +B; 
putting a=2,b = —1, we have 15 = 5A — 2B; 
whence A = 5,B = 5; and thus the required result at once follows. 
Example 2. Find the factors of 
(b> +c) (b—c) + (8 +.a°) (C — a) + (a +b) (a —d). 
Denote the expression by E ; then E is a function of a which vanishes 
when a = 5, and therefore contains a — b as a factor [Art. 514.]. Similarly 


it contains the factors b—c and c—a; thus E contains 
(b — c) (c — a) {a — b) as a factor. 
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Also since E is of the fourth degree the xemaining factor must be of 
the first degree ; and since it is a symmetrical function of a, b,c, it must be 
of the form M (a+b +c). {Art. 518] 

j E=M(b-c)(c—a)(a—b)(a+b+c) 

To obtain M we may give to a,b,c any values that we find most 
convenient ; thus by putting. = 0, b = 1,.c = 2, we find M = 1, and we have 
the required result. 

Example 3. Shew that 


(+ytzP—-x-y 


=S(ytz)Z@t+xe +y) ee +y" +274 yz +z +x). 

Denote the expression on the left by E ; then E vanishes when 

y = —z, and therefore y + z is a factor of E ; similarly z + x and x + y are 

factors ; therefore E contains (y + z) (z +.x) (x +7) as a factor. Also since 

E is of the fifth degree the remaining factor is of the second degree, and 
since it is symmetrical in x, y, z is must be-of the form 


A (+y 42) +BQz+zx+x). 


5 


Putx +y=z=1;thus10=A+B; 
put x=2,y=1,z=0; thus 35=54 + 2B; 
whence A=B=5, 


and we have the required result. 

523. We collect here for reference a list of identities which are useful 
in the transformation of algebraical expressions ; the student should verify 
these identities. 

Zbe(b—c)=~(b = ¢)(6- 4) @— Dd). 
La’ (b —c)=-—(b —c)(¢ — a) (a —D). 
"Sa (b” — c*) = (b —c) (C—a) (a). 
Ya’ (b —c) = — (bc) (c — 2) (a—b) (a+b +0). 
a+b +c —3abe = (a+b+c)(a +b’ +c —be — ca —ab). 

This identity may be given in another form, 

a+b +c — 3abc 

1 2 2 Z 
=Z (a+b +c){(b-c) +(c—a) +(a—by}. 


(b —c)> + (c- a)’ + (@—b) =3(b —c)(c— a) (@—d). 
(atb+c)—a—b —c =3(b+0c)(c +a) (a +b) 

- Lbe (b + c) + 2abc = (b +c) (c +a) (a +B). 
La? (b +c) + 2abe = (b +c) (c +2) (a +b). 


(a+b +c) (be +ca + ab) — abc = (b +c) (c +a) (a+b). 


abc? + deta + Wath Oo 
=(a+b+c)(b+c-a)(cta—b)(atb—c). 
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caufadall nas Petal a. 


1. Find the remainder when 3x + 1x" + 90x? — 19% + 531 is divided by 
Xo+-D. 
2. Find the equation connecting a and b in order that 


2x1 -~ 7 + ax +b 


may be divisible by x — 3. 
3. Find the se and gaa when 

— 5x4 + O° — 6” — 16c + 13 is divided by #” — & +2. 
4. Find a in ‘onde that x” —-tkk sf 5 may be a factor of 


x — 2! 4 + 19° ~3ir+ 1244: 


8 ue eae in descending powers of x io four 


— &° + te +x—8 2 
terms, eu find the remainder. 
Find the factors of : 


6. A ee 

tk @0 seer ce -ajte Gib). 

8 (a@t+b+c)—(b+c-a)-—(c+a—b) —(a+b-c). 
9. a(b—c) +b(c—a) +c (a—b) + Sab. 

10. a(b'—c')+b(c’—a’) +c (a —b’). 

i. (bc +ca + ab) — b’c? — c*a — a” 

12. (atb+c)'—(b+c)' -(c+a)'—(atb) tatbi ec’. 
13. (a+b+c)—(b+c-a)—(c+a—b)—(at+b—c). 
14. (x— a) (b-—c)° + « —b) (c-— a) + (x -c)’ (@- db) 
Prove the following identities : 

15. L(b +c — 2) =3(b +c — 2) (c +a— 2) (at+b— 2X). 
a a(b—c)° b(c —a) c(a—b) 
(c—a)(a—b) (a-b)(b-c) (b-c)(c-a) 
2a 2b 2c OO (ea) sb) Os 


a+b b+c cta (b+c)(c +a) +b) 
18, Ya" (b +c) — Za — abe = (b +c — a) (c +a —b) (a+b —C). 
a (b+c) b? (c +a) f c’ (a +b) 
(@—b)(@—c) @-c)(@—a) «© —a)(e—b) 
20. 4E(b-c)(b+c-—W) =93(b-c) (+c —ay. 
-. (ytz) (+x) @+y) =e yy $2)? + 2 (Bz) - 2272 
22. X(ab —c’) (ac — b”) = (Zbc) (Zbe — Ea’). 


=at+bt+ce. 


27s 


= bce + ca + ab. 
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23. abc (=a)? = (Zbc)? 
= abc Za° — sp? = = (a” _ - be) (b° — ca) (c? — ab) 
24. X(b =" (b+c- 22) = 0; hence deduee (5 -7) 6 +-2ay° = 0. 
25. (b +c) +(c +a) +(@+b)° id (p eo hed ean ek bs 
=2(a° Hp +0 — 3abc) 
26. Ifx=b+c—a, YiaGh A wee z=atb-—c, Shey (hel 
ety? pase +b? +c — 3abc). 
27. Prove that the value of a+b 7 ° — 3abc is unaltered if we 
substitute s — a,s — b, * — c for a, b, c respectively, where. 
=2(a +. Ded). 
Find the value of : . 
s,s Ee RD ieee p 
“© @—by@-c)@-a) (b-c)(-a)(-b) 
, ’ . ie 


"C=O C= E= 9) 
@ De 6 ree Po es POT 
(a—b)(a—c) ‘(b~c)(b-a) (C—ay(c—b)” 
30. (a+p)(@+q) ,_ (+p) +4) 


(@—b)(a=—c)(a+x) (b-c)(-a)@+b) 
ine (e+ pyc +g) 
(C:= a) (Ci b) (tc) © 
_ bed : 
EG E- G28) 
» gana aa=a 
per DE es Oh 


Ifx+y+z2=s andxyz= P, shew that 


oe A) (Ena) * (eal feo) * Gna) Go) 
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524, Many identities can be readily established by making use of the 
properties of the cube roots of unity ; as usual these wil] be denoted by 


32. 


1,0, w, 
Example. Shew that 
a} 7 dh v UR) 
ot yy x = =hy(xt+y)@ tuytyy. 
The expression, E, on the left vanishes when x = 0,y = 0,x +y =0; 
hence it must contain xy (x + y) as a factor. 
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Putting x = wy, we have 
E = {(1+)! — —1}y’ = {(-0)’ - 0 - 1py’ 
=(-o'’-w—1)y’ =0; 
hence E contains x — wy as a factor ; and similarly we may shew that it 
contains x — w’y as.a factor; that is, E is divisible by 
(x — wy) & - w’y), orx” iy y. 
Further, E being of seven, and xy (x + y) oa + xy + y) of five 


dimensions, the remaining factor must be of the form A «? + y) + By; 
thus 


1 2 2 2 2 
(x ty)’ -x! ~y! =axy ety) @ tay ty’) (Ae + By t+ Ay) 
Putting x = 1,y = 1, we have 21= 24 +8; 
putting x = 2,y = —1, we have 21 = 5A — 2B; 
whence A=7,B=7,; 
7 7 7 2 2 
ae (Q«t+y) -x -y =By tye +x ty’. 
525. We know from elementary Algebra that 
a+b’ +c — 3abc = (atb +c) (a? +b’ +c" — be — ca — ab); 
also we have seen in Ex. 3, Art. 110, that 
| a+b? +c’ —be —ca — ab = (a+ wb +c) (atwd +0); 
hence a’ + b> + c? — 3abc can be resolved into three linear factors; thus 
a+b +c —3abe = (a+b +c) (a+ ab +c) (a+ ob + a) 
Example. Shew that the product of 
a+b? +c — 3abc andx +y°+2° — yz 
can be put into the form A ie + C — B48. 
The product = (a+b+c)(a+wb+ wc) (a+ wb + we) 
x (+y +z) (e+ ay +02) (x +0 + wz). 
By taking these six factors in the pairs (a + b +c) (x +y +2); 
(a+wb+ w°c) («+ w’y + wz); and (a + wh + we) (x + wy + w’2), 
we obtain the three partial products 
AtB+CAtoBtoC, 4+: 5 +00, 
where ‘A = ax + by + cz, B = bx + cy + az, C=cx + ay + bz. 
Thus the product 
=(A+B+ OC) (A+ oB+ oC) (A+w'B+aC) 
= A> + B>+C — 34BC. | 
526. In order to find the values of expressions involving a, b, c when 


these quantities are connected by the equation a + b + c = 0, we might 
employ the substitution 


a=h+k, b =wh + wk, c=wh +k 


MISCELLANEOUS IDENTITIES. 399 


If however the expressions involve a, b,c symmetrically the method 
exhibited in the following example is preferable. 


Example. lf a ee +c =0, shew ye 
6(a° +b +0)= 5(a° +b° Fey +b? Loge 


We have identically 
(1 + ax) (1+ bx) (1+ cx) = 14+ prt ge +n, 
where p=a+b+c,q=bce+ca+ab,r= abc. 


Hence, using the condition given, 
(1+ ax)(1+ bx) (lt a)=ltge tr’. 
taking logarithms and equating the coefficients of x", we have 
‘al (a" +b" +c") = coefficient of x” in the expansion of 
log A 7 ge qe 3) = coefficient of x” in 
2 ce pe © Tae Re rata 8) 
GPR agra Bete). 
By putting ‘3 = 2,3,5 4 is eg 


@+h tc wtb tc eg SEP 
2 = q, 3 nes Y 5 qr; 
? 9? 
a roe xe ee Oe 
whence Re feeds aes En YY 


and the required result at once follows. 
Ifa=B-—y,b=y—a,c =a —QB, the given condition is satisfied; 
hence we have pay! i all values of a »B,Y- 


6{(B-y) +(y—a) + (@-B)} | 
=5{B-y) + (y—a) + (@-fy }{G6- 
+ (y— a)’ + (a-f)} 
that is, 
(8-y) + (y-ay +(a@-py 


= 5 (8-7) (y —@) (a —B) (a? + B+? — fy — ya — a); 
compare Ex. 3. Art. 522. 


EXAMPLES. XXXIV. b. 


lL Uf(a+b+ c)° =a +b + c’, shew that ees nis a positive integer 
+ n+ 
(a+bt+c)"*!= tly 5 1, ot ; 
2. Shew that 


(a+ wb + wey + (at+@b +ac)° 
= (2a —b —c) (2b —c — a) (2@ —a—b). 
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Shew that (x +yy=x" —y” is divisible by xy (x + +y"), if n is 
an odd positive integer not a multiple of 3. 


4.  Shew es 
a 3 (bz — cy)? +b (cx — az)? +ci day bx) - 
= 3abc (bz — cy) (cx — az) (ay — HS 


Ned 


5. Find the value af 
(b~c)(c—a)(a—b)+(b- a Sethe, Tet 
+0 - 0%) (¢- 0a) (@- a'by, 
6. Shew that @+b2.+¢° ype a ay «& +y +2" <y 
—zx—xy) may be put (ato the form A+B 2p, /BC 
ed AB a 
7. Shew that, (a’ +ab+b ya +xy + y) can be put into tHe form 


ae + AB+ B’ , and find the values of A and B. 
Shew that 


8. X(a’ + 2be)’ — 3(a” + 2c) (b” + 2ca) (c” + 2ab) 
= (a +b? +c — 3abc)*. 
2 3 2 2 24 
9." Z(@ — bey —3(a —be) & —cay(c — aby 
=@ +5° +c — 3abe)’. 
10. (a° be ta Yoae Loree ote +b? +e’) 


(bc + ca + ab) = (a° tbte — Babe). 
Ifatb+c= : oh the agentes. in sruat ORS 11-17. 


11. 2(a° +b° tc)=(a¢ +b° eh 


12. ae sis to = — Sabc (bc + ca + ab). 


ee +o +e ° = 39°b7c? — 2 (be + ca + ab)” 
14. 3 (a tb: + @ Pir +e) =5@ +b +c°) (a" Ss +c"). 


' 3 
be a’ +h ck ch a +b re a’ +b? +c 


5 2 
'fb-cdilicta. a—b a b c ; 
| 16. a arr ret. Oso * 
en a li b ss AC. J. pes hana Se i / | 


\ | | 

+ a°b'= saucy (be? + ca” +ab? — 3abc) 

| i hiao} = (be + ca aby! + 27a°b°c’. 
18. [25 {((y —z)’ + @ 2)! + =y)' (0 -2y" 

| * ea) 4 yh = 20-2) +@-aP + @-y)} 
19%. {(y—z) +(@-2) cae yy = 54(y -2)° (2-2) 

(v-y) =2ytz—-By etx yw @ty— By 


17, (be + 
| | 
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P20. (bc) + (c—a)° + (ab) — 3b —c)’ (C —a)" (aonb)? 
=2(a° +b? +c?—be —ca — ab) 
ah =e) +e a) tia Dy. 


=7(b —c)(c =a) (a—b) (a +b +c’ — be — ca — ab)’. 
22. Ifa+b+c=0,andx+y+z=0, shew that 
4 (ax + by +.cz) —3(art+bytcz)(@ tb +c) +y? +72) 
— 2(b —c) (c — a) (a — b) (y —z) (z —x) (& — y) = 54. abo. 
Ifa +b +c +d =0, shew that 
3 P+ + C+D PtPtCt+as PtP t+ +a 
E 5 3 2 : 
24. (@ +b +c +d°) =9 (bed + cda + dab + abc) 
= 9 (bc — ad) (ca — bd) (ab — cd). 
2a: If 2s =a +b +c and 20° =a’ + b* +c’, prove that 2 
E(s — b) (s —c) (@ — a’) + Sabes = (5 — 0”) (45° + 0°). 
4 >\ 
26. Shew that (x° + Gy + 30” — yp)? (y+ Gy” + 3’y - 2°)? 
2 2.3 
=2hy(xety)@ tuyty). 
Rech x sceneries 
(a —b)(a-—c)(a-d)" 
=a +b? +c? +d’ + ab +ac + ad + be +bd + cd. 
28. Resolve into factors . 


2a°b°c? + (a° +bo+ c’) abc + b'c + c'a + a°b°. 
ELIMINATION 


527. In Chapter XXXIII, we have seen that the eliminant of a system 
of linear equations may at once by written down in the form of a determinant. 
General methods of elimination applicable to equations of any degree will 
be found discussed in treatises on the Theory of Equations ; in particular 
we may refer the student to Chapters IV. and VI. of Dr. Salmon’s Lessons 
Introductory to the Modern Higher Algebra, and to Chap. XIII. of Burnside 
and Panton’s Theory of Equations. 

These methods, though theoretically complete, are not always the 
most convenient in practice. We shall therefore only give a brief explanation 
of the general theory, and shall then illustrate by examples some methods 
of elimination that are more pratically useful. 

528. Let us first consider the elimination of one unknown quantity 
between two equations. 

Denote the equations by f (x) = 0 and ¢ (x) = 0, and suppose that, 
if necessary, the equations have been reduced to a form in which f (x) and 
¢ (x) represent rationa! integral functions of x. Since these two functions 
vanish simultaneously there must be some value of x which satisfies both 
the given equations ; hence the eliminant expresses the condition that must 


27. | Shew that = 
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hold between the coefficients in order that the equations may have a 
common root. 

Suppose that x = a,x =$,x =y,.... are the roots cf f (x) = 0, then 
‘one at least of the qunatities ¢ (a), ¢ (8), (7), ...-. must be equal to zero ; 
hence the eliminant is 

db (a) f (BY) DP (Y) ose = 0. 

The expression on the left is a symmetrical function of the roots of 
the equation f (x) = 0, and its value can be found by the methods explained 
in treatises on the Theory of Equations. 

529. We shall now explain three general methods of elimination : it 
will be sufficient for our purpose to take a simple example, but it will be 
seen that in each case the process is applicable to equations of any degree. 

The principle illustrated in the following example is due to Euler. 

Example. Eliminate x between the equations 


athe t+atd=0,feteth=0. 
Let x + k be the factor corresponding to the root common to both 
equations, and suppose that 


athe tartd=(x+k (a +k +m), 
and fot er th=(e+k (fe tn), 
k,l,m,n being unknown quantities. 
From these equations, we have identically 
(ax? + bx” + cx + d) (fe +n) = (ax? + be + m) (fe + oe +h). 
Equating coefficients of like powers of x, we obtain 


fl — an — ag — bf =0, 
gl + fm — bn + ah — cf =0, 
gl + an —cn — df =0, 

hm — dn = 0. 


From these linear equations by eliminating the unknown quantities 
I, m,n, we obtain the determinant : 


f 0 a ag-—bf | =0. 
Dek ies Gre See 
ET ae ~ df, 
0 ad 0 


530. The eliminant of the equations f (x) = 0, ¢ (x) = 0 can be very 
easily expressed as a determinant by Sylvester’s Dialytic Method of 
Elimination. We shall take the same example as before. 


Example. Eliminate x between the equations 
a +bx +oxr+¢d=0, fr tath=0. 
Multiply the first equation by x, and the second equation by x and 
x’ in succession ; we thus have 5 equations between which we can eliminate 
the 4 quantities x" Y, ran x regarded as distinct variables. The equations are 
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ax + bx’ +x +d =0, 
ator tor tae = h 


fe + a + hy = 0. 


O.-@ bc ad} =: 
TaD Wilan alellumn all 
Bits On Lev teBiscult 
OcH ge hice O 
a se pe ge! al 


531. The principle of the following méthod is due to Bezout; it has 
the advantage of expressing the result as a determinant of lower order than 
either of the determinants obtained by the preceding methods. We shall 
choose the same example as before, and give Cauchy’s mode of pai ic 
the eliminating. 

Example. Eliminate x between the equations 


2 > 
ax +bx +x +d =0, fi +axth=0. 
From these equations, we have 
2. 
a. UX AECe? 4 


‘f we + hx . 
ax+b cr+ dd” 
fe-rg pe ’ 
whence (ag — Of) eo (ah — cf)x — df = 0, 
and (ah — cf) x" + (bh — cg — df)x — dg =0. 
Combining these two equations with 
fe + ath=0, 
and regarding x and x as distinct variables, we obtain for the eliminant 
f g h | =0. 
ag — bf ah — of + df 


ah-—cf bh-—cg—df —dg 


532. If we have two equations of the form 4, (x,y) = 0, 
p> (x,y) = 0, then y may be eliminated by any of the methods already 
explained; in this case the eliminant will be a function of x. 

If we have three equation of the form 

$109.2) =0, $2592) =0, 32) =0, 
be eliminating z between the first and second equations, and then between 
the first and third, we obtain two equations of the ie 
vi@y)=9, Y2@yY= 
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If we eliminate y from these equations we have a result of the form 
fx) =9. 

By reasoning in this manner it follows that we can eliminate” variables 
between 7 + 1 equations. 

533. The general methods of elimination already explained may 
occasionally be employed with advantage, but the eliminants so obtained 
are rarely in a simple form, and it will often happen that the equations 
themselves suggest some special mode of elimination. This will be illustrated 
in the following examples. 

Example 1. Eliminate /, m between the equations 

Ix + my =a,mx — ly =b,0 +m? = : 

By squaring the first two equations and adding, 

Dee 22 Lae 2 Z 2 

Cx Ree ne a + fy =a +bD, 

that is, (r + m’) «? + y’) =a + b*: 
she : 2 2 2 2 

hence the eliminant is | x hy. =a: by 

If / = cos 9, m = sin 6, the third equation is satisfied identically; this 
is, the eliminant of 

xcos@+ysin@ =a,xsin@ —ycos@=b 
: é 2 2 2 2 
1S x Fy =a +07. 
Example 2. Eliminate x, y, z between the equations 
ee tei uns? 
y +2 =ayz,z +x =ba,x +y =cy. 
We have V4 fap oh +2 Sc; 
ae 2 ee yr 
by multiplying together these three equations we obtain, 
2 2 2 2 
Te a ees se pales 
2 + + eee ann 5 +3 = abe: 
2. VE ees ey RTA 
hence 2+ (a? —2) + (0? — 2) + (? - 2) = abe: 
A a+b +c? —4=abc. 
Example 3. Eliminate x, y between the equations 
mae ake 
xy =px— gy, &y = get py, x+y = 1. 
Multiplying the first equation by x, and the second by y, we obtain 
0 + dry? = pe + y’); 
hence, by the third equation, 


p= xt ary”. 

Simibanly q=ary ty? 

Thus p+q=(@+3),0-q=(-y) 
2) 


2 2 
(p+4)3+(p-g)3=&+y) + @-yvy 
2) a 
= 2 yl 
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@+9)3+0- q=2 


Ruane 4. Eliminate % YZ between the equations 


We have 


xyz 
If we change the sign of x, the signs of b and are changed, while the 
sign of a remains unaltered; 
(Yy¥-—z)Zt+x)@t+y) 
a-b-c= : 
xy . 
lee Bats Y+z)Z@-x)@ty) 
xyz 
ree Fx) = y) 
c-—a-b= ’ 
XYZ 
ae + +) (it e1— ajc + a <b) (a +b —.c) 


hence 
Similarly, 


and 


xyz 
2 2 2 
2 eee ey 
EES eae eT Ny ey 
= abe 


22 Dee 4 
pe LIC LO Oren wc Earp = 0. 


EXAMPLES XXXIV.C. 


1. _—_ Eliminate 7 from the equations 
mex —my+ta=0, my+x=0. 
2. Eliminate , n from the equations 
2 
mx — my+a=0, nx-nyt+ta=0, m+1=0. 
3. Eliminate m, n between the equations 
2 
mx —ny =a(m — n’), nx + my = 2amn, m+n = 
4. _Eliminate p, g, r from the equations 
pt+qtr=0, a(gr+p +t pq) = 2a -x, 
apqr = y, qr=-1. 
5. Eliminate x from the equations 
2 Z 
wo tee 1 20,0 +x — 3ax = 0. 
6. Eliminate mm from the equations 
y+me=a(1 +m), my —x=a(1—™m). 
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7. Eliminate x, y, z from rig ‘seein 
yz=a 2 = b” y=’, a +y +7 =d’. 
8. Eliminate p, q from the equations 
x(pt+q)=y,p—q=k(1 + (Pq), 279 = 4. 
9. Eliminate x, y from the equations 
Z Z 2 mes z| 3 
Y=-¥ sa, -y Sb" x ay =e. 
10. Eliminate x, y from the petites 
2 cee 4 
xt+y=ax +y= =b’x'+y =c. 
11. Eliminate x, y, z, u from the equations 
x = by’+ cz + du, y = cz + du + ax, 
z= du + ax + by, u = ax + by + cx. 
12. Eliminate x, y, z from the equations 
a * 2 
xt+ty+z=0, x+y +z7= 
rtyptrab rtytreae. 
13. Eliminate x, y, z from the equations 
x z 2 Zz / eat we | 
ee ag eee in oe ele a a+ aie: 
t aigee’ = age 3 2a Tay y xpPraery 
14. Eliminate x, y, z from 1s Sauer 
Z 
Pury Yet) ety) _ me _, 
a’ b° rad 
15. Eliminate x, y from the equations 


La ee 


4 (x? +y°) =ax + by, 2 (x ~y’) =ax—by, x= c. 

16. Eliminate, y, z from the equations 
(y + zy = 4a’yz, AD x) = 4b°zx, (x +y) = dexy. 

17. Eliminate x, y, z from the equations 
@+y—z)@—-ytz) =az, (yt+z—x)(y—z+x) =bax 
Gte=p.G-es yr 

18. Eliminate x, y from the equations 

7 xy =a, YE Py =o, 2 +"y = Cc: 
19. Shewthat (a +b+ cy — 4(b +c) (c + a) (a + b) + Sabc = Oisthe 
eliminate of 
2 2 
ax + by +cr =artbyto=yz +zt+x=0. 

20. Eliminate y from the equations 

ax + by’ =ax+ by =—)— = Ce 
Tuy 

21. Shew that b’c? + ca’ + a°b° = Sa°b’c" 

is the eliminant of 
ax + yz = be, by + zx = ca, cz + xy = ab, xyz = abc. 


ELIMINATION. 
22. Eliminae x, y, z from 
ae es sr ty tae 1 
a b omy 
ERAN HE in @) ee BAe HM). 
23. | Employ Bezout’s method to eliminate x, y from 


ax’ + bx’y 5 a oxy” - dy = 0, a's + b'x’y + c'xy” = d'y’ 
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= 0. 


CHAPTER XXXV 
THEORY OF EQUATIONS 


534. In Chap. IX, we have established certain relations between the 
roots and the coefficients of quadratic equations. We shall = investigate 
similar relations which hold in the case of equations of the ni” degree, and 
we shall then discuss some of the more elementary properties in the general 
theory of equations. 


So Same lece Por’ + pix" > + pox" abs Fs + Py — 1X + Py bee 
rational integral function of x of n dimensions, and let us denote it by 
f (x); then f (x) = 0 is the general type of a rational integral equation of the 

degree. Dividing throughout by p,, we see that without any loss of 
generality we may take 
5 vty epee — + Dyn — 1X + py, =0 
as the type of a rational integral equation of any degree: 

Unless otherwise stated the coefficients pj, po, ....P, Will always be 
supposed rational. 

536. Any bs of x which makes f (x) vanish is called a root of the 
equation f (x) = 

In Art. ua it was proved that when f (x) is divided by x — a, the 
remainder is f(a); hence if f (x) . divisible by x — @ without remainder, a 
is.a root of the equation f (x) = 

537. We shall assume a every equation of the form f(x) =Ohasa 
root, real or imaginary. The proof of this proposition will be found in 


treatises on the Theory of Equations; it is beyond the range of the present 
work. 


538. Every equation of the ni” degree has n roots, and no more. 
Denote the given equation by f (x) = 0, where 


—ap -2 
FQ) = por + pp tp + esse + Dy 


The equation f (x) = 0 has a root, real or imaginary; let this be denoted by 
ay; then f (x) is divisible by x — a), so that 

f(*) = & — 41) $1 @), 
where ¢, (x) is a rational integral function of n — 1 dimensions. Again, the 
equation ¢ (x) = 0 has a root, real or imaginary; let this be denoted by 
a4; then ¢, (x) is divisible by x — a>, so that 
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$1 (x) = (* — 02)$2 (x), 


where ¢> (x) is a rational integral function of n — 2 dimensions. 
Thus f (&) = & — a4) @ — a2) p (@). 
Proceeding in this way, we obtain, as in Art. 309, 
f () = po (= ay) @& — a3)... (© — ay). 
Hence the equation f (x) = 0 has n roots, since f (x) vanishes when x has 
any of the values a}, a>, 23, .... dy. 

Also the equation cannot have more than 7 roots; for if x has any 
value different from any of the quantities @,, 22, a3, .... ,, all the factors on 
the right are different from zero, and therefore f (x) cannot vanish for that 
value of x. 

In the above investigation some of the quantities a}, a, 43, .... dy, may 
be equal; in this case, however, we shall suppose that the equation has still 
n roots, although these are not all different. . 

539. To investigate the relations between the roots and the coefficients 
in any equation. 

Let us denote the equation by 

— -—? 
x + px 1+ pox" aie ats + pee it Da = 0, 
and -the roots by g, B, ¢, ..... k ; then we have identically 
igo Th ms 
x +p ix + px Tea Dye t Dy 
= (x — a) (x --b) & —C)...... (« — k); 
hence, with the notation of Art. 163, we have aS 


es aa’ 
¥ atid rnicthiSer sonneetternet= at a 
ex" hsp hast me (Lats, art (— 9S. 


Equating coefficients of like powers of x in this identity, 
— p; = S; = sum of the roots; 
P2 = Sz = sum of the products of the roots taken two at a time; 
— p3 = S3 = sum of the products of the roots taken at a time; 


PPrrrrrrrirrrr titi ti rer t ieee eee 


(— 1)" =S,, = product of the roots. 


If the coefficient of x’ is po, then on dividing each term by po, the 
equation becomes 


e Sy a oa ae PSG Ne a 
Po P Po Po 
and, with the notation of Art. 521, we have 
P P2 P3 nPn 
a= ——, ab =— Diabe= - —,......., abc ...k = (-— 1) — 
“. z Po 2 Po Po 


Example 1. Solve the equations 
2 2 3 Z 3 
xtaytaz=a, X+by+bz=b,xFoytcz=Cc. 
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From these equations we see that a, b, c are the values of ¢ which 
satisfy the cubic equation 
Gist, — yt -x = 0; 
hence z=at+b+c,y=— (bc + ca + ab),x = abc. 
Example 2. If a, b, ¢ are the roots of the equation 


yh pe 
xt px + px + p3 = 0, from the equation whose roots are a’, b’,c’. 


2 
The required equation is (y — a’) oo b*) (y-c)=0, 


or oa = a’) (c? a b’) (ce = c’) = 0, ify =x’; 

that is, (x — a) (x —b) (@—c) & +a) (x +d) @+Cc) =0. 
But (x — a) (« —b) (& —c) =x + pp” + px + ps; 

hence (x +a)~+b)@+C) =x — px" + px — P3. 


Thus the required equation is 
3 2 3 je 
(xe + pp + pox + p3)& — py + px — pz) = 0, 
3 ES 2 2 2 
Or, es + prt) rt (px + p3) = 0, 
6 1: 2 eee eae 
or x + (22 —pi)x + (P2 — Bip3)x — p3 = 0; 
and if we replace x” by », we obtain 
3 Oe 2 2 
y + (2p. -Ppi)y + 02-1 P3)y —p = 0. 

540. The student might suppose that the relations established in the 
preceding article would enable him to solve any proposed equation; for the 
number of the relations is equal to the number of the roots. A little reflection 
will shew that is this not the case; for suppose we eliminate any n — 1 of 
the quantities a, b,c, ...k and so obtained an equation to determine the 
remaining one; then since these quantities are involved symmetrically in 
each of the equations, it is clear that we shall always obtained an equation 
having the same coefficients; this equation is therefore the original equation 
with some one of the roots a, b,c, ... k substituted for x. 

Let us take for example the equation 

2 
a + pyx + p2x + p3 = 0. 
and let a, b,c be the roots; then 
atb+c=—p, 
ab + ac + bc = — po, 
abc = — p3. 
Multiply these equations by a’, — a, 1 respectively and add; thus 
3 2 
C= 9 Pie a Dears 
. 2 
that is, a> + Pia + pr2a + p3=0, 


which is the original equation with a in the place of x. 


The above process of elimination is quite general, and is applicable 
to equations of any degree. 
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_ 541. If two or more of the roots ofan equation are connected by an 
assigned relation, the properties proved in Art. 539 will sometimes enable 
as to obtain the complete solution. 

_ Example 2. Solve the equation 4x? — 24x? + 23x + 18 = 0, having 
given that the roots are in arithmetical progression. 

Denote the roots by a — b,a,a + b; then the sum of the roots is 3a; 

the sum of the products of the roots two at a time is 3a” — b*; and the 


‘ Qh Ane 4 
product of the roots is a (a — b’); hence we have the equations 


sake 6, 3 PSS bot Sry 2. 

4 2 
from the first equation we find a = 2, and from the second b = + 2, and 
since these values satisfy the third, the three equations are consistent. Is 


+t 9 
the roots are — > ‘ > 
Example 2. Solve the equation 24x° — 14x” — 63x + 45 = 0, one root 
being double another. 


Denote the roots by a, 2a, b; then we have 


ah af i Be: ee ee 
OF Oe aie OE tee DD eo oe 


From the first two equations, we obtain 
? 
8a” — 2a —-3 =0; 


3 1 aot 
a= 7 or — = andb = — 3% > 
It will be found on trial that the values a = -- 2 b= = do not satisfy 
the third equation 2a°b = — =. hence we are restricted to the values 
3 5 
a= ye ey 


Bridie tol 
Thus the roots are er 3 
542. Although we may not be able to find the roots of an equation, 
we can make use of the relations proved in Art. 539 to determine the values 
of symmetrical functions of the roots. 
Example 1. Find the sum of the squares and of the cubes of the roots 


of the equation 
S) 2 
La-— ph + iin © 0. 
Denote the roots by a, b, c; then 
at+b+c=p,be+cat+ab=q. 


Now ath +c =(atb+c) —2(be +a + ab) 
me 
=p — 24. 


412 HIGHER ALGEBRA. 
Again, substitute a,b, c for x in the given equation and add; thus 
e+trt+co—pia tb +c)+qatbtc-—x=0; 
345° +c =p(p — 24) -pqt3 
= p — 3pq + 3r. 
Example 2. If a,b,c, d are the roots of 
x! + px + qx +m+s=9, 
find the value of } a’b. 
We have at+bt+c+d=-p tae 
ab +act+ad+bc+bd+cd=q ...(2) 


abc + abd + acd + bcd =—r (3) 
From these equations. we have 


— pq = Sab + 3 (abe + abd + acd + bed) 
=> ab — Ba 
iS ab =3r— Pq. 
EXAMPLES. XXXV. a. 


From the equation whose roots are 


1. Se Ne 2. 0.0.22, 3, —3. 
30 2A 20-4205: A: sabveleng x tpecatl-tdeananebee 


Solve the equations : 

5. x — 16° + 86x” — 176r + 105 = 9, two roots being 1 and 7. 

ax? + 16x" — 9 — 36 = 0, the sum of two of the roots being zero. 
4x? + 20x” + 23x +6 = 0, two of the roots being equal. 


3x? — 2m? + 52x -—24=0, the roots being in geometrical 
progression. 
3 


9 2--22r-M= 0, two of the roots being in the ratio of 3 : 4. 
10. 24x? + 46° + % -9 = 0,.one root being double another of the roots. 


11. ax! - 2x? ~ 2 + 6 +9 =0, two of the roots being equal but 
opposite in sign. 


12. 54x? — 30x” - 26 + 16 = 0, the roots being in geometrical 
progression. 


alte A: 


13. 32° — 48° = 2% -34 0, the roots being in arithmetical 
progression. 


4 2 
14. gx! — 20° + 40° - x - 12 = 0, the product of two of the roots 
being 2. 


THEORY OF EQUATIONS. 413 
4 
5. x! — 2° — 21° + 22x + 40 = 0, the roots being in arithmetical 
a aaa 


16. 21x! — 195x° + 494x” — 520r +192=0, the roots being in 
geometrical progression. 


3 
17. 18x? + 81x? + 121x + 60 = 0, one root being half the sum of the other 


two. 
18. If a,b,c are the roots of the equation x° oa px + qx —r = 0, find the 
via of 
1 1 1 1 1 
(4) the tog Qj +--+. 
Bk tbo i ee 


19. Ifa,b,c are the roots of x + qx + r= 0, find the value of 
(1) (b - cy +(c- a) + (a- b)’. 
(2) (b+c) '+(c+a) +(a+b) 1. 
20. Find the sum of the ig and of the cubes of tee roots of 
x + gx +x+s=0. 
21. Find the sum of the fourth powers of the roots of 
xt qx +r=0. 
543. In an equation with real coefficients imaginary roots occur in pairs. 
Suppose that f(x) =0 is an equation with real coefficients, and 
suppose that it has an imaginary root a + ib; we shall shew that a — ib is 
also a root. 
The factor of f (x) corresponding to these two roots is 
(x — a — ib) (x — a + ib), or (x — a) +”. 
Let f (x) be divided by  — a)” + b* denote the quotient by Q, and 
the remainder, if any, by Rx + R’; then ’ 
fe) =O{@—ay +b} +ReFR’. 
In this identity put x =a + ib, then f (x) = 0 by hypothesis; also 
(ce — a)’ +b" =0; hence R (a + ib) + R' = 0. 
Equating to zero the real and imaginary parts, 
Ra + R' =0, Rb = 0; 
and b fs hypothesis is not zero, 
R =(Oand R’ =0. 
Hence f (x) is exactly divisible by @ — ay — b* that is, by 
(x — a — ib) (4 — a+ ib); 
hence x = a — ibis also a root. 
544. In the preceding article we have seen that es the equation 
f (x) = Ohas a pair of imaginary roots a + ib, then (x — ay + bisa factor 
of the expression f (x). 


414 HIGHER ALGEBRA. 

Suppose that a + ib,c + id,e + ig, ... are the imaginary roots of the 
equation f (x) = 0, and that ¢ (x) is the product of the quadratic factors 
corresponding to these imaginary roots; then gi 

Z 2 
(x) ={— ay +b} {@—cy +a} {@—e) +8}... 

Now each of these factors is positive for every real value of x; hence 
p (x) is always positive for real values of x. 

545. As in Art. 543 we may shew that in an equation with rational 
coefficients, surd roots enter in pairs; that is, if a + Vb is a root then 
a — Vb is also a root. 

Example 1. Solve the equation oc — 13° - 35" —x +3 = 0, having 
given that one root is 2 — V3. 

Since 2 — V3 is a root, we know that 2 + V3 is also a root and 
corresponding to this pair of roots we have the quadratic factor 
eae 

4 3 2 2 2 

Also 6x — 13x —35¥ -x+3=(@ —4+1)(@ + Ilr + 3); 

hence the other roots are obtained from 
6x” + 11x + 3 =0, or (3x + 1) (2 + 3) =0; 
thus the roots are 


peru Z 
— 3y ~ po 2 + V3, 2 — v3. 


Example 2. Form the equation of the fourth degree with rational 
coefficients, one of whose roots is V2 + V—3. 


Here we must have V2 + V—3, V2 — V—3 as one pair of roots and 
— ¥2 + V—3, — V2— V-3 as another pair. 
Corresponding to the first pair we have the quadratic factor 


2 : . ° 
x" — 2. v2x + 5, and corresponding to the second pair we have the quadratic 
factor ; 


x +2VR +5. 
Thus the required equation is 
(x? + 2VB& +5) (x? — 2VH +5) =0, 


2 a 2 
or “roy a = 0; 
or x’ + 2v" +.25 = 0. 
Example 3. Shew that the equation 
2 2 oe i 
A” Bo Gy. 
- = + le creer 
a> t= po Mee x-h i, 


has no imaginary roots. 


If possible Ict p + ig be a root; then p — ig is also a root. Substitute 
these values for x and subtract the first result from the second; thus 
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AG B 
@ \anT senqquz pits sens epreMTy Fay ste 
(pP-a) +q (Pob)y+q @-c) +¢q 
2 
it sah 
(p—h) +q 


which is impossible unless q = 0. 
5 546. To determine the nature of some of the roots of an equation it 
is not always necessary to solve it; for instance, the truth of the following 
statements will be readily admitted.. 

(i) If the coefficients are all positive, the equation has no positive 


root; thus the equationx + x° + 2x + 1=0 cannot havea positive root. 

(ii) If the coefficients of the even powers of x are all of one sign, and 
the coefficients of the odd powers are all of the contrary sign, the equation 
has no negative root; thus the equation 


x! +x _ 2x4 +x +k —S5S=0 
cannot have a negative root. 


(iii) If the equation contains only even powers ofx and the coefficients 
are all of the same sign, the equation has no real root; thus the equation 


. 
2x8 + 3x4 + x? + 7 = 0 cannot have a real root. 

(iv) If the equation contains only odd powers of x and the coefficients 
are all of the same sign, the equation has no real root except x = 0; thus 


the equation x + 2¢ + 3° +x = 0 has no real root except x = 0. 

All the foregoing results are included in the theorem of the next 
article, which is known as Descartes’ Rule of Signs. 

547. An equation f (x) = 0 cannot have more positive roots than there 
are changes of sign in f (x), and cannot have more negative roots that there 
are changes of sign in f (— x). 

Suppose that the signs of the terms in a polynomial are, 

+ +-—— + —--—-— + — + -; we shall shew that if this polynomial is 
multiplied by a binomial whose signs are + —, there will be at least one 
more change of sign in the product than in the original polynomial. 

Writing down only the signs of the terms in the multig ‘ication, we 
have 


++—--+---+-4+- 
+ — 
++--—+---+-+- 


++--++-+4++-4+-+4 


Fe = EE BES ON ee ea Se 
Hence we sec that in the product 
(i) an ambiguity replaces each continuation of sign in the original 
polynomial; eer 
(ii) the signs before and after an ambiguity or sct of ambiguities are 
unlike; 
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(iii) a change of sign is introduced at the end. 

Let us take the most unfavourable case and suppose that all the 
ambiguities are replaced by continuations; from (ii) we see that the number 
of changes of sign will be the same whether we take the upper or the lower 
signs; let us take the upper; thus the number of changes of sign cannot be 
less than in 

++—--+--—+4-4+-4, 
and this series of signs is the same as in the original polynomial with an 
additional change of sign at the end. re fee 

If then we suppose the factors corresponding to the negative and 
imaginary roots to be already multiplied together, each factor x —a 
corresponding to a positive root introduces at least one change of sign; 
therefore no equation can have more positive roots than it has changes of 
sign. 

Again, the roots of the equation f (— x) = 0 are equal to those of 
f(x) =0 but opposite to them in sign; therefore the negative roots of 
f (x) =0 are the positive roots of f (— x) = 0; but the number of these 
positive roots cannot exceed the number of changes of sign in f (— x); that 
is, the number of negative roots of f (x) = 0 cannot exceed the number of 
changes of sign in f (— x). 

Example. Consider the equation Yt - + %4+2=0. 

Here there are two changes of sign, therefore there are at most two 
positive roots. 


Again f (—x) = 1+ 584+ —-hke+ 2, and here there are three 
changes of sign, therefore the given equation has at most three negative 
roots, and therefore it must have at least four imaginary roots. 


EXAMPLES. XXXV b. 


Solve the equations : 

1 30S oe + 42 <x 26 = 0, one root being oa 
6c — 130° — 357-4 +3 = 0, one root being 2 — v2. 
x + 40° + Sx? + 2e —2 =0, one root being — 1+ V—1. 
+4 ¢ Ort 4art5= 0, one root being V—1. 


Solve the equation vx + 8 —% —15= 0, one root being V3 


and another 1 — 2 V—1. 
From the equation of lowest dimensions with rational coefficients, 
one of whose roots is 


Ae wr 


6. v3+v-2. 7..—-V=1 + v5. 
8. —Vv2-—Vv-2. 9. VS+2V6. 


10. From the equation whose roots are + 4 V3, 5 +2V—1. 
11. From the equation whose roots are 1 + V—2, 2 + V—3. 


12. From the equation of the eighth degree with rational coefficients one 
of whose roots is V2 + V3 + V—1, 
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13. Find the nature of the roots of the equation 
3x7 + 120" + Sr —4 = 0. 
14. Shew that the equation 2) —x' + a — 5=0 has at least four 


imaginary roots. 
.15. What may be een Ae bel the roots of the eijnratiots 


— 4° + x7 2% -3=07 
16. _ Find the least Noeetbte ESS of imaginary roots of the equation 
r=» +2 +e +1=0. 
17. Find the condition that x° — - px’ + qx —r=0 may have 


(1) two roots equal but of opposite sign; 
(2) the roots in geometrical progression. 


18. If the roots of the equation fae px + ge +m+s=0- are in 
arithmetical progression, shew that P ~ 4pq + 8 = 0; andif they are 
in geometrical progression, shew that p’s =r. 

19. If the roots of the equation x’ —1=Oare 1, a, B, y, ... , Shew that 

is (1—a)(1-f)(1-y)... =a. 


If a, b, c are the roots of the equation x° = pe + qx —r = 0, find the value 
of 


20. Sa’b’. 21. (b +c) (c +a) (a +b). 
be 2 
‘3 sieralis 23. b. 
e2anlas E + 2 Ya | 
If a, b,c, d are the roots of x! + px + gx +m +s =0, find the value of 
24. Sa’be. 25. Da’. 


, 548. To find the value of f (x-+h), when f (x) is a rational integral 
function of x. 


Let f (x) = pot’ + pp! ee wee + Dy — 1X + Py; then 
_ —? 
fcth) =poe th) +p, (eth) +pyet+hy 7+... 
+ Pp —1 & +h) + Pp. 


Expanding each term and arranging the result in ascending powers 
of h, we have 


= -? 
Por + px" 1 pox” Tet a Dp a TF Py 
- - - -3 
+h {npox” a (n — 1) py" $3 (n — 2) pox > tue + Pn—-1} 


+o tn (n— 1) por ne ~ 1) (n — 2) py > + ou + Pn — 9} 


+ —— {n(n = 1) (n — 2).....2.1po}. 


[n 
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This pealh is usually aaa: in the serail 
feth) =f(e) thf’ @) + yr (x) + yn @)+..+ Tf), 


and the functions f’(c), f(x), f.'"(X) ye-+-++ are called the first, second, third, 
.... derived functions of f (x). 

The student who knows the elements of the Differential Calculus will 
see that the above expansion of f (x + /) is only a particular case of Taylor's 
Theorem; then functions f’ (x), f’’ (x), f’’’ (x) may thereofre be written 
down at once by the ordinary rules for differentiation : thus to obtain 
f' &) fromf (x) we multiply each term in f (x) by the index of x inthat term 
and then diminish the index by unity. 

Similarly by successive differentiations we obtain f ’’ (x), f'’’ (x), .... 

By writing — / in the ples of h, we ners 


f(e—h) =f) - Af! w+ Ee 7"@) +. + (-1)" The. 


The function f(x +) is evidently symmetrical with a ect to 
x and h; hence 


LEM AFA OW) +I" O) tnt Tt" @. 


Here the expressions f’ (1), f'’ (h),f’’’ (A),.... denote the results 
obtained by writing A in the place of x in the successive derived functions 


LOCO LF COL @)s 
Example. If f(x) = 2 LPS 2,7 +5x—1, find the. value of 
£00, 3). 
Here = f(x) = 2! 2) = 2 + Sx — 1, so that f (3) = 131; 
f' (x) = 8° = 30" — 4c + 5, and f' (3) = 182: 
Cie =e a ane nas = 97; 


[2 [2 
EA-GB Fa 3 f'" 3) _ 55. 
B = &r — 1, and B = 23; 
Vix 

[4 = 2. 


Thus f (x + 3) = 2x? + 23x? + 97x" + 182x + 131. 


The calculation may, however, be effected more systematically by 
Homer’s process, as explained in i next article. 


549. Let f (x) = por + px" "+ pox’ Rw FEF Dat 


put x = y +h, and suppose that f (x) then becomes 


-]1 = 
qw + qy" + qy 7 +. + Qn -1y + One 


Now y = x — A; hence we have the identity 
n ror 2 
Pox + pyr + px +... + Dp + Pp 
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= qo —h)" +4, —h)y 1 + + ny (Xf) + an 


therefore q, is the remainder found by dividing f (x) bv x — h; also the 
quotient arising from the division is 
gy hye" +9, (¢-h)' 774+ RE HQ, yp 
Similarly q,, _ ; is the remainder found by dividing the last expression 
byx — A, and the quotient arising from the division is 


-2 -3 
go(x—hy + qi, @—h) P+ + qn 93 


and so on. Thus 4, Gi: — 15 In — 2, --- may be found by the rule explained in 
Art. 515. The last quotient is gp and is obviously equal to p>. 


Example. Find the result of changing x into x + 3 in the expression 


ye a YN teh ee s. Iy 


Here we divide successively by x — 3. 


2 | betS nseist Sh Or more briefly thus : 


re ear aly Yh & Hain adiiaiye tied Se2~1 
6 eas 18 Ame See) Ce DN 
se | Oe ath at 
1 
2 sere 2 ade fi97 
Se ast 2 (3|928 
2. 


Hence the result is 2x* + 23x? + 97x” + 182x + 131. Compare Art. 
548. 

It mav be remarked that Horner’s process is chiefly useful in numerical 
work. 

550. If the variable x changes continuously from a to b the function 
- f (x) will change contiuously from f (a) to f (b). 
‘Letc andc + h be any two values of x lying between a and b. We have 


2 n 
fe+M-fO=W'O+ Ds" @+-+ Tf ©: 


and by taking / small enough the difference between f (c + /1) andf (c) can 
be made as small as we please; hence to a small change in the variable x 
there corresponds a small change in the function f (x), and the force as x 
changes gradually from a to b, the function f (x) changes gradually from 
f (a) tof (0). 

551. It is improtant to notice that we have not proved that f (x) always 
increases from f (a) to f(b), or decreases from f(a) to f(b), bui that it 
passes from one value to the other without any sudden change; sometumes 
it may be increasing and at other times it may be decreasing. 

The student who has a knowledge of the clements of Curve-tracing 
will in any particular example find it easy to follow the gradual changes of 
value of f (x) by drawing the curve y =f (x). 
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552. If f (a) andf (b) are of contrary signs then one root of the equation 
f (x) = 0 must be between a and b. 

As x changes gradually from a to b, the function f(x) changes 
gradually from f (a) tof (b), and therfore must pass through all intermediate 
values; but since f (a) and f (b) have contrary signs the value zero must lie 
between them; that is, f (x) = 0 for some value of x between a and b. 

It does not follow that f (x) = 0 has only one root between a and b; 
neither does it follow that if f (2) and f (b) have the same sign f (x) = 0 has 
no root between a andb. © 

553. Every equation of an odd degree has at least one real root whose 
sign is opposite to that of its last term. 

In the function f(x) substitute for x the values + »,0,- © 
successively, then 

fC) te, ef OO) Dace 8) = 

If p, is positive, then f (x) = 0 has a root lying between 0 and — ~, 
and if p, is negative f (x) = 0 has a root lying between 0 and + ~. 

554. Every equation which is of an even degree and has its last term 
negative has at least two real roots, one positive and one negative. 

For in this case 

ACT 6). =e 0,> OD Pg 1 OP oe 
but p,, is negative; hence f (x) = 0 has a root lying between 0 and + , and 
a root lying between 0 and — o. 

555. If the expressions f (a) and f (b) have contrary signs, an odd number 
of roots of f (x) = 0 will lie between a and b; and if f (a) andf (b) have the 
same sign, either no root or an even number of roots will lie between a and 
b. 

Suppose that a is greater than 5, and that a, f,y, ... k represent all 
the roots of f (x) = 0 which lie between a and b. Let ¢ (x) be the quotient 
when f (x) is divided by the product (x — a) (x — B) (x — y).... @ — x); then 

f@)=@-—@) @—-P)&—yY)...&-—*)¢ @). 

Hence f(a) =(a-—a) (a - 8) (a—y)... (@—k) $ (a). 

f(b) =(6 — 2) (6-8) @-Y)....(6 —*) ¢ (6). 

Now ¢ (a) and ¢ (b) must be of the same sign, for otherwise a root 
of the equation ¢ (x) = 0 and therefore of f (x) = 0, would lie between 
aandb [Art. 552], which is contrary to the hypothesis. Hence if 
f (@) and f (b) have contrary signs, the expressions 

(a—-a)(@—f)(@-y)...(@-k), 
oy. (b — a) (6 — B) (6 —).... (6 — k) 
must have contrary signs. Also the factors in the first expression are all 
positive, and the factors in the second are all negative; hence the number 
epi must be odd, that is the number of roots a, B, y, ....« must be 
odd. 

Similarly if f (a) and f (b) have the same sign the number of factors 

must be even. In this case the given condition is satisfied if a, 8, y, ........ K 


are all greater than a, or less than b; thus it does not necessarily follow that 
f (x) = 0 has a root between a and b. 
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556. If a, b, c, .... k are the roots of the equation f (x) = 0, then 
f &) = po @ — a) &—b) @— Cc)... @ — k). 
Here the quantities a,b,c,...k are not necessarily unequal. If r of 
them are equal to a,s tob,t toc,..., then 


f(&) =po@& a) (& = by =o)... 
In this case it is convenient still to speak of the equation f (x) = 0 as 
having 7 roots, each of the equal roots being considered a distinct root. 
557. If the equation f (x) = 0 has r roots equal to a, then the equation . 
f' (&) = 0 will have r — 1 roots equal to a. 
Let ¢ (x) be the quotient when f(x) is divided by (x — a); the 
f(x) = @- a) ¢@). | 


Write x + h in the place of x; thus 
fath)=@-ath) d(eth); 
pa 


f@) +Af' a, (x) +... 


={@-a) +r xa 'h + ....} 


: 
(x) th¢? (x) + 3?" (x) tis. 


In this identity, by equating the coefficients of h, w. have 
f'@)=r@-a)'$@)+@-a) 9’ @). 
Thus f ’ (x) contains the factor x — a repeatedr — 1 times; that is, the 
equation f ' (x) = 0 has r — 1 roots equal to a. 
Similarly we may shew that if the equation f (x) = 0 has s roots equal 
to b, the equation f ’ (x) = 0 has s — 1 roots equal.to b; and so on. 
558. From the foregoing proof we see that if f (x) contains a factor 


(x — a)’, then f’ (x) contains a factor (x — a)’ '; and thus f (x) and’ (x) 
have a common factor (x — a) ~ ' Therefore if f (x) and f’ (x) have no 
common factor, no factor in f(x) will be repeated; hence the equation 
f (x) = Ohas or has not equal roots, according as f (x) and f ' (x) have or have 
not a common factor involving x. ; 

559. From the preceding article it follows that in order to obtain the 
equal roots of the equation f (x) = 0, we must first find the highest common 
factor of f (x) andf ' (x). 

Example 1. Solve equation x’ — 11° + 44x” — 76x + 48 = 0, which 
has equal roots. 

Here f@) =x! = 11x? + 44x” — 76x + 48, 

f' (0) = 40° — 33x” + 88x — 76; 
and by the ordinary rule we find that the highest common factor of 
f (x) andf’ (x) isx — 2; hence (« — pays is a factor of f (x); and 
f@=-Y-w+2) 
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= (x — 2)’ (« — 3) @- 4); 
thus the roots are 2, 2, 3, 4. , 
a 2. Find the condition that the equation 
ax? + 3bx” + 3x +d =0 may have two roots equal. 
In this case the equator f (x) = 0, and f ’ (x) = 0, that is 
ax + bx + 3a +d=0 aft) 
ax’ + 2x +c=0 ..(2) 
must have a common root, and the condition required will be obtained by 
eliminating x between these two equations. 
By combining (1) and (2), we have 
bx” + 2x +d =0 (3) 
From (2) and (3), we obtain 
eo Ve A= Aan 
2(bd—-c*) 2-44 2(ac-b*) 
thus the required condition is 
(bc — ad)” = 4 (ac — b”) (bd — c’). 
560. We have seen that if the equation f (x) = 0 has r roots equal to 
a, the equation f ’ (x) = 0 has r — 1 roots equal to a. But f ’ (x) is the first 
derived function of f’ (x); hence the equation f '’ (x) = 0 must have r — 2 
roots equal to a; similarly the equation f '’’ (x) = 0 must have r — 3 roots 
equal to a; and so on. These considerations will sometimes enable us to 
discover the equal roots of f (x) = 0 with less trouble than the method of 
Art. 559. 
561. If a, b,c, ....k are the roots of the equation f (x) = 0, to prove that 


We have f@=@-a)@-b)@-Cc).....@ -—k); 
writing x + h in the place of x, 
f@+h)=@-ath)@-b+h)@-—ct+h)wuu.@-—k+h). 
(1) 


2 

But f(x +h) =f (x) + hf’ @) + ee (0) + ss 
hence f ' (x) is equal to the coefficient of 4 in the right-hand member of 
(1); therefore, as in Art. 163, 

ery (x) = (x —b) («-c).. (x—k) + @-—a) @—-c)...@—k) +. 
tab Saye fe. fe) 4 fe), se + 2 
x — 

562. The need of ‘id ani, article enables us very easily to find 
the sum of an assigned power of the roots of 3 equation. 

Example. If S,, denote oo sum of the k”" powers of the rocts of the 


equation x + px" + gx” +t=0, 
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find the value of S4, Sg and S_4. 
Let f@)=xr4+prh+¢e +t 
then f' @) = 5x" + 4px? + Age. 
Now £@. =y' + (a +p) Y+ (a + ap) x + (a° + ap + q)x 
= a’ + a’p + aq; 
and similar expressions hold for 
f®) {[%) {@ f® 
X—b x} C¢lx—d’? x-e 
Hence by addition, 
5x" + 4px? + 2gx = 5xt + (S, + Sp)x° + (8? + pS;) x" 
+ (S3 + pS2 + 5q)x + (S4 + pS3 + gS}). 
By equating coefficients, 
5S, + Sp = 4p, whence S; = Pi 
Sz + pS; =0, whence Sz =p’; ; 
S3 + pS2 + 5q = 2g, whence $3 = =f = 3g; 


S4 + pS3 + gS; = 0, whence S4 =p' + 4pq. 
To find the value of S; for other values of k, we proceed as follows. 


Multiplying the given equation by aed 


e+ pe} tg 34465 =0. 
Substituting for x in succession the values a, b,c, d,e and adding the 
results, we obtain 
Sk + pSp—1 + QSp-3 + tSy-5 =0 
Put k = 5; thus S5 + pS4 + gSz + St = 0, 


whence S5=- P = 5p’q = st. 
Put k = 6; thus S, + pSs + qS3 + tS; = 0, 
whence ' Sg= p> + 6p°q re 3q” + 6pt. 


To find S_4, put k = 4, 3, 2, 1 in succession; then 
S4 + pS3 + gS; +tS_, = 0, whence S_, = 0; 
S3 + pS2 + 5q +tS$_z=0, whence S_, = ot, 
S> + pS; + qS_; + tS_3 = 0, whence S_3 = 0; 
2 
4 
S; + 5p + qS_2+tS_4 = 0, whence S_,4 a ie 


563. When the coefficients are numerical we may iis proceed as in 


the following cxample. 
Example. Find the sum of the fourth powers of the roots of 
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yp-w+x-1=0 


3 Zz 
Here fQO) 245-2 & 
9 : 
f'@=x —& +1. . 
G5G) Leh Bel a) eh 
Also f@) " ¢—-a- KH—B! 'x=C 
2 3 
ee re ee 
=> A eh ree | 
5 x a 


= 
hence S4 is equal to the coefficient of = in the quotient of f’ (x) by f (x), 


x 
which is very conveniently obtained by the method of synthetic division as 


follows : 
1|3-4+4+1 
2 | 6-343 


195 +3 


een emg: 
Hence the quotient is ~ + > + | + 
x < 


10 
ome = EP 
be Oe x 


5 

4 
x 
thus S4 = 10. 


EXAMPLES. XXXV. c. 


If f (x) =x! + 10x° + 39%” + 76x + 65, find the value of f (x — 4). 
Iff()= x’ T20° + Whe? = Ox + 7, find the value of f (x + 3). 

If f (x) = 2x" — 13x” + 10x — 19, find the value of f (x + 1). 

If f (x) =x" + 16x° + 72” + 64x — 129, find the value of f (x — 4). 
If f (x) = ax® + bx + cx + d, find the value of f(x +h) —f (x — A). 


Shew that the equation 10x” — 12x” +x + 6 = 0 has a root between 
0 and — 1. 


7. Shew that the equation x Se $ 135x710 =0 has a root 
between 2 and 3 and one between — 2 and — 3. 


Oe Ao 


8. Shew that the equation x* ~ 12x" + 12x — 3 = 0 has a root between 
— 3 and — 4 and another between 2 and 3. 


9. Shew that Y Pee 20x” — 19x — 2=0 has a root between 2 and 3 
and a root between — 4 and — 5. 
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Solve the following equations which have equal roots : 

10. x4 - 7 + 4r + 12 =0. 

MW. x6 + 12° - 10 +3=0. 

12. x — 13x" + 672" — 171x? + 216% — 108 = 0. 

3B. P44? 34 4+2=0. 

14. 8c! + ar? — 187 + 11 -2=0. 

5, x —W +6 — 30 = 3 #2 = 0 

16. x9 — 2x? — ax + 120° — 3x? — 18 + 18 = 0. 

17. x4 - (a+b) -a(a—b)x +a? (a+b)x—ab =0. 
Find the solutions of the following equations which have common 

roots : 


8. 24-2 42° + 3-6 =0, 4c! - 2 + 3-9 =0. 
19. 4x) +:12x° — x" — 15x = 0, 6x" + 130° — 4x? - 15 = 0. 
20. Find the condition that x" — px +r = 0 may have equal roots. 
21. Shew that x* + ge +s =0 cannot have three equal roots. 
22. Find the ratio of b to a in order that the equations 
ax’ + bx +a =Oandx — 2x’ + 2r-1=0 
may have (1) one, (2) two roots in common. 
23. Shew that the equation 


x tm‘ nn—-De PPS [n =0 
cannot have equal roots. - 
24. If the equation © = 10a°x’ + b*x + =0 has three equal roots, 
shew that ab’ — 9a° +c = 0. ; 


25. If the equation x + ar + bx’ +x +d =0 has three equal roots, 
6c — ab 


shew that each of them is equal to —> 
3a 


26. Ifx + qe +n +t =O has two equal roots, prove that one of them 
will be a root of the quadratic 


1512 — 67x + 25t — 4qr = 0. 
27. Inthe equation v-x-1= 0, find the value of S¢. 
28. “In the equation x — x — 2? +x +6 =0, find the values of S4 and 
Aye 
TRANSFORMATION OF EQUATIONS. 


564. The discussion of an equation is son.ctimes simplified by 
transforming it into another equation whose roots bear some assigned 
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relation to those of the one proposed. Such transformations are especially 
useful in the solution of cubic equations. 

’ §65. To transform an equation into another whose roots are those of 
the proposed equation with contrary signs. 

Let f (x) = 0 be the proposed equation. 

Put — y for x; then the equation f (— y) = 0 is satisfied by every root 
of f(x) =0 with its sign changed; thus the required equation is 
iy) = 0. 

If the proposed equation is 

REL n= yt We 
Pox +pir¥ + p2x +. Hp, qx + pr =O, 


then it is evident that the required equation will be 


-1 -—2 —] 
Poy — pry + pay” ee + (— 1)" pn 1 + (— 1)" Pn = 9, 


which is obtained from the original equation by changing the sign of every 
alternate term beginning with the second. 

566. To transform an equation into another whose roots are eugal to 
those of the proposed equation multiplied by a given quantity. - 

Let f (x) = 0 be the proposed equation, and let g denote the given 


quantity. Put y=qx, so that x= 4 then the required equation is 
Y) =0. 
f q 


The chief use of this transformation is to clear an equation of 
fractional coefficients. 
Example. Remove fractional coefficients from the equation 


‘ 
wy 3 3a + a = 0. 
By putting g = 4 all the terms become integral and on dividing by 2, 
we obtain 
y-3y-y +620. 
567. To transform an equation into another whose roots are the 
-reciprocals of the roots of the proposed equation. 


Let f (x) = 0 be the proposed equation; put y = i so that x = z then 


the required equation is f 5 = 0. 
One of the chief uses of this transformation is to obtain the values of 


expressions which involve symmetrical functions of negative powers of the 
roots. 
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Example 1. If a, b,c are the roots of the equation 


3 2 
x — px +qe-—r=0, 


find the value of = + “oe + sty 
2 2 2 
a b Cha 


as eh ‘ : 
Write 7 forx, multiply by y, and change all the signs; then the resulting 


equation 
3 2 
yy —qy +py-1=0, 
h : 4 beads Miya 
as for its roots er per 
abc 
1 1 
h ae ae 
ence age 7? Miah r’ 
lq 
Os see i 


Example 2. If a,b,c are the roots of 
x +2 -3r-1=0, 


find the value of a eh? € CrP 


sok hak 5 aos 
Writing ‘o for x, the transformed equation is 


y+ 3 2-120; 
and the given expression is equal to the value of S3 in this equation. 


Here S$; = — 3; 
| S_ = (3) - 2(-2= 13; 
and S3 + 3S, — 28; —3 = 0; 
whence we obtain $3 = — 42. 


568. If an equation is unaltered by changing x into e it is called a 


reciprocal equation. 
If the given equation is 


=e 


n n-] n p2 
x +p x + px A+ Pyle 9X + Py ~1X + Py = 9, 


the equation obtained by viriting + for x, and clearing of fractions is 


n ara n-2 2 Ce 
Pitt Pa<Aatclorth Paes + + pox t+pyxt1=0. 


If these two equations are the same, we must have 


ee eee a 2 pele pie 
P Pn »P2 Pn ph Pn <2 Pn’ n—1 by n Pn 
from the last result we have p,, = — 1, and thus we have classes of reciprocal 


equations. 
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(i) If p, = 1, then 
P1=Pn-1 P2=Pn-2 P3=Pn-3 

that is, the coefficients of terms equidistant from the beginning and end 
are equal. 

(ii) If p, = — 1, then 

Di Prat. Pe PR} 2 Ps PR a 

hence if the equation is of 2m dimensions p,, = — Pm, OT Pm = 0. In this 
case the coefficients of terms equidistant from the beginning and end are 
equal in magnitude and opposite in sign, and if the equation is of an even 
degree the middle term is wanting. 

569. Suppose that f (x) = 0 is a reciprocal equation. 

If f (x) = 0 is of the first class and of an odd degree it has a root 
—1; so that f(x) is divisible by x + 1. If ¢ (x) is the quotient, then 
¢ (x) = 0 is a reciprocal equation of the first class and of an even degree. 

If f (x) = 0 is of the second class and of an odd degree, it has a root 
+1; in this case f (x) is divisible by x — 1, and as before ¢ (x) =Oisa 
reciprocal equation of the first class and of an even degree. 

If f (x) = 0 is of the second class and of an even degree, it has a root 


+ 1 and a root — 1; in this case f (x) is divisible by v- 1, and as before 
¢ (x) = 0 is a reciprocal equation of the first class and of an even degree. 

Hence any reciprocal equation is of an even degree with its last term 
positive, or can be reduced to this form; which may therefore be considered 
as the standard form of reciprocal equations. 

570..A reciprocal equation of the standard form can be reduced to an 
equation of half its dimensions. 

Let the equation be 

1 2n 2 
cx 


D 2m — 
ax” + bx + +i tee +. toc +b tat 0; 


dividing by x” and rearranging the terms, we have 
fT I m-1 L m-2 1 
+ aa + ni} *¢[ fgpra| raha 
+1 1 
Now or '+—=s= 


x x 
aa a [r+ 3 a eeeeea| 


hence writing z for x + Y and giving to p in succession the values 1, 2, 3, 


.... We obtain 

tooo 
2 ? 
- 

Sua 

x +[=7¢-2)-2=7-3; 
x 

Yee | 3 

co gee — 32) — (2? -— 2) =z! — 477 +2; 
x 
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m He : ; ; 
and so or; and generallyx + =n 18 of m dimensions in z and therefore the 
fe 


equation in z is of m dimensions. 
571. To find the equation whose roots are the squares of those of a 
proposed equation. 
Let f (x) = 0 be the given eae putting Me x, we have x = vy; 
hence the required equation is f (Vy) = 
Example. Find the equation Gee roots are the squares of those of 
the equation 
a + pix + p2x + p3 =0. 
Putting x = Vy, and transposing, we have 
(y + p2) Vy = — @iy + ps); 
2 2 2.2 2 
whence QO + 2pry t+ pry =piy + pi psy + p3, 


or, y’ + 2p2 - pi)y’ + (2 - ips) y — p3 = 0. 

Compare the solution given in Ex. 2, Art. 539. 

572. To transform an equation into another whose roots exceed those 
of the proposed equation by a given quantity. 

Letf (x) = 0 be the proposed equation, and leth be the given quantity; 
put y=x+h, so that x=y—h; then the required équation is 
fy —h) =0. 

Similarly f (y + 4) = 0 is an equation whose roots are less by # than 
those of f (x) = 

Example. Find the equation whose roots exceed by 2 the roots of the 
equation 

ax’ + 32x? + 83x" + 76x + 21 =0. 

The required equation will be obtained by substituting x — 2 for x in 
the proposed equation; hence in Horner’s process we employ x + 2 us 
divisor, and the calculation is performed as follows : 


sia #3 83 76 21 
4 24 35 6 |9 
4} Ys 3 |0 
tah - 173 

1. io 
4 


Thus the transformed equation is 
ax) — 13:7 + 9 =0, or (4x -— 9)" - I= 
The roots of this equation are + a , + 1, — 1; hence the roots of 
the proposed equation are 
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573. The chief use of the substitution in the preceding article is to 
remove some assigned term from an equation. 
Let the given equation be 
a = 
Pox + pix) + px te + Pn 18 + Pn = 05 
then if y =x — h, we obtain the new equation 
7 n= 2 
Poy thy +pyythy “+po(yt+hy o +... + pp =O, 
which, when arranged in descending powers of y, becomes 


~ (n — 1) 2 = 
poy" + (npoh + pi)" + i! a poh +(n—1)pih +r} 
+... =0. 
If the term to be removed is the second, we put npg h + p; = 0, so 
that h = — ey if the term to be removed is the third we put 
"Po 
ais th 


2 poh’ + (n— 1) pi h + p= 0, 
and so obtain a quadratic to find h; and similarly we may remove any other 
assigned term. 

Sometimes it will be more convenient to proceed as in the following 
example. 

Example. Remove the second term from the equation 


pe+qger+tnxts =0. 
Let a, B, y be the roots, so thata +B +y = — > Then if we increase 


a 


3p" in the transformed equation the sum of the roots 


each of the roots by 


will be equal to — ; — is that is, the coefficiert of the second term will be 


zero. 
Hence the required transformation will be effected by substituting 


x- = for x in the given equation. 


574, From the equation f (x) = 0 we may form an equation whose 
roots are connected with those of the given equation by some assigned 
relation. 

Let y be a root of the required equation and let ¢ (x, y) = 0 denote 
the assigned relation; then the transformed equation can be obtained either 
by expressing x as a function of y by means of the equation ¢ (x, y) = 0 and 
Substituting this value of x in f (x) = 0; or by eliminating x between the 
equations f (x) = 0 and ¢ (x, y) = 0. / 

Example 1. If a,b,c are the roots of the equation 

3 2 : 
x + px + qx +r=0, form the equation whose roots are 
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When x = a in the given equation y = a — ee in the transformed 


equation ; but 


ee ee 
bc abc ré 
and therefore the transformed equation will be obtained by the substitution 
ne FEA ne) . 
=x+— = 
y = or a age 


thus the required equation is 
ry + pr(i +ry +q(l +ryyt (1 +r) =0. 
Example 2. Form the equation whose roots are the squares of the 
difference of the roots of the cubic 
e+ qt+r=0. 
| Let a,b,c be the roots of cubic ; then the roots of the required 
equation are 


(b —c)’,(c-a)’,(@—by. 


Now (cP =P 4+ — Mead te ee a — 
= (a+b +c) —2(bc + ca + ab) ~ a ~ 

2,2. 

=-—2q-a ir 


also when x = a in the given equation, y = (b — cy’ in the transformed 
equation ; 


2, <2 
= —-Wg-x += 
ys 4 . 
Thus we have to eliminate x between the equations 
r+ qet+r=0, 


and e+ (2g ty)x—-2=0. 
; 3r 
By subtraction (q + y)x = 37; orx = fy 
Substituting and reducing, we obtain 
y 4: 6qy" > 9g y + 27°. + 4q° = 0. 
COR. If a,b,c are real, (b — cy’, (> a)’, (a- b)* are all positive; 
therefore 27°" + 4q° is negative. 


Hence in order that the equation x + gx +r=0 may have all its 


2 3 
roots real 27°" + 4q° mu t be negative, that is 5) + 2) must be 


negative. 
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If 27° + 4q° = 0 the transformed equation has one root zero, 
therefore the original equation has two equal roots. 


If 277° + 4q° is positive, the transformed equation has a negative root 
[Art. 553], therefore the original equation must have two imaginary roots, 
since it is only such a pair of roots which can produce a negative root in 


the transformed equation. 
EXAMPLES. XXXV. d. 


1. Transform the equation v4 4+ ae - - = 0 into another with 
integral coefficients, and unity for the coefficient of the first term. 


2. Transform the equation 3x — 5° +x” — x + 1 =0 into another the 
coefficient of whose first term is unity. 
Solve the equations : 


% tee tx42=0. 

4. x4 — 10x? + 26x” — 10 +1 =0. 

5. — re + 9° — Oe" + Se -1=0. 

6. 4x9 — 24? + 57x! — 73x? + ST” — 24r + 4 = 0. 
a 


Solve the equation 3x? — 22r" + 48x — 32 = 0, the roots of which are 
_ in harmonical progression. 


: 
8. Therootsofx° — 11x” + 36x — 36 = Oare in harmonical progression; 
find them. 


9. If the roots of the equation x — ax’ +—b = 0 are in harmonical 
progression, shew that the mean root is 3b. 


10. Solve the equation 40x* — 22x — 2107 + 2x +1 = 0, the roots of 
which are in harmonical progression. 
Remove the second term from the equations : 


11. x= 6 + 10r — SL 

1250? 4+ ae oe a Sele 
B30 + Sf 0a ot ee 
14. Mf Ide Har? = Tx + 300.0. 


. ee : 
15, Transform the equationx — — — = = 0 into one whose roots exceed 


\ 3 : 
by > the corresponding roots of the given equation. 


16. Diminish by 3 the roots of the equation 
x — 4x) +” — 404+ 6=0. 
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17, Find the equation each of whose roots is Pas by unity than a root 
of the equation 
P— 5 +@&-—3=0. 
18. Find the cea es roots are the squares of the roots of 
rte $2 +x+1=0. 
19. Form the equation whose roots are the cubes of the roots of 
x th 4+2=0. | 
If a,b,c are the roots of e+ qx + r= 0, form the equation whose roots 
are 
20. ka! kb™ 


21. Bick ca’,a’ a ie 


22. b+cect+aatb 
Zt? oe Ze t 
a b C 
23. be += cathe ay ee: 
a b c 


24. a(b+c),b(c+a),c (a+b). 
25. a’, b°, o. 


Conteh i) WP Son hich neat 

27. Shew that the cubes of the roots ofx° + ax” + bx + ab = (are given 
by the equation Ptartbhxtab =0. 

28. Solve the equationx — 5x4 — 5° + 25 + ar — 20 = 0, whose roots 
are of the form a, — a,b, — b,c. 

29. Ifthe roots ofx° + 3px" + 3qx + r = Oare in harmonical progression, 
Shew that 2q° =r (3pq — r). 

CUBIC EQUATIONS. 

575. The general type ae a big equation is 


+P +Or+R=0, 
but as explained in Art. 573 this equation can be reduced to the simpler 
form 
x+ qe+r=0, 
which we shall take as the standard form of a cubic equation. 
576. To solve the equation xt gx t+r=0. 
Let x = y + z; then 
veyptr+3z(y +2) =y +z + 3yz, 
and the given equation becomes 


yrr+ Bz tqxtr=0. 
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At present y,z are any two quantities subject to the condition that 
their sum is equal to one of the roots of the given equation; if we further 
suppose that they satisfy the equation 3yz + g = 0, they are completely 
determinate. We thus obtain 


3 
Vy bcp iae a -£, 
hence y, z° are the roots of the quadratic 
3 
2 pays ae 
i +nt-7 0, 
Solving this equation, and putting 
2 3 
aks gheaiis rt | 
Se ied lo ty $k 22 ) 
sing tt AOE Se 
hae Get bers e. 40V27 (2) 


we obtain the value of x from the relation x = y + z; thus 


1 1 
7 [2 pia ; Zoos 
xaj-24+V542) 44-7-V5E4E 


2 4 27 z 4 27 


The above solution is generally known as Cardan’s Solution, as it was 
first published by him in the Ars Magna, in 1545. Cardan obtained the 
solution from Tartaglia; but the solution of the cubic seems to have been 
due originally to Scipio Ferreo, about 1505. An interesting historical note 
on this subject will be found at the end of Burnside and Panton’s Theory of 
Equations. ig 

_ 577. By Art. 110, each of the quantities on the right-hand side of 
equations (1) and (2) of the preceding article has three cube roots, hence _ 
it would appear that x has nine values; this, however, is not the case. For 
g 
3’ 
of each pair is rational. Hence if y, z denote the values of any pair of cube | 
roots which fulfil this condition, the only other admissible pairs will be 


2- 2 a 2 i 
wy,w zandw y,wz, where w,w" are the imaginary cube roots of unity. 
Hence the roots of the equation are 


since yz = — 3, the cube roots are to be taken in pairs so that the product 


= 
ytz, wyt "2, wy + wz. 


Example. Solve the equation x — 15x = 126. 
Put y + z for x, then 


y +z° + (3yz — 15) x = 126; 
put 3yz — 15 =0, 
then y +7 = 126; 
also y 7 = 125, 
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hence y, Z’ are the roots of the equation 
¢ — 126 + 125 = 0; 
y = 125, r= i 


“ y=5, z=1. 
Thus y+z=5+1=6; ; 
aide es Sate? tol Yori baaelancs 
2 zZ 
=-—3+2Vv-3; 


w 2 + wz = —3-2vV-3; 
and the roots are 6, —3+2vV-3, -3-2v-3. 
578. To explain. the reason why we apparently obtain nine values for 
x in fobs 576, we observe that y and z are to be found from the equations 
y +z 3p Pe 0,yz = — 2 but in the process of solution the second of these 


3 


was changed into y p=- a which would also hold if yz = — 


ds ar 
3 ? 

yz=— aes hence the other six values of x are solutions of the cubics 

x t+oge+r=0, r+o qtr=0. 
579. We proceed to consider more fully the roots of the equation 
3 
x +qatr=0. 
2 


3 
(i) If 7 + oe is positive, then y andz® are both real; let y andz 


represent their arithmetical cube roots, then the roots are 
: 2 2 
yz, wytwz, wytwz. 2 
The first of these is real, and by substituting for and w’ the other 
two becomes 


tito nye chee pater cen ace 


(ii). Nin ay tus = is Zero, then y = 2; in this case y = z, and the roots 


become 2y, y © +0),y(@ +"), or 2y, - y, —y. 


(iii) ee = + cap is negative, then y and z° are imaginary expressions 


of the ay a+ibanda—ib. Suppose that the cube roots of these 
quantities are m + in and m — in; then the roots of the cubic become 


m+in +m -— in, or 2/11; 

: : 2 : 5 
(m + in) w + (m — in)", or —m—av3; 
(mm + in) w+ (mm — in) w, or —m+nv3; 
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which are all real quantities. As however there is no general arithmetical 
or algebracial method of finding the exact value of the cube root of imaginary 
quantities [Compare Art. 89], the solution obtained in Art. 576 is of little 
practical use when the roots of the cubic are all real and unequal. 

This case is sometimes called the Jrreducible Case of Cardan’s 
solution. 

580. In the irreducible case just mentioned the solution may be 
completed by Trigonometry as follows. Let the solution be 

1 1 


x = (a + ib)3 + (a — ib)3; 


put a = rcos6,b =rsin 9, so that ? = a” +b”, tan = 2; 
1 i 
then (a + ib)3 = {r (cos@ + isin 6)}5. 


Now by De Moivre’s theorem the three values of this expression are 


1 1 
= 7] 8 Se 6 +20 . O21 
3 fei les = 
if [cos§ + ésin),7 (os 3 +1sin 3 | 


1 
= +40... OF 
and r3 cos? 3 Lae ace =), 


3 
1 


where r3 denotes the arithmetical cube root of 7; and @ the smallest angle 
: b 
found from the equation tan @ = ra 


1 
The three values of (a — ib)3 are obtained by changing the sign of i 
in the above results; hence the roots are 


1 1 1 
2r3 cos 2, 2r3 cos g ra 2r3 cos ae = 
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__ 581. We shall now give a brief discussion of some of the methods 
which are employed to obtain the general solution of a biquadratic equation. 
It will be found that in each of the methods we have first to solve an auxiliary 
cubic equation; and thus it will be seen that as in the case of the cubic, the 
general solution is not adapted for writing down the solution of a given 
numerical equation. 

582. The solution of a biquadratic equation was first obtained by 
ferert, a pupil of Cardan, as follows. 
Denote the equation by 


4 3 2 
XH Bpxo+ GOI Wx His = 0; 


‘ 2 ae : 
add to each side (ax + b)’, the quantities a and b being determined so as 
to make the left side a perfect square; then 


4 
x + 2px? + (q+a°)x’ +2(r +.ab)x +5 +b? = (ar + by’ 
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are that the left side of the equation is equal to 
( + px + ky’; then by poner ites the cop liga we have 


Nees ptx= qt+a,pk=r+ab,K =s +b; 
by eliminating a and b from these equations, we obtain 


k= = (+p? -g K-35), 
or 2° — gk? + 2(pr—s)k —p’s +qs—7 =0. 


From this cubic equation one real value of k can always be found 
{Art. 553]; thus a and b are known. Also ; 


(2 xP + ky’ = (ax + by’; 
x +pxt+k=+ (a+b); 
and the values of x are to be obtained from the two quadratics 
a +(p-—a)xt+(k- b) = 
and Us oe ded 
Example. Solve the equation 
x! — 2° — Sx” + 10r - 3 = 0. 
Age. ax + 2a eee . each side of the ciles and assume 


xe 2e + (a’ ~5)x° +2(ab+5)x+b° —3=: @ Suto ; 
then by equating coefficients, we have 


a@=2Kk+6, ab=-k-5, D=kK +3; 
(2k + 6) (k? + 3) = (k +5)’; 
2k? + 5K? — 4k — 7 = 0. 
But trial, we find that k = — 1; hence a’ = 4, b? = 4. ab=-—4. 
But from the assumption, it follows that 
(? —x +k) = (a+b). 
Substituting the values of k, a and b, we have the two equations 
v—x-1=+ (2-2); 
that is, x —3+1=0, andr’ +x-3=0; 
whence the roots are 3 v5, risvB 
p . 2 
583. The following solution was given by Descartes in 1637. 
- Suppose that the biquadratic equation is reduced to the form 
+g tats =0; 
assume vtagltmtsa=(C +t) —k+m); 
then by equating coefficients, we have 
l+m ~ kK =4,k(m —DN=rim=s. 


438 HIGHER ALGEBRA. 
From the first two of these equations, we obtain 
mak +q+%, Yak +q-7; 


hence substituting in the third equation, 
2 
(Ke + qk +7r) (Ke + qk —r) = 4sk , 

or, ko + 2gk* + (q’ — 4s) R-P=0. 

This is a cubic in kK” which always has one real positive solution [Art. 
553]; thus when kK is known the values of / and m are determined, and the 
solution of the biquadratic is obtained by solving the two quadratics 

x +ke +1=0, andx —kx +m =0. 

Example. Solve the equation 

x2 + & —3=0. 
Assume oH + 8k —3 = thee tl) (x — ke +m); 
then by equating coefficients, we have 
l+m—-kK=-2 k(n—)=8, im =-3. 
whence we obtain (k? — 2k + 8) (k° — 2k — 8) = — 12%’, 
or Ko — ak’ + 16K — 64 = 0. 
. This equation is clearly satisfied when 45 0, ork = + 2. It will 
be sufficient to consider one of the values of k; putting k = 2, we have 
e+ L=2m=-1=4, thataspc b=— 1, m =3. 

Thus v2 + 8-3 = (0 +20— 1) (x — 2x + 3); 
hence xv+2%—-1=0, and x —-2r+3=0; 
and therefore the roots are — 1 + V2,1 + V—2. 

584. The general algebraical solution of equations of a degree higher 
than the fourth has not been obtained and Abel’s demonstration of the 
impossibility of such a solution is generally accepted by Mathematicians. 
If, however, the coefficients of an equation are numerical, the value of any 
real root may be found to any required degree of accuracy by Horner’s 
Method of approximation, a full account of which will be found in treatises 
on the Theory of Equations. 

585. We shall conclude with the discussion of some miscellaneous 
equations. 

Example 1. Solve the equations : 

ot Vet ct tee UL 
ax + by + cz + du = 0, 
2 2 2 
rR Mi a z+d°u=0 
3 3 3 3 
XPV to YU He. 
Multiply these equations, beginning from the lowest, by 1,p,q,r 


respectively; p,g,r being quantities which are at present undetermined. 
Assume that they are such that the coefficients of y, z, u vanish; then 
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bz x(a” + pa’ + qa+r)=k, 
whilst b,c, d are the roots i the een 
| e — pe +qt+r=0. 
Hence Ake Tg8 + pa’ + qa+r=(a—b)(a—c)(a-d); 
and therefore (a—b)(a—c)(a-d)x=k. 
Thus the value x is found and the values of y, z, u can be written down 
by symmetry. 
COR. If the equations are 
ih gay A et 
ax + by + cz + du =k, 
a’x + b’y peter k= i, 
axtbyteztdu =i 
by proceeding as before, we have 
x(a + pa’ +qa+r)= ke + pk + qk +r; 
(a —b)@-¢) (a—d)x=(k—b)(k-—c)(k-d). 
Thus the value of x is found, and the values of y, z, u can be written 
down by symmetry. 
The solution of the above equations has been facilitated by the use 
of Undetermined Multipliers. 
Example 2. Shew that the roots of ne SAMAL RD 
G + a)i@rb), Cec) = ~f'(¢-a)= i (subse h? (x —c) + 2fgh = 
are all real. 
From the given equation, we have 
2 2 c 
(e — a) {(@ — b) (@— 0) —f} — {g @ — b) + &—c) + Boh} = 0. 
Let p, q be the roots of the quadratic 


(«—b)(x-c) -f =0, 


and suppose p to be not less than q. By solving the quadratic, we have 
&x=b+c+V(b—-c) + 4f seek LE 
now the value of the surd is greater than b ~ c, so that p is greater than 
b or c, and q is less than b or c. 
In the given equation substitute for x successively the values 


ji + M5 Ps Gy: 
the results are respectively 


_+,—(gvp—b—f Vp—c)y, + @Vb—q -hVc-q) - 
since (p-b)(p-c)=f =-4)¢-9). 
Thus the given equation has three real roots, one greater than p, one 
between p and q, and one less than gq. 
If p =q, then from (1) we have (b — c) + af = 0 and therefore 
b =c,f = 0. In this case the given equation becomes 


( —b) {@— a) (@-b)-g A} =0; 
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thus the roots are all real. 

If p is a root of the given equation, the above investigation fails; for 
it only shews that there is one root between q and + , namely p. But as 
before, there is a second real root less.than q; hence the third root must 
also be real. Similarly if q is a root of the given equation we can shew that 
all the roots are real. 

The equation here discussed is of considerable importance; it occurs 
frequently in Solid Geomerty, and is there known as the Discriminating 
Cubic. 

586. The following system of equations occurs in many branches of 
Applied Mathematics. 

Example. Solve the equations : 

Pa neo Cs 
Si bal 

x _4_¥_4-4_ 2] 
ath Fr “cPE _ 

X44 —¥ 4 4 =, 
ahr st bervee +> 

Consider the following equation in 6, 

NEY OD) Sa Wg TIS (@-A)(@-—p)@-Y) 
at@- b+ c+06 (a + 6) (b + 8) (c + @)’ 
x, y,z being for the present regarded as known quantities. 

This equation when cleared of fractions is of the second degree in 
6, and is satisfied by the three values 6 = A, 9 = 4,9 =v, in virtue of the 
given equations ; hence it must be an identity. [Art. 310.] 

To find the value of x, multiply up by a + 6, and then puta + 6 = 0; 


thus dee td Care 4) (Se @ = B) 7 2), 
(b — a) (c — a) ? 
that is, x= @+A atu at vy), 
(@—b)(a-c) 


By symmetry, we have 
_@+AO +H) b+) 
23 = patel (erayi bn 
oe 7-H H)EC+H EH) 
c—a)(c—b) 


EXAMPLES. XXXV.e. 


Solve the following equations : 
lac persia Bh 


+ 7x -170=0. 


© + 63r — 316 = 0. 


xv + 2x + 342=0. 


- Bie 


- tee 
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28x? — 7 +1=0. 


x — 15x” — 33x + 847 =0. 

2 + 3x7 + 3x +1=0. 

Prove that the real root of the equation x +12 -12=0 is 
22 -— Va. 


Solve the following equations : 


9. 

10. 
11. 
12. 
13. 
14. 
15. 
16. 


a7; 
18. 


1. 


20. 


21. 


22..° 


x* — 3x” — 42x — 40 =0. 
x — 10x” — 20x — 16 = 0. 
x* + &° + 9” — & — 10 =0. 
xi +2 — 7 -& +12=0. 
— 3x’ - & —2=0. 
— 2x? — 1% + 10 +3. =0. 
4x" — 20x? + 33x” — 20r +4 = 0. 
Y — 6! 1h? + 10? + -1=0. 
x! + Ox? + 12x” — 80r — 192 = 0, which has equal roots. 
Find the relation between qgandr in order that the equation 
oe qx +r =0 may be put into the form x= @ +art+ by’. 
Hence solve the equation 
8x? — 36x + 27 = 0. 


Ifx> + 3px” + 3qx + rand x + 2px + q have a common factor, shew 
that 


2 ie 2 
4(p — 4) (q —pr)—- (Pq -7) = 9. 
If they have two common factors, shew that | 


4 
4 
x, 


Zz 2 

Pp —q=0,q —pr=0. 
If the equation ax’ + 3bx” + 3cx + d = 0 has two equal roots, shew 
that each of them is equal to 

be — ad 
2.(ac ~- b’) 

Shew that the equation cw pe + ge + rx + 5 = O may be solved as 
a quadratic if P= p ca 
Solve the equation 

x° — 18! + 16x + 28 — 32k + 8 =0, 


one of whose roots is V6 — 2. 


23. 


If a, B, y,6 are the roots of the equation 
xit+g?tnt+s=0, 


. .-1 
find the equation whose roots are B +y +6 + (Byd) ,&c. 
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24. Inthe equation aie pe + qx —m +s =0, prove that if the sum of 
two of the roots is equal to the sum of the other two 


P — 4pq + & = 0; and that if the product of two of the roots is equal 
2 = 
to the product of the other twor = p $i 
25. The equation x — 209% + 56 = 0 has two roots whose product is 
unity : determine them. 
26. Find the two roots of x — 409x + 285 = 0 whose sum is 5. 
27. Ifa,b,c, ....k are the roots of 
2 wen ek fo — LZ 
x, aapyx + p2x +e + Dn —1X + Pn =9, 
shew that 
2 2 2 zi 7 
(+a)Q+b)uG8t+k)=@4 pty *) 
r 2 
+ @1-p3tPs--.)- 
28. The sum of two roots of the equation 
x — &° + 21” — 20r + 5=0 
is 4 ; explain why on attempting to solve the equation from the knowledge 
of this fact the method fails. 


MISCELLANEOUS EXAMPLES. 


1. —Ifsy, 52, 53 are the sums of, 2n, 3n terms respectively an arithmetical 
progression, shew that s3 = 3 (s2 — 5). 

2. Find two numbers such that their difference, sum and product, are 
to one another as 1, 7, 24. 

3. In what scale of notation is 25 doubled by reversing the digits ? 

4. Solve the equations : 
(1) @+2@+3)@-4@-5=4. 
(2)x (vy +z) +2=0,y(@—:2x) + 21 = 0,2 (2x — y) = 5. 

5. In an A.P, of which a is the first term, if the sum of the first p terms 
= 0, shew that the sum of the next g terms 


e ae at [R.M.A. WOOLWICH] 
6. Solve the equations : 
(1) (a +b) (ax + b) (a — bx) = (a’x — B?) (a + BY. 
(2) + (2x — 3)'7 = {12 @— yy} | 
[INDIAN CIVIL SERVICE] 


7. Find an arithmetical progression whose first term is unity such that 
the second, tenth and thirty-fourth terms form a geometric series. 


8. If a, 6 are the roots of x” + px + q = 0, find the values of 
a + ap +B ,a° + Ba’ +o" B? re 


10. 


Li. 


12. 


43, 


14. 


15. 


16. 


a7: 


18. 


19. 


20. 


21. 
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If2x=ata and 2y =b + b |, find the value of 
yt Ve -1)(°-1 =D) 


Find the value of 
3 3 
(4 + V15)2 + (4 — v15)2 
3 2} [R.M.A. WOOLWICH] 


(6 + V35)2 (6 - v35)2 
If a and are the i mae NY cube Gad a unity, shew that 
attra = 0." 

Shew that in any scale, whose radix i Z greater than 4, the number 
12432 is divisible by 111 and also by 112. 
A and B runa mile race. In the first heat A gives B a start of 11 yards 
and beats him by 57 seconds ; in the second heat A gives B a start of 
81 seconds and is beaten by 88 yards : in what time could each run 
a mile ? 
Eliminate x, y, z between the equations : 

x —-yz= ayy” -x= bz —-x= cx +y+z=0. 

[R.M.A. WOOLWICH.]} 

Solve the equations : 

ax” + bry + cy” = bx’ + cy + ay’ =d. [MATH. TRIPOS] 
A waterman rows to a place 48 miles distant and back in 14 hours : 


_ he finds that he can row 4 miles with the stream in the same time as 


3 miles against the stream : find the rate of the stream. 
Extract the square root of 


(1) (a’ + ab + bc + ca) (be +ca+ab+ b’) (bc + ca +ab+ c’). 
(2)idoase HRY 22x18, = Bx: 

10 
Find the coefficient of x° in the expansion of (1 — 3x) 3, and the term 


: mrabitied bak 
independent of x in | 3% — 


SG the Ae iis : 

ae ee 
ga ret Mall 3S 
(2) x° a9 = xy — ab, (x + y) (ax + by) = 2ab (a + D). 
- [TRIN. COLL. CAMB.] 
Show that if a (b c)x” +b(c —a)xy+ce(a— b)y" is a perfect 


square, the quantities a, b,c are in harmonical progression. 
[ST CATH. COLL. CAMB.] 


If (y —z) + (z—x) + (¢—y) = (y+z—2) 


0. 


22. 


23% 


24. 


25. 


26. 


27. 
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pb (2 2) + x ty > ay’, and x,y,z are real, shew that 
x=y =z. [ST. CATH. COLL. CAMB.] 
Extract the square root of 3e58261 in the scale of twelve, and find in 


what scale the fraction : would be represented by 17. 


Find the sum of the products of the integers 1, 2, 3, .... 1 taken two 
at a time, and shew that it is equal to half the excess of the sum of 
the cubes of the given integers over the sum of their squares. 

A man and his family consume 20 loaves of bread in a week. If his 
wages were raised 5 per cent., and the price of bread were raised 


2 : per cent., he would gain 6d. a week. But if his wages were lowered 


"3 
week : find his weekly wages and the price of a loaf. 

The sum of four numbers in arithmetical progression is 48 and the 
product of the extremes is to the product of the means.as 27 to 35: 
find the numbers. 

Solve the equations : 

(1) a (b —c)x° +b (c —a)x +c (a—b) =0. 

mn & =a) & =D) _ Gxc)i(e-—d) 

(2) yy Sir; es ele [MATH. TRIPOS.] 
If Va —x + Vb —x + Vc —x =0, shew that 

(a+b+c+t+ 3x) (a@+b+c—x)=4(be +ca + ab); 


per cent., and bread fell 10 per cent., then he would lose 1 : d.a 


and if Va + Vb + Ve = 0, shew that (a + b + cp= 27 abc. 


28. 


29. 


30. 


31. 


32. 


A train, an hour after starting, meets with an accident which detains 
it an hour, after which it proceeds at three fifths of its former rate 
and arrives 3 hours after time : but had the accident happened 50 


miles farther on the line, it would have arrived 1 5 hrs. sooner : find 


length of the journey. 
Solve the equations : 
w+y =2,9%—-hk=6y,x+y +7 =216. 
[R.M:A. WOOLWICH. ]} 
Six papers are set in examination, two of them in mathematics : in 


how many different orders can the papers bz given, provided only 
that the two mathematical papers are not successive ? 


In how many ways can £5. 4s. 2d. be paid in exactly 60 coins, consisting 
of half crowns, shillings and fourpenny pieces?) 


Find a andb so that x° + ax” + Lx + 6 andx° + bx? + 14x + 8 may 


have a common factor of the form x” + pis a. 
[LONDON UNIVERSIT#] 
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33. In what time would 4, B,C together do a work if A alone could do 


it in six hours more, B dies; in one hour more, and C alone in twice 
the time ? 


34. If the canations ax + by = 1, ox + dy” = 1 have only one solution 
, 2 
prove that - + - = 1, andx = as: = Bs 
d d {MATH. TRIPOS.] 
35. Find by lsh unamyal Theorem the first five terms in the expansion 


of (1 — 2x + 2x’) 2 


36. If one of the roots of x” + px + q = Ois the square of the other, shew 
that p> — q Gp -1) +q°=0. [PEMB. COLL. CAMB] 
37. Solve the equation 
x’ —5-6-5=0 [QUEEN'S COLL. OX] 
38. Find the value of a for which the fraction 
rae + es a A 
ee fat De e257 
admits of reduction. Reduce it to its lowest terms... [MATH. TRIPOS.] 
39. If a, b,c, x,y, z are real quantities, and 
. (a+b+c) =3(bc +ca+ab—x —y —7), 
shew that a = b =c, andx = 0,y = 0,z = 0. [CHRIST’S COLL. CAMB.]} 


40. What is the greatest term in the expansion of f = 33] when the 


Ni]w 


value of x is 6, ; 
Sait ig [EMM. COLL. CAMB, 


41. Find two numbers such that their sum multiplied by the sum of their 
squares is 5500, and their difference multiplied by the difference of 


their squares is 352. [CHRIST’S COLL. CAMB.] 
2 2 
1+ 4S3e 
42. Ifx=Aa, y=QA—-1)b,z=A—3)c, A SE , express 
tabi c 


a ‘+ ye +z’ in its simplest form in terms of a, b,c. 
; [SIDNEY COLL. CAMB. ] 
43. Solve the equations : 
(1) x* + 3x” = 16x + 60. 
2 e pA 2 2, 2 
Q)y Heer x Sz tx me pest y zh 
[CORPUS COLL. OX.] 
44. Ifx,y,z are in harmonical progression, shew that 
log (« + z) + log (v — 2y +z) = 2 log (x — z). 


446 
45. 


46. 


HIGHER ALGEBRA. 
Show that 
: 
dis ih oh Benge Be Se 8 4 
= 4 {=| += =]=] +... = = (2 — V3) v3. 
pre gah pe 3) sigan Altes 


[EMM. COLL. CAMB.] 


port . yt ez wre 
3a -—2b 3b-—2c 3¢ — 2a’ 


then will 5 (x + y +z) (Sc + 4b — 3a) = (% + 8y + 13z)(@+b+C). 


47. 


48. 


49. 


50. 


51. 


52. 


oe 


54. 


[CHRIST’S COLL. CAMB.] 
With 17 consonants and:5 vowels, how many words of four letters can 
be formed having 2 different vowels in the middle and 1 consonant 
(repeated or different) at each end ? 
A question was lost on which 600 persons had voted ; the same persons 
having voted again on the same question, it was carried by twice as 
many as it was before lost by, and the new majority vote was to the 
former as 8 to 7: how many changed their minds ? 
[ST. JOHN’S COLL. CAMB.] 


Shew that 
Lx 
1+x) 2 seo. Gh” (549 TR 
topics e ees al th 73 + 4-5 + 6-7 42.23 
(1-x) ? 
[CHRIST’S COLL. CAMB.]} 
A body of men were formed into a hollow square, three deep, when 


it was observed, that with the addition of 25 to their number a solid 
square might be formed, of which the number of men in each side 
would be greater by 22 than the square root of the number of men 
in each side of the hollow square : required the number of men. 
Solve the equations : 


a) Va@+x + 2 Va DAE fe RE A 
1 1 1 1 1 1 
2) @ - a)? @— b= @ — cP @- a? =@-02 O- a? 
Prove that 
Fh Rg 


Seanad Slee th Eee 


[SIDNEY COLL. CAMB.] 

Solve V6 (ox + 6) - V5 (x= 11) = 1. 
[QUEENS’ COLL. CAMB.]} 
A vessel contains d gallons of wine, and another vessel contains 5 
gallons of water :c gallons are taken out of cach vessel and transferred 
to the other ; this operation is repeated any number of times : shew 


that if c (a + b) = ab, the quantity of wine in each vessel will always 
remain the same after the first operation. 


55. 


56. 
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The arithmetic mean between m andn and the geometric mean 


ma +nh 
between a and b are each equal to ease : find m and nv in terms 
mtn 


of a and b. 
If x, y,z are such that their sum is constant, and if 
Z+x—2y)@+y—2z) 


varies as yz, prove that 2 (y +z) varies asyz. | [EMM. COLL. CAMB] 


ye 


58. 


59. 


61. 


65. 


Prove that, if 7 is greater than 3, 
1-2-"C, — 2-3-"C, 1 +3-4-"C, 9 - 1 H(- DY (r+ +2) 
=2:"~%¢,  [CHRIST’S COLL. CAMB. 
Solve the equations : 
(1) Ve—1 + Vexe—-2 =Vae—-3+VR—4, 
3 ud 
(2) 4 {@" — 16)+ + 8} =x" + 16 @” — 16)4. , 
,[ST. JOHN’S COLL. CAMB.] 
Prove that two of the quantities x, y, z must be equal to one another, 
if 
st Ee oe 7 EOE. Bed Mae 
lt+yc lt+tx lty ~ 
In a certain community consisting of p persons, a per cent. can read 
ans write ; of the males alone b per cent, and of the females alone 
c per cent., can read and write : find the number of males and females 


in the community. 
2 mn 4 


2ab a b a 
Zz 7 fs as he eee 
Ifx= é)e —b , show that ee (6 +2] = fe me) 


7. 
a’ +b 


(EMM. COLL. CAMB] 
Shew that the coefficient of x*” in the expansion of ; 
(a-x+ x” —x°) | is unity. 
Shew the equation 
Misr ag erg ated vss 2 


b a x-a x-Dbd- 
[LONDON UNIVERSITY.]} 
Find (1) the arithmetical series, (2) the harmonical series of n terms 


‘of which a and b are the first and last terms; and shew that the product 


3 be th 

of the 7” term of the first series and the (n—r+1) term of the 
second series is ab. 

If the roots of the equation 


? 2 
948]? +paraseau-0+ Bnd 


are equal shew that p = 4q. [R.M.A. WOOLWICH.] 
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66. If a + b” = Tab, shew that 
log 4 (a+ »}=3 ==(loga+logb). [QUEEN’S COLL. OX.] 


67. Ifn isa root of the equation 
x (1 = -~x(a +c’) —(i+ac)=0, 
and if 2 harmonic means are inserted between a andc, shew that the 
difference between the first and last mean is equal to ac (a nt} 
[WADHAM COLL. OX.]} 


n+2 


68. If" *Cg:"~ "Py = 57: 16, find n. 


- per cent. Government loan : 


if the price had been £3 less he would have received per cent. more 


69. A person invests a certain sum in a 6 


interest on his money; at what price was the loan issued ? 


70. Solve the equation : 
{x se ey 1)° =~ @' +1) eae} {Qe Sa Se 1° - (x + iy +x} 


=3{@' +x 41) —@' +1) - 2}. 
[MERTON COLL. OX,] 
71. — If by eliminating x between the equations 


vv t+ax+b=Oandayt+l(xty)t+m=0, 


a quadratic in y is formed whose roots are the same as those of the original 
quadratic in x, then either a = 2/, andb =m, orb +m =a. 

[R.M.A. WOOLWICH.] 
72. Given log 2 = -30103, and log 3 = -47712, solve the equations : 


aye = 26%, OVS 4S aS 
73. Find two numbers such that their sum is 9 and the sum of their fourth 
powers 2417. [LONDON UNIVERSITY.]} 


74. <A set out to walk at the rate of 4 miles an hour: after :z tad been 


walking 22 hours. B set out to overtake him and went 4 ; miles the 


first hour, 43 miles the second, 5 the third and so gaining a quarter 


of a mile every hour. In how many hours would he overtake A ? 


75. Prove that the integer next above (V3 + 9 ” contains 2” *} as a 
factor. 


76. The series of natural numbers is divided into groups 
1,'2, 3, $ 5, 6, 7, 8, 9; and oY on: BPR that the sum of the numbers 


in the n’" group is (n — 1° +n, 
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77. Shew that the sum of n terms of the series . 


2 
aA day Sea ay s:5"71); 
2 DENG 3° 2 4 2 


aoodenth ae kh 
is equal 4 
nt [R.M.A. WOOLWICH] 
78. Shew that the coetficeient of x" in the expansion of eee is 
1 sx-+-8 
n nai n-2 
HS Cy er eee ty 8 
according as n is of the form 3mm, 3m + 1, 3m + 2. 
79. Solve the equations : 
G0 ee Sretoh Sy Toerwe age 
CLARE: 2 
: A ds Y42 +25 +ytz=3. , 
Je dean ae. 3. TUNIV. COLL. OX] 
80. The value of xyz is 7 ; or a5 according as the series a,x, y,z,b is 
arithmetic or harmonic : find the values of a and b assuming term to 
be positive integers. . [MERTON COLL. OX.] 


81. Ifay —bx =c V(x — a) + (y — b)’, shewthat x and y are connected 
by a linear relation if ce <a tb’. 

me | 6 1) is greater than Sx — 1 and less than 7x — 3, find integral 
value of x. 

83. If Pisthe number of integers whose logarithms have the characteristic 


p, and Q the number of integers the logarithms of whose reciprocals 
have the characteristic — qg, shew that 


logi9 P — logio Q =p-qtl. 


84. In how many ways may 20 shillings be given to 5 persons so that no 
person may receive less than 3 shillings ? 


85. Aman wishing his two daughters to receive equal portions when they 
came of age bequeathed to the elder the accumulated interest of a 
certain sum of money invested at the time of his death in 4 per cent., 
stock at 88; and to the younger he bequeathed the accumulated 
interest of a sum less than the former by £ 3500 invested at the same 
time in the 3 per cents., at 63. Supposing their ages at the time of 
their father’s death to have been 17 and 14, what was the sum invested 
in each case, and what was each daugher’s fortune ? 


86. A number of three digits in scale 7 when expressed in scale 9 has its 
digits reversed in order : find the number. 
[Sr. JOHN’S COLL. CAMB. ] 


450 
87. 


88. 


89. 


90. 


(-zy @-x (&-y) 
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If the sum of m terms of an arithmetical progression is equal to the 
sum of either the next n terms or the next p terms, prove that 


n 
[ST. JOHN’S COLL. CAMB.] 


ree ee earin’ 
(m +n) Bog =(m +p) E, , 


Prove that 

is to 1 -( eae ae 
Yon 2k Le 

[R.M.A. WOOLWICH.} 

If m is negative, or positive and greater than 1, shew that 


14 S450 chee + Ot Den os 


[EMM. COLL. CAMB.] 
If each pair of the three equations 


x —pixtqy =0,x —pzre+ qo =0,x° — p3x + q3=0, 


have a common root, prove that 


91. 


92. 


93. 


94. 


2 2 2 : 
Pi + p2 + p3 + 4(41 + 92 + 93) = 2 (273 + P3Pi + Pi P3)- 
[ST. JOHN’S COLL. CAMB.] 
A andB travelled on the same road and at the same rate from 
Huntingdon to London. At the 50” milestone from London, A 
overtook a drove of geese which were proceeding at the rate of 3 
miles in 2 hours; and two hours afterwards met a waggon, which was 
moving at the rate of 9 miles in 4 hours. B overtook the same drove 
of geese at the 45" milestone, and met the waggon exactly 40 minutes 
before he came to the 31” milestone. Where was B when.A reached 
London ? [ST. JOHN’S COLL. CAMB.] 
Ifa+b+c+d=0, prove that 
abc + bcd + cda + dab = V(be — ad) (ca — bd) (ab — cd). 

[R.M.A. WOOLWICH.] 
An A.P, a G.P., and an H.P. have a and b for their first two terms : 
shew that their (2 + 2)" isrmes will be in G.P. if 

ARE togtkeh 1 
ba -a"y 8 [MATH. TRIPOS.] 


Shew that the coefficient of x” in the expansion of eer in 


n n 
ascending power of x is 4 a ‘>; and that the coefficent of 
a a'b 
" in the expansion of Gt Ges) is2' ln? + 4n +2). 
(1 -x) 


[EMM. COLL. CAMB.] 


95. 


96. 


98. 
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Solve the equations : 


— 1 5. BS PS ec 
vx sia sit gal on xX +y ix = 34:15. 


[ST. JOHN’S COLL. CAMB.] 


? Vy 1 1 1 
Find the val fi1+— — — — i 

in: = vane LR 342434000" in the form of a 
quadratic surd. [R. M. A. WOOLWICH.] 


Prove that the cube of an integer may be expressed as the difference 
of two squares; that the cube of every odd integer may be so expressed 
in two ways; and that the difference of the cubes of any two consecutive 
integers may be expressed as the difference of two squares. 
[JESUS COLL. CAMB.]} 
Find the value of the infinite series 
i 1 2 3 4 
[3° [5° 1B” [9 * ““[EMM. COLL. CAMB] 


oo. If 
oh Sl Ga Cnet 
¢ b-baddhiPrnd bas 
and a2 6 G7 
d+ b+ d+ b+” ; 
then bx —dy=a-c. [{CHRIST’S COLL. CAMB. ] 
100. Find the zenerating function, the sum ton terms, and the n" term of 


102. 


193. 


104. 


105. 


; : 2 
the recurring series 1 + Sx + 7x + tie + 3i. +..... 


. Ifa,b,c are in H.P, then 


a+b 

(1) 2Za-—b 22«-—b 
(2) b? (a —c)’ =2{c? (b—a) +a’ (c —b»)}. 

[PEMB. COLL. CAMB.] 

If a,b,c are all real quantities, and Pa 37x + 2c? is divisible by 

x-—a and also by x—b; prove that either a=b=c or 

a=-2%b=-2. [JESUS COLL. OX.] 

Shew that the sum of the squares of three consecutive odd numbers 
increased by 1 is divisible by 12, but not by 24. 


ac—b™ 


: 2 
Shew that is the greatest or least value of ax + 2bx +c, 
according as @ is negative 0. positive. 


tr x as Soll yy? fat? xy Oe Rr eS a 
are all real, shew thatx =y=z.~* [ST. JOHN’S COLL. CAMB.] 


; 1 / te v1 — 
Shew that the expansion of Fay Trae 


\ 
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: atom: ig orem ge 
106. Ifa, are roots of the equations 
+ptq=0,10" +p x +" =0, 


d ‘ a B 
where 7 is an even integer, shew that Ba are roots of 


x’ +14+(x+1)'=0. [PEMB. COLL. CAMB|] 


107. Find the difference between the squares of the infinite continued 


fractions 
Dine ae TO ata Sa 
at Pia a ,ande + 7 a ae 


[CHRIST’S COLL. CAMB.]} 


108. Asum of money is distributed amongst a certain number of persons. 
The second receives Re. 1 more than the first, the third Rs. 2 more 
than the second, the fourth Rs. 3 more than the third and so on. If 
the first person gets Re. 1 and the last person Rs. 67 what is the 
number of persons and the sum distributed ? 

109. Solve the equations : 


at, Ve Yo cree ny 
‘Dee Dee +a OC BF A 
2. 2 
b ag 
(0) ae ye fo eer yr 
74" 10 
110. Ifa >b >0, and x is a positive integer, prove that 
m= 1 


a —b' >n(a—b)(ab) ? . [ST. CATH. COLL. CAMB,] 


111. Express iS as a eontinued fraction ; hence find the least positive 


integral values of x and y which satisfy the equation 
396x — 763y = 12. 

112. To complete a certain work, a workman A alone would take m times 
as many days as B and C working together ; B alone would take n 
times as many days as.A and C together; C alone would take p times 
as many days as A and B together : shew that the numbers of days in 
which each would do it alone are asm + 1:2 +1:p +1. 


Prove also ud + a ipog Bo ong 2: 
Mtl eee ie te] [R.M.A. WOLLWICH.] 


113. The expenses of a hydropathic establishment are partly constant and 
partly vary with the number of boarders. Each boarder pays Rs. 65 
a year, and the annual profits are Rs. 9 a head when there are 50 
boarders, and Rs. 10 when there are 60 : what is the profit on cach 
boarder when there are 80 ? 
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114. Ifx° y = 2x — y, and x" is not greater than 1, shew that 
6 10 4 5 
4 eagete..| hie base 


[PETERHOUSE, CAMB.] 


x 1 
g15. “if = "Gti ze and xy = c?, shew that when a andc are 


(QHidy is bc? =0, ora +c°—b =0. 
116. If (tx txeyyaltkyxthyx’ t..., | 


and (x - ar “ex © Ree es 
prove that (1)1—-k, +k,-...=1, 
3r 
(2) 1 — ky cy + ky ¢2 - seoes =r LES 


[R.M.A. WOOLWICH.]} 
117. Solve the equations : 
(1) & sai + 2ab = ax + by, xy + ab = bx + ay. 
(2)x° -y" +7 = 6, 2yz — 2x + by = 13,x -y+z2=2. 
118. If there aren positive quantities aj, a, ....a,, and if the square roots 
of all their products taken two together be found, p ve that 


n-1 
VQ, a, + Va; a3 aa = ) 


hence prove that the arithmetic mean of the square roots of the products 
two together is less than the arithmetic mean of the given quantities. 
[R.M.A. WOOLWICH.] 
119. Ifb?x* + a’y' =a b?, anda’ +b? =x" +y = 1, prove that 
b'xo ta'y® = (b’x' +.a’y')*. [INDIA CIVIL SERVICE] 


: : th 
120. Find the sum of the first n terms of the series whose r terms are 


(aot a7 tay) 


a, (2) (a+b) x" 
r(r+1) [ST. JOHN’S COLL. CAMB.] 
121. Find the greatest value of EL. 
2x" + 3x + 6 


122. Solve the equations : 
(1) 14+2x4=7(1 +x)". 
(2) 3xy + 2z =22 + Gy = 2yz + xX = 0. 
123. If a}, a>, a3, a4 are any four consecutive coefficients of an expanded 
binomial, prove that 
ois ee abe Sa 2a2 
@,+a, 43+4, 4,+43 [QUEENS’ COLL. CAMB,} 
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3 2 
pe BR into partial fractions ; and find 
@ Pet 1) -— 24-9) 
the general term when (3x — 8)/ (x — 4x +4) is expanded in 
ascending powers of x. 
125. In the recurring series 
2 ort + + St HO +. 
the scale of relation is a quadratic expression ; determine the unknown 
coefficient of the fourth term and the scale of relation, and give the general 
term of the series. [R.M.A. WOOLWICH] 


126. Ifx,y,z are unequal, and if 


2 2 
2a ~ 3y = FD, and 2a — 32 = E, 


124. Separate 


2 
e gies Oe a 
thea Wil 9:74 AF Sia. Pe DEAE. AAR ose 


127. Solve the equations : Ke 
(1)ay +6 = 2 —x,xy -9 =2v-y’. 
(2) (ax)'°8° a (by)'°8 e plee* = gS y 
128. Find the limiting values of 


(1)x Vx +a — Vx +a _,whenx = ~. 


Va + 2c — Vix 
Die ee hee: 
Rr: ieee [LONDON UNIVERSITY, ] 


129. There are two numbers whose product is 193, and the quotient of the 


arithmetical by the harmonical mean of their greatest common 
25 


measure and least common multiple is 3*8 : find the numbers. 


[R.M.A. WOOLWICH.] 
130. Solve the following equations : 


(1) Vax + 37 — °VIax — 37 = 3V7. 

(2) BVI; teVl aoe 
eVir x +a Vr Peg 
avis ppvypeik es 


131. Prove that the sum to infinity of the series 
1 ro -- 1:3°5 


ria, 2 14 as 


v2 


23 _ 
eter 24 = e 
(MATH. TRIPOS.] 


Wii 


132. 


133. 


134, 


135. 


136. 


137. 


138. 


139. 


140. 


141. 
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A number consisting of three digits is doubled by reversing the digits; 
prove that the same will hold for the number formed by the first and 
last digits, and also that such a number can be found in only one scale 


of notation out of every three. [MATH. TRIPOS.] 
Find the coefficients of x!” andx’ in the product of 
3 
U+x 


ene eer ae Le YT a 

(1 =x) (1 —x) [R.M.A. WOOLWICH. ] 
A purchaser is to take a plot of land fronting a street; the plot is to 
be rectangular, and three times its frontage added to twice its depth 
is to be 96 metres. What is the greatest number of square metres he 
may take ? [LONDON UNIVERSITY.] 
Prove that 


(a+b+c+d)'+(a+b-c-d)'+(a—b+c-d) 
+(a—b—c+d)'-(a+b+c-d)'-(a+b-c+d) 
~(a—b+c+d)'-(-a+b+c4d) = 192 abcd. 

[TRIN. COLL. CAMB.] — 

Find the values of a,b,c which will make each of the expressions 

x +ae t+ bx text and x! + 2a + Mr t+ 2%r+1a perfect 


square. [LONDON UNVIERSITY,] 
Solve the equations : 


3-8) 
(ple Ey = 3,2 +y = 65. 


Ve Fy + Vey 


2) V2x° +14 V2" —- pion oe JO 
(2) ¥ t ee) 
A farmer sold 10 sheep at certain price and 5 others at Rs. 50 less 
per head : the sum he received for each lot was expressed in rupees 
by the same two digits : find the price per sheep. 
Sum to terms : 
(1) (2n — 1) + 2(2n - 3) +3(*%N— 5) +..... 
(2) The squares of the terms of the series 1, 3, 6, 10, 15... 
(3) The odd terms of the series in (2). {[TRIN. COLL. CAMB.] 


If a, 8, y are the roots of the quation x+ qx +r =0 prove that 
NS RS Se 
8 4+h +Y)@+P +y)=S@+tPtY)@ +h ty). 
[ST. JOHN’S COLL. CAMB.} 
Solve the equations : 


3 3 3 
(1) $05) 4] (x+y tz Per 
Or nk x+y+tz= 
y (e+ 7) = 27 Whe = 105 


[TRIN. COLL. CAMB.] 
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142. 


143. 


144. 
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If a,b,c are the roots of the equation Kosh gt’ +r=0, form the 
equation whose roots are a + b-c,b+c—a,cta—b. 
Sum the series : mia 
Qnty + (92) Pe HOT ES 
(2)3 —x — 2” — 16° — 284 ~ 676" + ... to infinity ; 
(3)6+9+14+23+40+...tomterms. | [OXFORD MODS.] 
Eliminate x, y, z from the equations 

Rushey Liki 20} =a \jxtyt+z=b. 

Ptyt¢ Pale Prytrad, 


and shew that if x, y,z are all finite and numerically unequal, b cannot be 
equal to d. [R.M.A. WOOLWICH.] 


145. 


146. 


147. 


148. 


149. 


150. 


151. 


152. 


153. 


The roots of the equation 3x" (x + 8) + 16 6c — 1) = Oare not all 

unequal : find them. [R.M.A. WOOLWICH.] 

A cyclist set out from a certain place, and went 1 km. the first day, 3 

the second, 5 the next and so on, going every day 2 km. more than 

he had gone the preceding day. After he had been gone three days, 

a second sets out, and travels 12 km. the first day, 13 the second and 

so on. In how many days will the second overtake the first ? Explain 

the double answer. 

Find the value of 

34 24 143424167 
Solve the equation 
x + Bax” +3 (a —be)x +a +b +c — 3abe = 0. 

[INDIA CIVIL SERVICE,] 

Ifn is a prime number which will divide neither a, b, nor a + b, prove 

that a” *b-—a" > b? +a" 4b? —... + ab" * exceeds by 1 a 

multiple of n. [ST. JOHN’S COLL. CAMB. ] 

Find the n“” term and the sum to terms of the series whose sum to 

: sheen, ae a 

infinity is (1 - abx” = axy (Tox) 2 [OXFORD MODS.} 

If a,b,c are the roots of the equation e+ px +q=0, find the 

i 


2 
: bite e+e ets 
equation whose roots are ———, 5 at aha Shen 
c 


[TRIN. COLL. CAMB.] 
Prove that 
(ytz— 2) + (c+x-2)'+(e+y—2)! 
= 13 (x +y" +27 Ve ZX — xy)’. 


[CLARE COLL. CAMB.]} 
Solve the equations : 


(1) x — 30r + 133 = 0, by Cardan’s method. 
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(2) © = 4) = 10° + 40? + % — 36 = 0, having roots of the form 
cg NDS Cs . 

154. It is found that the quantity of work done by a man in an hour varies 
directly as his pay per hour and inversely as the square root of the 
number of hours he works per day. He can finish a piece of work in 
six days when working 9 hours a day at Re. 1 per hour. How many 
days will he take to finish the same piece of work when working 16 
hours a day at Re. 1-50 nP. per hour ? 

155. Ifs,, denote the sum ton terms of the series 

1-2+2°34+3°4 +4... 
and o,, _ ; that ton — 1 terms of the series 
és | 1 
£2-3-4.° 2-38-55 H4-5-6 
shew that 185, O, —1 — 5, +2=0.  [MAGD. COLL. OX] 
156. Solve the equations : 
(1).(12x;— 1),(6x:— 1) (4x — 1) Gx = 1) = 5. 
FS paid oN, + 1 @+ 3) @=5) Pot; GHD oD 
5@~+2)@-4) 9@+4)@-6) 13 @©+6)@-8) 


to, 


TSS. [ST. JOHN’S COLE. CAMB. ] 
157. A cottage at the beginning of a year was worth Rs. 2500, but it was 
found that by dilapidations at the end of each year it lost ten per cent. 
of the value it had at the beginning of each year : after what number 
of years would the value of the cottage be reduced below Rs. 250 ? 
Given logy) 3 = -4771213. [R.M.A. WOOLWICH.] 
158. Shew that the infinite series 
eM, SA SS Si PhP A207 “427-10 
ga Br aS ae 4B 1716 Pe" 
ey, Grae ap p Agee gl = ah | 
-4== +... 
LG UGA BW IS Har a8 Dh FS 
are equal. [PETERHOUSE, CAMB.] 
159. Prove the identity 
rere ee) a (e Say =p) ok 
a ap apy 
é pete thea TEtOerh, | 
i: ap aBy 


ooeee 


[TRIN. COLL. CAMB 
160. If 7 is a positive integer greater than 1, shew that 
n>? — 5n° + 60n” — 56n 
is a multiple of 120. [WADHAM COLL. O] 


458 _ HIGHER ALGEBRA. 


161. A number of persons were engaged to do a piece of work which 
would have occupied them 24 hours if they had commenced at the 
same time; but instead of doing so, they commenced at equal intervals 
and then continued to work till the whole was finished, the payment 
being proportional to the work done by each. The first comer received 
eleven times as much as the last; find the time occupied. 


162. Solve the equations ° 
¥ > Ee Yor spat 
(1) 2 aa PI oh 
y — 3) rea oy 
2 eZ 2 
Oy f +2 = Nay ote) ay 
+x -—y(z+x)= b”, 
ety -zet+y) =e. [PEMB. COLL. CAMB] 
163. Solve the equation 
oar 3 
a (b —c) (x —b) (x -—c) +b (ca) &-0) &—-a) 
+c (a—b) (x — a) (x —b) =0; 
also shew that if the two roots are equal 
va ~ vb Ve [ST. JOHN’S COLL: CAMB. ] 


164. Sum the series : 
(1) 1:-2:-4+ 2-3-5 4+ 3-4-6 +.... tom terms. 


2 2 2 
1 2 > 
2) st He 
(2) i3* |4 + [5 Po2 forme: 
165. Shew that, if a,b,c,d be four positive unequal quantities and 
=a+b+c+d,then 
(s — a) (s — b) (s —c) (s — a) > 81abcd. 
[PETERHOUSE, CAMB.] 
166. Solve the equations : 


(l) Ve¥a — Wyma = 3a, Vena — Wy Fa = 2 Va. 


(2)x¥ Fye42 =x ty 42 =soty +z) = 3. 
ga [MATH. TRIPOS.] 
167. Eliminate /, m,n from the equations : 
+ my +nz=metnytienxt+lytmz=k (P+ m +n’) =1. 
168. Simplify 


ab +c~ay + as +... + (b t+c—a)(Cc+a—b)(a+b-—c) 
a (b+c-a)t+...+...-(b+c-a)(C+a—b)(a+b-c) 


MATH. TRIPOS. 
169. Shew that the expression oe 


@ -yy+( -a2y+@-»)-@-y) Vv -a ?-») 
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_ is a perfect square, and find its square root. [LONDON UNVIERSITY |] 


170. 


171. 


172. 


173. 


174. 


175. 


176. 


177. 


There are three towns A,B and C ; a person by walking from A to 
B, rie from B to C and riding from C to A makes the journey in 
15 > hours; by driving from A to B, riding from B to C and walking 
from C toA he could make the journey in 12 hours. On foot he could 
1 
4 
in 11 hours. To walk a km., ride a km., and drive a km. he takes 
altogether half an hour : find the rates at which he travels, and the 
distance between the towns. 

Shew that n’ — 7n° + 14n° — 80 is divisible by 840, if 1 is an integer 
not less than 3. 

Solve the equations : 


(1) Vx" + 12y + Vy" + 12e = 33,x+y = 23. 
(2) Ot Mine zyx) _, ¥@— 2) = 


> ’ 


Zr B Eu x~-y 


make the journey in 22 hours, on horseback in 8 = hours, and driving 


X{U=2Z) =a 
ae ° 


[MATH. TRIPOS.] 
If s be the sum of 7 positive unequal quantities a, b,c ..., then 


S Ss 5 n 

Gey ee be ee ee ee RE TRIPOS,) 
A merchant bought a quantity of cotton; this he exchanged for oil 
which he sold. He observed that the number of kg. of cotton, the 
number of litres of oil obtained for each kg., and the number of rupees 
for which he sold each litre formed a descending geometrical 
progression. He calculated that if he had obtained one kg. more of 
cotton, one litre more of oil for each kg., and Re. 1 more for each 
litre, he would have obtained Rs. 10169 more; whereas if he had 
obtained one kg. less of cotton, one litre less of oil for each kg., and 
Re. 1 less for each litre, he would have obtained Rs. 9673 less : how 
much did he actually receive ? 


Prove that 
Z(b +c -—a—x) (b-c) (a-x) 
= 16(b —c) (c—a) (a—b)(@—a) (Xe -— 5) —C). 
(JESUS COLL. CAMB.] 


“ 
‘If a,B,y are the roots of the equation oe at px +r=U, find the 


B ty yr a aA B 
a > B ? y = 
{R.M.A. WOOLWICH.] 


If any number of factors of the form a’ +b° are raultiplied together, 

shew that the product can be expressed as the sum of two squares. - 
Satan 

Given that (a? —b”) (CP +d) (+f) +h) =p +4; find p 

and q in terms of a,b,c, d,e,f,g,h. [LONDON UNIVERSITY || 


equation whose roots are 


180. 


181. 


182. 


183. 


184. 


185. 


186. 


187. 
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. Solve the equations 


v+y=61,x —y =91.[R.M.A. WOOLWICH] 


. A man goes in for an Examination in which there are four papers 


with a maximum of m marks for each paper ; shew that the number 
of ways of getting 2 marks on the whole is 


1 2 
gure 1) (an + An * 2) INMATE TRIPOS] 


If a,B are the roots of vt px +1=0, and y,6 are the roots of 
nf qx +1=0; shew that 

(a -y) (B-y) (a +6) 6 +5) =q —p’.[RM.A. WOOLWICH] 
Shew that if a,, be the coefficient of x” in the expansion of 


(1 +x)", then whatever n be, 


a — a, +a, -...+(- IM et catia 
Ge = 1) (4 =2)6.2(n — wrt 9) m-1 
= —j ‘ 
m—1 ( ) 


[NEW COLL. OX.] 

A certain number is the product of three prime factors, the sum of 

whose squares is 2331. There are 7560 numbers (including unity) 

which are less than the number and prime to it. The sum of its divisors 
(including unity and the number itself) is 10560. Find the number. 

[CORPUS COLL. CAMB.] 

Form an equation whose roots shall be the products of every two of 


the roots of the equation yar t+bhxt+c=0. 
Solve completely the equation 

2 +x) +x4+2=12°+4+ 12".  [R.M.A. WOOLWICH] 
Prove that if 7 is a positive integer, 

n'—n(n—2)'+ bbe a -4-..=2" | 7. 


If (6 V6 + 14)" * 1! — Nand if F be the fractional part of N, prove 


that NF = 20" *?. [EMM. COLL. CAMB] 
Solve the equations : 
(1) x tytz=23x ty t¢7=0xr+¢y¢r= xe 


(2)x7 — (y - zy = a’,y” ap a iy = B27” —(& ~yy =¢’. 
[CHRIST’S COLL. CAMB.] 
At a general election the whole number of Liberals returned was 15 
mole than the number of English Conservatives, the whole number 
of Conservatives was 5 more than twice the number of English 
Liberals. The number of Scotch Conservatives was the same as the 
number of Welsh Liberals, and the Scotch Liberal majority was equal 
to twice the number of Welsh Conservatives, and was to the Irish 


188. 


189. 


190. 


191. 


192. 


193. 
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Liberal majority as 2 : 3. The English Conservative majority was 10 
more than the whole number of Irish members. The whole number 
of members was 652, of whom 60 were returned by Scotch 
constituencies. Find the numbers of each party returned by England, 
Scotland, Ireland, and Wales, respectively. 


[ST. JOHN’S COLL. CAMB.] 
5 S Ss 
Shew that a (c —b) +b (a—c) +c (b-a) 
= (b —c) (c — a) (a —b) (Sa aie ab + abc). 


Prove that 

a 3a” 3a 1 

2 2 2a I ek 6 

qn on ="(aex 

a +i ¢t2 1 Moan nti 

1 3 eattisa bs [BALL. COLL. OX] 

ee 1 1 F ; 

pees ae + oars = 0, prove that a,b,c are in harmonical 
progression, unless b = a +c. [TRIN. COLL. CAMB.] 
Solve the equations : ) 


(1) xv — 13x” + 15r + 189 = 0, having given that one root exceeds 
another root by 2. 

Q)xom 4x” + &x + 35 = 0, having given that one root is 2 +-V—3. 

[R.M.A. WOOLWICH. ] 
Two numbers a and b are given ; two others a}, b; are formed by the 
relations 3a, = 2a + b, 3b; = a + 2b; two more a>, by are formed 
from a,b; in the same manner, and so on ; find a, b,, in terms of 
a and b and prove that when v is infinite, a, = by. 

[R.M.A. WOOLWICH] 

Ifx +y +z +w =O, shew that 


wx (w + x) + yz (w- xy + wy (w +y) 


+ zx (w ~yy + wx (w +2) +29 (Ww — 2) + 4x = 0. 
{MATH. TRIPOS.] 
be — a’ 
If a +——+— be noi altered in value by interchanging 
atb+c 

aandb(a,b and c being unequal), it will not be altered by 
interchanging aandc, and vice versa, and it will vanish if 
atbt+c=1. [MATH. TRIPOS.] 
Ona quadruple line of rails between two terminiA and B, two down 
trains start at 6.0 and 6.45, and two up trains at 7.15 and 8.30. If the 
four trains (regarded as points) all pass one another simultaneously, 
find the following equations between x,,x3,x3,.%4, their rates in km. 


per hour, 
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3x2 4m + 563 43m + 10x4 


X3—X} ~ xy Fx 7 xy xy 
where mm is the number of km. in AB. _ [TRIN. COLL. CAMB.] 
196. Prove that, rejecting terms of the third and higher orders, 
1 


ees Be: ie 2 1 5 ee: 2 
=1+=(1t+y)+=(e +x + 3y). 
1+Vad—x)(0-y) Fete -ng Creat wee DO 
[TRIN. COLL. CAMB] 


197. Shew that the sum $4 the products of the series 
—b,a — 2b, ....a — (w —1)b, 
is two and two peste vanishes wea nis of the form 3m? — 1, and 
= (3m — 2) (m +1)b. 
os If n is even, anda + 6, a — f are the middle pair of terms, shew that 
the sum of the cubes of an arithmetical progression is 


na {a + (n? - 1) B’}. 
199. Ifa,b,c are real positive quantities, shew that 
igh kl ae ne Sc 
Cs BE a isatee aa [TRIN. COLL. CAMB.] 
200. A,B and C start at the same time for a town @ km. distant; A walks 
at a uniform rate of u km. an hour, and B and C drive at a uniform 
rate of v km. an hour. After a certain time B dismounts and walks 
forward at the same pace as A, while C drives back to meet A : A gets 
into the carriage with C and they drive after B entering the town at 
the same time that he does : shew that the whole time occupied was 
aq 3vt+u Howie : 
v 3uty ) [PETERHOUSE, CAMB.] 
201. The streets of a city are arranged like the lines of a chessboard. There 
are m streets running north and south, and 7? east and west. Find the 
number of ways in which a man can travel from the N.W. to the S.E. 
corner, going the shortest possible distance. [OXFORD MODS.] 


202. Solve the equation “Vx + 27 + “V35 — x = 4. [BALL. COLL. OX] 
203. Shew that in the series 


ab + (a +x) (b +x) + (a + 2x) (b + 2x) + .... to Wt terms, 
the excess of the sum of the last terms over the sum of the first 2 terms 


is to the excess of the last term over the first as ne to 27 — 1. 
: } 
204. Find then’ convergent to 


Sire rere 


205. Prove that 
(a - x) (g—z) + (a—y)' (@-x)' + (a-2)'@-yy4 


aeeeee 
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2 2 BS | 
=2{(a—y)’ (a — 2) (x -y)’ @ 2) + (@—z)’ @-xP (y- 2) 
2 2 2 2 
(y—x) + @-x) @-yy @-x) @-y)’}. 
[PETERHOUSE, CAMB] 
- 206. Ifa, f,y are the roots of x + qx +r = 0, find the value of 


mat+n 4 mp tn ,mytn 
ma-n mB-n my-n 
in terms of m,n, q, r. [QUEENS’ COLL. CAMB,] : 
207. In England one person out of 46 is said to die every year, and one 
out of 33 to be born. If there were no emigration, in how many years 
would the population double itself at this rate ? Given 
log 2 = -3010300, log 1531 = 3- 1849752, log 1518 = 3- 1812718. 


208. If(1+x+ x)" =ajp tayx+ anx” + ....., prove that 


unless r is a multiple of 3. What is its value in this case ? 
[ST. JOHN’S COLL: CAMB.] 
209. Inamixed company consisting of Poles, Turks, Greeks, Germans and 
Italians, the Poles are one less than one-third of the number of 
Germans, and three less than half the number of Italians. The Turks 
and Germans outnumber the Greeks and Italians by 3; the Greeks 
and Germans form one less than half the company ; while the Italians 
and Greeks form seven-sixteenths of the company : determine the 
number of each nation. 
210. Find the sum to infinity of the series whose n” term is 
(n+1)n\(n +2) '(-x)"** [OXFORD MODS] 
211. If is a positive integer, prove that 
=e (n - 1) me (n a 4) (n = 2’) es 
[2 {2 |3 
rn Bonk eh Ds o> a 
lr [r+] 
212. Find the sum of the series : 
(1) 6, 24, 60, 120, 210, 336, ....... to nm terms. 


(2). 4 = 9% + 162 — 25x? + 36x" — 49x" + .... to inf. 
1:3 3:5, 5:74, 7:9 


n 


en tarrsay es 


[PEMB. COLL. CAMB.] 


+(-) 


213. Solve the equation 


4x 6x#2 -. 8k +) 
Ope 20 rtes 12x | =0. 


: 16x + 2 
wits we) aee [KING’S COLL. CAMB,] 
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214. Shew that 
Qad+thPy+PAte)t+e +a’) > babe, 
Qn tt+Ptt+P 77+...) 
> +P +P +.) (i + bi +c8 + ...), 
the number of quantities a, b,c, .... being 7 and p and q being positive. 
215. Solve the equations 
ye =aly+z)t+a | 
nase aie +xp+B 
xy=atety)+y 
[TRIN. COLL. CAMB.] 
216. Ifn be a prime number, prove that 


1 -1,1 ; 
rom Heya (s- +3) +(e #3) 4 
n-1 1 
+0-1)[n ee 
is divisible by 1. [QUEEN’S COLL. OX.]} 


217. In a shooting competition a man can score 5, 4, 3, 2, or 0 points for 
each shot : find the number of different ways in which he can score 
30 in 7 shots. [PEMB.'COLL. CAMB.] 


218. Prove that the expressionx” ~ bx? + cx” + dx — cwill be the product 
of a complete squaré and a complete cube if 


12 9d _Se_d 


‘Noailep Cc zy 


219. A bag contains 6 black balls and an unknown number, not greater 
than six, of white balls ; three are drawn successively and not replaced 
and are all found to be white; prove that the chance that a black ball 


7 
will be drawn next is —— 909° [JESUS COLL. CAMB,] 


220. Shew that the sum of the products of every pair of the squares of the 


first 2» whole numbers is sani (n? = 1) (4n? <2) (Sve 6). 
[CATUS COLL. CAMB.] 
b a5 
221. If Bt Bhs aoa excl 0 has equal roots, prove 
He ERE » (a+b) = 
222. Prove that when n is a positive integer, 


Pee, ar at a ale 2n-3, (n — 3). = 4 aes 
1 [2 


Na (2 — 4) (n = 3) (t- 6) n-r | 
[3 


[CLARE COLL. CAMB.]} 


224. 


225. 
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Solve the equations : 


(1) x? +2y2 =y? + 2x = 2? + WY +3 = 76. 
xtyt+tz=at+b+e 
seen Sw Sea 

(2) Sag rhe 3 
ax + by + cz = be + ca + ab [CHRIST’S COLL. CAMB.] 


Prove that if each of m points in one straight line be joined to each 
of n in another by straight lines terminated by the points, then, 
excluding the given points, the lines will intersect 


1 ' 
ai. — mes. 
4 me (m — 1) (1 — 1) times . [MATH. TRIPOS.] 


Having given y = x + x + x, expand x in the form 
ytay t+by +o +a + odes ; 


and shew that a’ d — 3abe + 2b° = — 1. |[BALL. COLL. OX,] 


226. 


227. 


228. 


229. 


230. 


231. 


A farmer spent three equal sums of money in buying hens, pigeons, 
and parrots. Each hen cost Re. 1 more than a pigeon and Rs. 2 more 
than a parrot ; altogether he bought 47 birds. The number of pigeons 
exceeded that of the hens by as many parrots as he could have bought 
for Rs. 9 : find the number of birds of each kind. 


Express log 2 in the form of the infinite continued fraction 
clita © sath ; 
es et [EULER.] 
In a certain examination six papers are set, and to each are assigned 
100 marks as a maximum. Shew that the number of ways in which a 


candidate may obtain forty per cent. of the whole number of marks 


To pf as ona as 
aati ihcestal taal: [OXFORD MODS.] 


Test for convergency | 


HigdtD ears 5D warped SMO Md, oxy 
2 2-476, P2:4-6-85 110 © 2+4:6°8-10:12 14° ~" 
Find the scale of relation, the ni! term, and the sum of 7 terms of the 
recurring series 1 + 6 + 40 + 288 + ...... 
Show also that the sum of n terms of the series formed by taking for 


its r” term the sum of r terms of this series is 
Tae uP een gee - 2 

ip [CAIUS COLL. CAMB.] 

It is known that at noon at a certain place the’sun is hidden by clouds 

on an average two Gays out of every three : find the chance that at 

noon on at least four out of five specified future days the sun will be 

shining. [QUEEN’S COLL. OX.] 


7 
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232. Solve the equations 
2 Ty: 
x +(y-z) =a 
yt@-x ab 


P+ @-yyrse (EMM. COLL. CAMB.] 
233. Eliminate x, y,z from the equations : 
2 P 5 a oe 
Se Se na ee =O 
5 


[MATH. TRIPOS.] 


234. If two roots of the equation aa px + qx +r=0 be equal and of 
opposite signs, shew that pg = r. [QUEENS’ COLL. CAMB.]} 


235. Sum the series : 
Ps 2 eon 1 
(Ch) PETA t teet nex" ; 


2 
25 52 5n™ + 12n + 8 
agit aaaed carne ps tiene Tine odpm Siege mae 
| EG eS, RIES Oe n(n +1) (n +2) 
[EMM. COLL. CAMB.] 


236. If (1 tax’) (1+ ax) (14a x) (14a)... 


4 8 12. 
=1+Ay4x +Agx + Ay Xx eee 


prove that Ag, 4+ 4 = a Me, and Ag, = “cape ; and find the first ten 
terms of the expansion. [CORPUS COLL. CAMB.] 


237. On a sheet of water there is nc current from A to B but a current 
from B to C; a man rows down stream from A to C in 3 hours, and 


y Bay Sua 
up stream from C to A in3 2 hours ; had there been the same current 
all the way as from B to C, his journey down stream would have 
occupied 23 hours; find the length of time his return journey would 
have taken under the same circumstances. 
y : : 
238. Prove that the 2" convergent to the continued fraction 
3 rae Se SS ae 
Godan IELTS 1S igh Fad loyal 
[EMM. COLL. CAMB. ] 
239. If all the coefficients in the equation 
: -] -2 
x + PI gee Po in ~ Shin. + py = f (x) = 0. 
be whole numbers, and if f (0) and f (1) be cach odd integers, prove that 
the equation cannot have a commensurable root 


[LONDON UNIVERSITY. } 
240. Shew that the cquation 
Varta tvii +B + Vex +y =0. 
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reduces to a simple equation if Vc + Vb + Ve =0. 


241. 


242. 


243. 


244, 


245. 


246. 


247. 


Solve the equation 


V&x" — 12x — 39 + Vx" — —15 - Vx —3x+ 20 =0. 


A bag contains 3 red and 3 green baie and a person draws out 3 at 
random. He then drops 3 blue balls into the bag, and again draws 
out 3 at random. Shew that he may just lay 8 to 3 with advantage to 
himself against the 3 latter balls being all of different colours. 
[PEMB. COLL. CAMB.] 
+ ae he sum of the fifth powers of the roots of the equation 


tk’ +4-3=0, {LONDON UNIVERSITY,] 


Re Fi a ple and Harmonical Progression have the same 
Tur rr r" terms a, b, c respectively : shew that 


a(b —c) loga + b (c — a) logb +c (a — b) loge = 0. 

~ [CHRIST’S COLL. CAMB. ] 
Find four positive numbers such that the sum of the first, third and 
fourth exceeds the second by 8; the sum of the squares of the first 
and second exceeds the sum of the squares of the third and fouth by 
36; the sum of the products of the first and second and of the third 
and fourth is 42; the cube of the first is equal to the sum of the cubes 
of the second, third, and fouth. : 
If Ty, Tn +1, 7n +2 be 3 consecutive terms af. a recurring series 
connected by the relation 7, 4 2 = @Ty + 1 — bT,, prove that 


“a Tr eat, Gly Ty +1 + bT;} = a constant. 


Eliminate x, y,z from the equations : 


fea Ay tec Pee, 
aes ae 
rtytrec, xyz =d’, [EMM. COLL. CAMB,] 


Shew that the roots of the equation 


# 
xt — po + gv — + = 0 


~~ 
S = 
al 


are in proportion. Hence solve x ~ 12x? + 4Tx” — T2x + 36 = 0. 
248. “A can hit a target four times in 5 shots ; B three times in 4 shots ; and 


249. 


C twice in 3 shots. They firc a volley : what is the probability that two 
shoe at least hit ? And if two hit what is the probability that it is C 
who has missed ? [ST. CATH. COLL. CAMB. 
Sum each of the following scrics to n terms : 
a hesoial eens. sini dia ale Aadied 

2-2 1:2 6-2 13-2" 


i ee th vay coat HE 
(2) 7.9.34 * 2:3-4-5 | 314-e@ NtSee 7 


250. 


251. 


252. 


and 


253. 


254. 


256. 
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(3) 3 +4 + 97 42° + 33x) $2? + 120K" +... 
[SECOND PUBLIC EXAM. OX.] 
Solve the equations : 
(1) y+yzt+z sax, (2) x(y+z—x). =a, 
+n tx =ay, y@+x—y)= 
P tay ty? az. Ze+y—2) =. 
. [PETERHOUSE, CAMB.] 


to te 1 


If + i ae a Pe ery and n is an a8 integer, shew that 
+4+t+45— n* 
a b o a-Fe sec 


Ifue —v + Su (uw? - y) + 4uv (1 — ue y) = 0, prove that 
(u? — v*)® = 16u” v* (1 — u®) (1 - v»). 
[PEMB. COLL. CAMB.] 
Ifx+ y +z = 3p, yz +a + xy = 34,072 = 7, al mapoe 
Ue dase At y) ty -2) = = 2p" Seer 8, 
(y+z—-x) + (z +x-y) +(e+y-z)° =21p° — 24r. 
Find the He factors, ner inx,y,Z, of 
{a (b +e +b(c +a)y PieNaa BI fa 
— dabc (x” +y" $2) (a? + by + cr’). 
[CAIUS COLL. CAMB.] 
Shew that 


XH yrkhz i 
@ 2 2 Se z, 
BS os airs + Zz : 
y | >x'y'2 > (F =i 


[ST. JOHN’S COLL. CAMB.] 
1 


: > 
. By means of the identity }1 — = ie ge prove that 
(1 + x) 1x 
fo og - ULF ei)} 
mS r n : al 
2k ) ri(f=-)La—r S 


[PEMB. COLL. CAMB.] 
Solve the equations : 
(l)ax+by+z=x+ay+b=yz+bx+a=0. 
(2) try be = ye 12s 
2 2 2 2 
XOTy =—zZ he, 
xty Pauw =218, 
xy +2 = 45. 
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257. Ifp =q nearly, and n > 1, shew that 


ey 
(n ep Ret) g : 2)" 
(1 -1)p+(n+1)q q 


f2 agree with unity as far as the r" decimal place, to how many places 


will this approximation in general be correct ? [MATH. TRIPOS.] 

258. A lady bought 54 lbs. of tea and coffee; if she had bought five-sixths 
of the quantity of tea and four-fifths of the quantity of coffee she 
would have spent nine-elevenths of what she had actually spent; and 
if she had bought as much tea as she did coffee and viceversa, she 
would have spent Ss. more than she did. Tea is more expensive than 
coffee, and the price of 6 lbs. of coffee exceeds that of 2 Ibs. of tea 
by 5s; find the the price of each. . 

259. Ifs, represent the sum of the products cf the first » natural numbers 


taken two at a time, then 


he: il Sn-1 11 
Si 4h ie aE SE ott rile Ft 
[CAIUS COLL. CAMB.] 
260. If : 
ia vege ah ara dear: ana a, seas | Beh Rin 


pa + 2gab + rb pac + q (bc — a’) — rab pe? - 2gca + ra’ 
prove that P, p;Q,q;and R,r may be interchanged wi '‘:out altering the 
equalities. [MATH. TRIPOS.] 


261. Ifa +8 +y=0, shew that 
j ad w 2 
qty Ba Pc apy a +p +e) +5(@ +6 +7) 


fal tohep gating teh, 
[CAIUS COLL. CAMB.] 

262. Ifa, B,y,6 be the roots of the equation 

x tp +g +ats =O, 
find in terms of the coefficients the value of >) (a — py (y- 6)’. 

[LONDON UNIVERSITY.] 
263. A dealer bought a certain number of minas, parrots, and bulbuls, 
giving for each bird as many rupees as there were birds of that kind ; 


_ altogether he bought 23 birds and spent Rs. 211; find the number of 
each kind that he bought, if parrots are cheaper than minas and dearer 


than bulbuls. 
264. Prove that the equation 
/3 
(irra ax) 73 4 (z+x Te +O +y— 8x)! = 0. 


is equivalent to the equation 


x(y-z) ty(z ~x/ +z(¢-y)? =0. 
[ST. JOHN’S COLL. CAMB.] 
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ion —2— Bs syle have a pair of equal 
265. If the equation + phe OPE Retgees), p q 
roots, then either one of the quantities a or b is equal to one of the 
quantities c or d or else = - : = 4 + . Prove also that the roots are 
2ab 


then — a, — a, 0; — b, — b, 0; or 0, 0, — a+b  {MATH. TRIPOS.] 


266. Solve the equations : 
(i)x+y+z= abx t+y +47 '= ab, xyz = a. | 
(2) ayz +by+cz=batczt+ax=cytaxtby=atbte. 
[SECOND PUBLIC EXAM. OXFORD] 


267. Find the simplest form of the expression 


3 
a 


@-P@-@-)@-9)' 6-2 G-)G-DE-2  ~ 
é 

*-a)¢€-Aye-ne-4) 

[LONDON UNIVERSITY,] 


268. In a company of Clergymen, Doctors, and Lawyers it is found that 
the sum of the ages of all present is 2160; their average age is 36 ; the 
average age of the Clergymen and Doctors is 39; of the Doctors and 


Lawyers 32 of the Clergymen and Lawyers 36 5. If each 


W 
Clergyman had been 1 year, each Lawyer 7 years, and each Doctor 
6 years older, their average age would have been greater by 5 years : 
find the number of each profession present and their average ages. 


269. Find the condition, among its coefficients, that the expression 

ax’ + 4a, xy + 6a,x° y” + 4a3xy° + ayy. 
should be reducible to the sum of the fourth powers of two linear expressions 
in x and y. [LONDON UNIVERSITY. } 
270. Find the real roots of the equations 

vty +w =a’, tu(y +z) = be, 

y+w +u? =b", wu +v(z +x) =ca, 

‘ 

zt+ut+v=c uv +w(x ty) =ab. (MATH. TRIPOS.] 

271. It is a rule in Gaelic that no consonant or group of consonants can 
stand immediately between a strong and a weak vowel; the strong 


vowels being a, o, u ; and the weak vowels e and i. Shew that the whole 
number of Gaelic words of n + 3 lettters each, which can be formed 


_ Rin +3 : 
of n consonants and the vowels aeo is dukes where no letter is 
n 


repeated in the same word. [CAIUS COLL. CAMB.]} 
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272. Shew that if x? + y = 2, where x, y,z are integers, then 


2 a 
Bar +Uk-k), war +uk—-P), war +k) 
where r, /, and k are integers. 4 [CAIUS COLL: CAMB.] 
a Sata ie Soa : 
273. Fi ee aa 
ind the value of it 14345474 77 nN 
| [CHRIST’S COLL. CAMB] 
274. Sum the series : 
; xf 2? ty 
~ (4) 23 ms 3-4 + 45 +..... to inf. 
1 2 
GE eg pe ee REUTERS 
Wes. (a + 1) (a+ 2): 5 (a+ 1)(@+2)...(@+n) 
275. Solve the equations : 
(1) 2xyz + 3:= (2c — 1) Gy + 1) (42-1) + 12 
| "= (2c + 1) Gy — 1) (42 +1) +. 80=0. 
(2) 3ux — 2vyy=we+uy= 3u? + 2y? = 14; xy = 10uv. 
276. Shew that . 


a+j 4b ac ad 
Bona pop, ood Beas tote 
ac be c +A ied 
ad bd Acid tA 


is divisible by A° and find the other factor. [CORPUS COLL. CAMB] 


277. Ifa,b,c,.... are the roots of the equation 
-2 


n nak n 
xX +p \x + pox +... + Py — 1X + Pn = 9; 


find the sum ofa°+b> +c) + ...., and shew that 


2 2 2 2 2 2 2 
C000, oO iG. ee Pn-1 (1 — 22) 
—+—+—+—4+—+—+4+... =p, —-——_— 
ba baa Pi Pn 
[ST. JOHN’S COLL. CAMB.] 
278. By the expansion of is a or otherwise, prove that 
: am 
cy (3n — 1) Gn — 2) - Gn —2) Gn - 3) Gn -4 
pe it 1-2 1-2-3 
3 (31 — 3) Gn — 4) Gn = 5) Gn — 6) | meas 4% 
+ 123-4 &c.=(-1), 


when n is an integer, and the series stops at the first term that vanishes. 
[MATH. TRIPOS.] 
279. TwosportsmenA and B went out shooting and brought home 10 birds. 
The sum of the squares of the number of shots was 2880, and the 
product of the numbers of shots fired by each was 48 times the product 
of the numbers of birds killed by each. If A had fired as often as 
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B and B as often as_A, then B would:have killed 5 more birds than 
A: find the ies s- pte killed sf each. 


280. Prove that 8 (a° Ppore aye >9 (a” + be )(b? + ca) (c? + ab). 
[PEMB: COLL. CAMB. ] 
281. Skew that the ni” convergent to 
| HWM 6 , aie 
SGT Se) epee yee. UE 
Ba asemale yozZn-n! 
What is the limit of this when v7 is infinite? [KING’S COLL. CAMB.] 


282. If Ee is then” convergent to the continued fraction 
qn 


at+ b+ c+ at‘bt c+-™ 
shew that Py, +3 = Dpa, + (bc + 1) Gan. [QUEENS’ COLL. CAMB.] 
283. Out ofn straight lines whose lengths are 1, 2, 3, ...2 inches respectively, 


the number of ways in which four may be chosen which will form a 
quadrilateral in which a circle may be inscribed is 


z 2 2h ee — Ese Te eee 
284. If w2,u3 are respectively the arithmetic means of the squares and 
cubes of all numbers less than 1 and’ prime to it, prove that 
aes 6nuz + 4u3 = 0, unity being counted as a prime. 
: (ST. JOHN’S COLL. CAMB. ] 


285. Ifn is of the form 6m — 1 shew that (y — z)" + (¢—x)" + («-y)” 
is divisible by a y weet yz — zt — xy; and if n is of the form 
6m + 1, shew that it is divisible by 

@ +y +27 ot eee — xy)’. 
286. IfS isthe sum of them” powers, P the sum of the products together 
of the n quantities a), a>, a3, .... @,, shew that 
[In—1°S>|n-—m- |m-P. [CAIUS COLL. CAMB.] 
287. Prove that if the equations 
3 3 cape 4 12 
xX +q@e—-r=Oandm —2q x = Sqx-2¢ -F =0 
have a common root, the first equation will have a pair of equal roots; and 


if each of these is.a, find all the roots of the second equation. 
{INDIA CIVIL SERVICE.]} 


288. Ifx V2a" — atid tak ott sam +#:2i¥.2a pa ien = 0, 
where a” stands for x” + y +27 , prove that 


@t+y+z)(- ribyeayptels ytz)a@+y—z)=0. 
[TRIN. COLL. CAMB.] 
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289. Find the values of x1, x2 ... x, which satisfy the following system of 
simultaneous equations : 


x :  S Pa 
alpen SAnso.poc tripe STS ary 
ay—b, a-—b2 a; — Dy 
aa | x2. Xn 
+ = 
ay—b, a,-—b2 a2 — by » 
x B.S, x 
Se eae ee gee 
Q,—b, a,—b, Gy — by 
[LONDON UNIVERSITY. ] 
290. Shew that 
yerx xy wo-2 Pe ae 
2 2 Dl eMte as SON 3 
= VES ayers (eat ES AN party Huy 
2 2 2 poh es Paget 
Ms Zid! V2 eH x=y |u u 


where r° =x" + y Ht 2, and u” = yz +z +xy. [TRIN. COLL. CAMB.] 

291. A piece of work was done by A, B, C; at first.A worked alone, but 
after some days was joined by B, and these two after some days were 
joined by C. The whole work could have been done by B and C, if 
they had each worked twice the number of days that they actually 
did. The work could also have been completed without B’s help if 
A had worked two-thirds and C four times the number of days they 
actually did ; or ifA and B had worked together for 40 days without 
C; or if all three had worked together for the time that B had worked. 
The number of days that elapsed before B began to work was to the 
number that elapsed before C began to work as 3 to 5: find the 
number of days that each man worked. 

292. Shew that if S, is the sum of the products 7 together of 

bhie3 Bed 
TAGE s start ; 
eee A 2h 
then gf 2) bogno nat MK ‘ 
[ST. JOHN’S COLL. CAMB.] 

293. If a,b,c are positive and the sum of any two greater than the third, 

prove that 


a a b c 
i (eters icine <1. 
a b \ Cc 


[ST. JOHN’S COLL. CAMB.] 


294. Resolve into factors 
2 2-4 
(a+b+c)(b+c—a)(ct+a—b)(atb—c)(@ +b +c) - 8abc. 
Prove that : : 
afai +f +y+(a+hty)}=Gry) +0 +2) +(@ +f) 
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+6B+y yt+ay +6 +a) b+fy 
+6(a+By Bry). [JESUS COLL. CAMB.] 


295. Prove that the sum of the homogeneous products of r dimensions of 
the numbers 1, 2, 3, .... 2, and their powers Is 


n= y us 
Cy pote ptrHi1,. (n ee 2) 
[n—1 1 2 


paataid! ton terms}. 


[EMM. COLL. CAMB.] 
296. Prove.that, if 2 be a positive integer, 
3n (3n —3) 3n (3n — 4) (Gn — 5) yg galt 
ee as eo A ae aa +...=2(-1). 
[OXFORD MODS.] 
297, Ifx (2a —y) =y (a —z) =z (2a —u) =u (a—- x)= b’, shew that 
x=y=z=u unless ps 2a”, and that if this condition is satisfied 
the equations are not independent. [MATH. TRIPOS.]} 
298. Shew that if, b,c are positive and unequal, the equations 
ax+yz+z=0,x+by+z=0,yz+ux+c=0, 
give three distinct triads of real values forx, y, z; and the ratio of the products 
of the three values of x andy is b (b — c):@(c — a). [OXFORD MODS.]} 
299. If © A=ac-—by-—cz,D=bz+9g, 
B=by —cz —axr,E=cx + az, 
C = cz — ax — by, F = ay + bx, 
prove that ABC - AD’ — BE’ — CF + 2DEF 
= (+b? 4+) (artbytaet+y +2’). 
[SECOND PUBLIC EXAM. OXFORD.] 
300. A certain student found it necessary to decipher an old manuscript. 
During previous experiences of the same kind he had observed that 
the number of words he could read daily varied jointly as the number 
of miles he walked and the number of hours he worked during the 
day. He therefore gradually increased the amount of daily exercise 
and daily work at the rate of 1 mile and I hour per day respectively, 
beginning the first day with his usual quantity. He found that the 
manuscript contained 232000 words, that he counted 12000 on the 
first day, and 72000 on the last day; and that by the end of half the 
time he had counted 62000 words : find his usual amount of daily 
exercise and work. 
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r=1,-2; y = 7, -3;.2 = 3, =" 
( 
reac ve ere 14. x = a, 0,0; y = 0, a, 0;z = 0,0;a 
ce VBtV=5 a 5 V3 + V9 
a al Se Sa CY, 6 a 
ogo ees = Wak ae ia: 
gS Eas 
7+ V-15 —11 +vV—-15 
x= a4, ’ Pyatea = 4a,a y ? 


z = 2a, —4a, (1 + V—15) a. 
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X. d. PAGES 101, 102. 


x = 29, 21, 13,5; y = 2,5, 8, 11. 

x = 1,3,5,7,9; y = 24, 19, 14, 9,4. 

x = 20,8; y = 1,8. 4.x = 9, 20, 31; y = 27, 14, 1. 
x = 30,5; y = 9, 32. 6.x = 50,3; y = 3, 44. 

x = Tp —5,2;y = Sp - 4,1. 8.x = 13p — 2,11;y = 6p — 1,5. 
x = 2ip — 9, 12;y = 8 — 5,3. 10.x = 17p, 17; y = 13p, 13. 
x = 19p — 16,3; y = 23p — 19, 4. 

x = Tlp — 74,3; y = 30p — 25,5. 

11 hourses, 15 cows. 14.101. 15. 56, 25 or 16, 65. 

To pay 3. guineas and receive 21 half-crowns. 

1147; an infinite number of the form 1147+ 39 x Sé6p. 

To pay 17 florins and receive 3 half crowns. 

3f, 99; TI, SDs 417,19. 

28 rams, 1 pig, 11 oxen; or 13 rams, 14 pigs, 13 oxen. 

3 sovereigns, 11 half-crowns, 13 shillings. 


XI. a. PAGES 110, 111. 


12. 2. 224. 3. 40320, 6375600, 10626, 11628. 
6720. 5.15. 6. 40320; 720. 7.15, 360. 
6. 9. 120. 10. 720. 11. 10626, 1771. 
1440. 13. 6375600. 14. 360,144. 15. 230300. 
1140, 231. 17. 144. 18. 224, 896. 19. 848. 
56. 21. 360000. -22. 2052000. + —-23. 369600. 
21600 95, -— SB __ 9¢. 9520, 27. 5760 
‘L0 [15 [20° 
3456. 29. 3903040. 30. 25920. 32. 41 
1956. 34.7. 
Xt. b. PAGES 117, 118. 
(1) 1663200. (2) 129729600. (3) 3326400. 2. 4084080. 
151351200. 4. 360. 5.72. 6. 125. 
n’, 8. 531441. 9. p'. 10. 30. 
1260. 12. 3374. 13. 455. 
\a+ 2b +3c +d 
<> _15. 4095. 16. 57760000. 17. 1023. 
La (|b) (|e) 
| mn 
720; 3628800. 19. 127. 20. 315. 21. ———. 
(yt) on 
64; 325. 23. 42. 24, (1) ee") J aig) +1; 


5 PeP-1~-2_ g@-N|@-2) 
2 6 6 
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25. pip~ Ue) py 4a Wa") ead: 
113; 2196. 28. 2454. 29. 6666600. 


27. 
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XIll. a. PAGES 127—129.~ 


ve — 15x" + 90x? — 270r” + 405x — 243. 

Bix’ + 216x°y + 216x7 y” + 96xy? + 16y". 
5 4 WD 23 4 

32x — 80x y + 80e y - 40x y + 10ry 


5 
-y. 


26. (p + 1)" — 1. 
30. 5199960. 


1 — 180" + 135a* — 5400° + 1215” — 1458a)°:+ 729a'?. 


+ Sy? 10 Te ae” 4: 


1 — Tay + 2x? y? — 35x? y? + 354 y* — 21° y? + 2x y® — x" y”, 


8 
16 — sa 4 Sax! = rI° + Six" 
y 16 
I 2 
ql! 5 4 3, 80a Ha 04 
7294" — 972a” + 540a° — 160a" + = ay tk pag 


We 2x? 35e?  35x* 2? ex 


Li Soadt coer eegeneunie 32. eea.f Ios 
6 4 e 
CRE CEN RORY Pigs: “28 Tipe 
(a ae ee 
2 3 - 4 

1 tah) Ta kar Ba 5 6 ee, 
Horace 15) boat 8 +a bile +Aa ta’. 

| 10, 45 120 - 210. 252 28210 120 45° 104 
L peh tag of Mae etre ny th ~ EO: 

oe GUNS x e ic x : ahaa ae > 

~ 35750x", 14. — 112640”. 15. — 312r”. 

[30) ‘oe ee 733 1120 4,4 
—==— (Sx)> (8y)?”.. 117. 40a” b>. al bt. 
pi 3 ®) 18.“ a" 

6.10 

10500 70° y 
a 20. 2. 21. 2x" + 24x? +8. 

x ab 
2x (16x" + 20x? a? + Sa’), 23. 140 v2. 
2 (365 — 363 + 63x" —x*), 25, 252. 26 a“. 
110565a’, 28. 84a° b°. 29. 1365, — 1365. 

17 
189a 21-19 Ae _ 
wer ig? ae. 32. 18564. 
n 3n 

a 34,(= 1)" ri 
pp" =—1) 2 +r) la [a 


1. 
5. 


10. 
11. 


e 12. 


13. 


11. 
13. 


15. 


18. 
21. 
23. 


24. 


The 9". 2. The 12°" 3 The Re 4.The d0" sand W1" 
The 3” res 6. The 4” and 5!" = 9.x=2,y =3,n=5. 
P+ Se + 20 4 8c = 26x" =a} or oe +x 
Fin’ — Shar?-+ 17a? xt— 1160 + 1170 x = 54a? x + 270°. 
a ee es pena 
|[r-1|n—rt1 1|[a—r+1 
(ae . 
(= 9? OT gs 08, 15.2, =n. 
[p +1 |2n—p" 
XIV. a. PAGES 139, 140. 
7 Ae | vdy3 > 3 Ry Din OR 
T+ 5% * 67: 2. Ubax +x 167° 
ee a a 5 gi? 4 6 
13% 75% 125% 4,.1-—2y°+ 3x ax. 
1-x-x - 22) 6.142420 — x. 
pay oe FE RO tin 
Tx +5x io 8.1 x+ 3% 7 
2 3 ; 
tee t 3 De 33 
IF sete SA" 10. 1 da+ 7a re 
Et, — At 3 or 5g at 2 = 
“eer se}. 12.3 (143 162 +5459" 


i ere 
140-40 ge) 
2 
1 to AO oe 
sabes 533 
ae 
_ 1040 a8 16b 
; 19. : 
ae 243a° 
li eS a Ua +2) +3) 7 


12"3 
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Xill. b. PAGES 133, 134. 


14. re f 2% 3,2 +2,). 


27 a 34 

3 
x 429 7 Pi 30 
| 38. 16 * L356. 
a 

20. (r + 1)x’. 
~ 1:3:4....(4 -3 

ba 41) fe Bd 


Ir 


~411°8°5°2°1: 4... Gr, — 14) 
(Say 4 11:8-5°2-1 if 


~ 184813 


ay 


yh ge 


ln 


19712 o 
“3%: 
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wr 


16. 
18. 


/ 2 
" (2) Equate absolute terms in (1 +x)" f + | =; (1+x)" ~~. 
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XIV. b. PAGES 145, 146. 


r+i1)ir+2)7+3)7+4 i 
4 Dae 


r 


2-5°8...(3r-—-1) r 2 (1 + 1) (21 + Ar lent 1) if: 

ie ant 72 [r grr 
Thea” i<iTheS “1S. The 13 16 The. 7 
The 4” and 5! 18. The 3%. 19. 9-89949. 
9-99333. 21. 1000999. 22. 6-99027. _—-23. - 19842. 
1-00133. 25. -00795. 26..5-00096 2-4 27d a Se 
; 5x $105 343 
f x ) pas. Spt 2a ct +S ae, 


eb 95.7 = ae 18s 36. 24+ See. 


XIV. c. PAGES 150—152. 


— 197. 2. 142. iy oe, a 8 


3 1 =e 
(— 1)" (n” + 2n + 2). 6. V8 = f ~ ; 


=H =i 
{| Seige Tye 
3 3 [na [n 
Deduced from (1 — x°) -(1- x) = 2x — 3x’, 


(1) 45. (2) 6561. 
(1) Equate coefficients of x” in (1 +x)" (14x) =(1+x)" 7), 


> 


20. 


21. 


17. 
18. 


ee ee 
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A 1 
Series on the left + (—1)"q,, = coefficient of x” in (f= x’) 2 
ai re ee 1 |2n 
2 [nae : 
[Use(co tie) +.Cack.:. oor — 2 (cgcy + cyC2 + «..) 
2 2 2 2 
= Co + Cy + C4 te «oe Cy ]. 
XV. PAGES 156, 157. 


— 12600. 2. — 168. 3. 3360. 4. —1260.a°b°c’. 
— 9. 6. 8085. pe, iS 8. 1905. 
3 4 
—.10. te. 11. = Tf: = 
2 : es Sl 
59 peer ab 1 L2 
22 14) =. in sip = Sx? 
16 1 15 3 16. 1 * 3* : 
1 — 2x? + ar? + 5x4 — 200°. 
a8 st dll it 
16 [1-3 + 3x + 35% g* + ox]. 
XVI. a. PAGES 161, 162. 
16 1 3 
8, 6. 2.2, '— 1. ah Stee 4 ces ce 
4 4 PPG ee te eee 42 
juan ak aes a aa 
2 3 1 
po ene 9. 3 log a + | log b. 10: — 5 loga + 5 log. 
ii 1 
rs 2 Noga = 5 log. 12. — D log a — logb. 13; 5 log a. 
ps log c 
5 log c. 16. log 3. 18. gd had 
5 log c 20 loga + logb 
2loga + 3logb’ *2loge — loga + logb’ 
_4logm _ _ logm 
= Togas rer ilogb* 
Soryeey ph ag log (a — b) 
logx = 5 (a + 3b), logy = 5 (a’+ 26). ge £6). 


XVI. b. PAGES 166, 167. 
4192 ye dpag, 
-8821259, 2-8821259, 3- Bop ae 58821259, 6-8821259. 
5, 2My A 
Second decimal place; units’ sicaias fifth decimal place. 
1- 8061800. 6. 1-9242793. 7.1-1072100. 8. 2-0969200. 


15: 
24. 
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1- 1583626. 10. -6690067. 11. 3597271. = 12. -0563520. 
1-5052973. 14. -44092388. 15. 1-948445. 16. 191563-1. 
1+ 1998692. 18. 1-0039238. 19.9-076226. 20. 178-141516. 
9, 23. 301. 24. 3-46. 25.4-29. 
1-206. 27. 14-206. 28. 4-562. 
log 3 log 2 
~ Jog 3 — log 7 ed ~ Jog 3 — log2 
3 logs — 21082. log 3 
P= De By = —__ 31. 1-64601. - 
4 (log 3 — log 2°” 4 (log 3 — log 2) 
log2. _ 1781: red fF 614. 
2 log 7 * log 2 
XVII. PAGES 175—177. 
loge 2. 2. loge 3 — log, 2. 6. -0020000006666670. 
2 2 
ee. 
-8450980; 1-0413927; 1-1139434. In Art. 225 put n = SO in (2); 
n = 10 in (1); and = 1000 in (1) respectively. 
rely 
eo ae gir DS S28 F 
2 4 a 
ere ara 3 Sea a 9 
[> [a 
x xo ee a x 
Ala ae ae «- ¥ €—1} Ta oat oo ane —z t loge (1 — x). 
69314718; 1-09861229; 1-60943792; 
a= — log, f - < = - 105360516; 
b = — log, [i = ial = -040821995; 
1 
=} —|.=- i 
c = log, f + = 012422520 
XVIII. a. PAGE 181. 
£ 1146. 14s. 10d. 2. £720. 3. 14-2 years. 
£6768. 7s. 105d. 5. 9-6 years. 8. £496. 195. 42 d. 
A little less than 7 years. 10. £119. 185. 5 3 d. 
XVIII. b. PAGES 185, 186. 
6 per cent. 2, £3137. 2s. 2 2. 3. £110. 
3 per cent. a Be years. 6. £1275. 


10. 


13. 


16. 


ANSWERS. | 489 
£926. 2s. 8. £ 6755. 13s. 9. £ 183. 185. 10. 3 per cent. 
£616. 9s. 15d. 13, £1308.125.45d. 15. £4200. 

XIX. a. PAGES 191, 192. 


\ 
a> + 2b’ is the greater. 


P>or<xr txt 2, according as x > or < 2. 
The greatest value of x is 1. 15. 4; 8. 
4°. 5. when x = 3. 23. 9,when x = 1. 


XIX. b. PAGES 195—197. 


eee V3 </2 
ge ene 


8 


XX. PAGE 204. 


10.9 Ast si fsy 
aa A a08 igh ares Cee 
1;0 GB: U0; sr OU, es =. 8. log a — log b. 
ma 1 1 
2A 10. me -. 11. ava 12. 3" 
V2a 
=1. a Va. 
1 14 Sr ey 15. Va 
2 
3 a 
0. 17. 7° 18. e°. 
XXI. a. PAGES 215—217. 
Convergent. 2. Convergent. . 3. Convergent. 
x < 1, orx = 1, convergent; x > 1, divergent. 
Same result as Ex. 4. 6. Convergent. 7. Divergent. 


x < 1, convergent; x > 1, divergent. 

Divergent except when p > 2. 

x < 1, orx = 1, convergent; x > 1, divergent. 

If x < 1, convergent; x > 1, or x = 1, divergent. 

Same result as Ex. 11. 

Divergent, except when p > 1}. 

x < 1, orx = 1, convergent; x > 1, divergent. 

Convergent. 16. Divergent. 

(1) Divergent, (2) Convergent. 18. (1) Divergent. (2) Convergent. 
XXI. b. PAGES 225—226 


x < 1, or x = 1, convergent; x > 1 divergent. 
Same result as Ex. 1. 3. Same result as Ex. 1. 
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A, Sas ay orx = - , convergent; x > — 1 divergent. 
e” 
5. Axes soit x >e,orx =e; idan 
6. x <1, convergent;x > 1, or x = 1, divergent. 7. Divergent. 
1 ss E 5. 
8. x <—, convergent; x et kee 7? divergent. 
e 
9. x<1, convergent; x > _ een If x=1 and if y—a-f is 


positive, convergent; if y — a — f is negative, or zero, divergent. 

10. x <1, convergent; x > 1, orx = 1 divergent. The results hold for all 
values of q, positive or negative. 

ll. a negative, or zero, convergent; a positive, divergent. 


XXII. a. PAGE 230. 
1. 3M (4n? oe hc zs on (n + 1) (n + 2) (x + 3). 
ae =" in © 1) (i-+2) Gaz 5). 4. n (2n° =~3 ): 


3. =n (n + 1) (2n + 1) (3n? +t — Ly. 


3 Zz 3 2 2 2 
6 p=q. 7.6 = 27a d,c =2Tad. 


8. ad=bf,4ac—b = Saf. 
13. abc + 2fgh — af’ — bg” — ch” =0. 
XXII. b. PAGES 233—234. 


1. Ut Beebe dete. bl hw’ - 2x. 
ih Sune Re3 oS ee: 11 2 213 

‘ pee es See SS = ar4 ee eS asus = 

3 7 + 4% gt +467: 4.5.+ athe + 767 - 


demaxchaia + 1)x° 2 — (GioktatcD I}. 6.a = 1,b =2. 
7. a=1,b=-1,c=2. 9. The next term is + -00000000000003. 


n 
a 


nm 
é 


11. a OT 
(l-a)@—aRt—a).. .-a’') 
XXill. PAGES 240, 241. 
1 1; ioe 5 7 a 5 
1-3 1-2 "3x-5 44+3 
3 4 = A 2 lll 
1-2r Il-x x-l x-2 x-3 
5 irantudinn ison ne tak seme ot oo 
‘ te hy SCA Fo) ee Lo ee (x + 2)” 
7 SMe eS 17 ey 11 2 a7 


16E+1) gear 16e>3) 


Ly. 


20. 


21. 


22. 


Pa 


4lx + 3 15 x F 
Pot he 5 9. 2 av 5 
Xo ae ore Pte fin 
a gt 1 ii 3 
(v 1) 3 « - 1) (1 —x) x- 1 


5 + — ae 


bit a 1 _(-1/ aie 


r=1 
Es Bk a aes Gos ; 
SUS a)se ROT XY 3 yn 


ui: J gird aslo 
"3645 7 3@+2 OD 3 [oti oti a 


1 | 4 . wed Na SP aa 
tit te re caren > 9 roe Eh 
— tes = eT Te ~ Ox +2 
3(1+%) 3-H" ans pa gin SDT hr 


1 11 oe 
4(1 — 4r) ~ 4x) 


1 
Zz 3 6 - yt : 

> (—1) ja +5 — ye 
1+x (1 y 24 3 | ) | > |: 


mio + 11) x’. 


3 1- 3 1 r 

2 (x — 1) 21422 r even, at 1)2 3} x" sr odd, 
ne! 
S{1+(- 1) ? }x’ 


‘5 5 


Soudtreety 
Q=3y = ex i =s 


r+? r+2 r+2 
aherg berm ee 
a (b-c)(b-a) (c-—a)(c-—b) 


a 2 ‘: 1 » 
(2-x) 2~x (1 — x) 


1 1 1 
Srey tego 5 


1 1 1 1 1 
(2) re ST A es 
(i— ay ifane 1i4+¢°'f HSS baer 
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i) 
mn 


Di: 


12. 


al 


HIGHER ALGEBRA. 


1 
eo app ee 
(i-ya+xy 
2 n+1 ny 2 
1 X. “ XG 5 Xx Ee a 
pe ie t= ¥ 1-7 1-4 yee 


XXIV. PAGES 246, 247. | 
eet 2+ 


(47 + 1x. 2. p {i+ (1) Z}e. 
(hay) 1+x-2 
- 7-2 |27 i? 
l= a 1 Or — 3 
2 

3— 12r tiv . a4 J+ pie 
1-—4@r+ 1llv —- & 
cs Mae ork ene —1)+2'-1, 


wee 


aug ig: , 1 1-3%x 31 -2'x 2 


1-3 1-2 

n-} Wk, Aad hi 4’ . 1- zy" 

ap a, 
. ide Ps , 1-4 1-3 
1439'S} —iohat ee eet 2 2 Noa 
oe . ca ary 1 —3r 1-2" 

2n —3 

8 n ae 4 n L- Txo5 
=(— —{(- = —(2 — 1). 


Ny Sy = + pS = hy FS 
Upwey 2 pothOdg. eC a Ayo tea = @ 


Sy = Se — 2, where = = sum to infinity beginning with (n + ay" 


" term. This may easily be shown to agree with the result in Art. 325. 


(2n + 1)" + : (Gt tas ay. 


XXV. a. PAGES 251, 252. 
2 13 15 28 323 674 j- 2 eS 95. 18 


MO STE EY S13 ~2.S™1F 22’ 105°-232?-1497° 


ates we Ay 117 
2+ 2+ 2+ 2+ 2+ 2? 12 

sp ee 1 td - 1 e 
4+ 3+ 2+ 1+ 3’ 30° 
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ce Ll pis Ag da Ss 
" 3+ 34+ 34 3+ 3+ 3’ 109 
Meee ramet Wish Va ues Rae als 
3454 1+ 14+ 3+ 24 14+ 5'35 
9 ed eer) tee tt 
= 2+ 1+ 2+ + 1453 197 
oy eee Dh Be de 2s 
; T+ S+-6+ 1+ 3? 223: 
Te ee a eS 
“ 3+ 34+ 3+ 64+ 14+ 241+ 10’ 208° 
ns We Ge 1;4;°8 AT 
MM. 44th oop 8 
3+ 6+ 3° 60° Ss 4’ 29° 33’ 161’ 194" 
hee 1 4 
16. —————— —— 
art +61) + re El) dent =; and the first three convergents 
we et n in +h — 1 
Teon+Y i : y 
_ XX. b. PAGES 255—257.— 
1 2. $80 151 
AL Syomeoeer aon 45" 
(203) “Z(i2oy 
rol eat! 1 t. at Bare S 
a+ (atl aia +2) at+3’ 34397 + 4a + 
. XXVI. PAGES 263, 264. 
1. =x =711t + 100, y = 775t + 109; x = 100, y = 109. 
2 =x = 519 — 73, y = 455t — 65; x = 446, y = 391. 
3. x = 393t + 320, y = 436t + 355; x = 320, y = 335. ! 
54 J 2, 1GE). 1 1 (53) 7- 
4.‘ Four. * Seven. 6. po 7 38 428° B10" 8’ 12" 
8. Rs. 9-90 nP. 9x=9,y=8z2=3. 10.x=5,y =6,z7=7. 
We x =4)y =2,z 12. x=2,y =9 z= 7. 
13. 7=417,2,6 iy = 114,815; z= 1,1,2,2,8. 
14, “x = 113.2: y= 5,132 =2, 4, 3. 15. 280¢ + 93. 
16. 181, 412. 17. Denary 248, Septenary 503, Nonary 305. 


18. -a 11, 10, 9, 8, 6, 4, 3; b = 66, 30, 18, 12, 6, 3, 2. 


19. The 107" and 104"" divisions, reckoning from either end. 
20. 50, 41, 35 times, excluding the first time. 


al. AZ5. 22. 899. 23. 1829 and 1363. 
XXVII. a. PAGE 267. 
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26. 


27. 
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ig. 14 485 pi I 99 
———_-  ———— 5, 425 Se SS 
pale OL ee tos “T+ 44°77 35 
1 1 3970 
are Wwe era ti 
gf ie gO ke BS ; ee 
1+ 1+ i+ 1+ 6+ *? 33 
7-2 2 ee 116 
1+ 2+1+6+° ’H 
4 eo oe BN 
1+ 2+4+2+1+ 8+” 7rd? 
2+ 6+ °°’ 390° 
Mal ag Oe OE A 
ST a 1 10 Fe Nas: 
ey BAe ee Se 1 _ 161 
i+ 2442 DS +7 oe a 
19 ee Le ace ert be ey 1 _ 253 
Wee oe a ee a ee eee 
aed SESE Fea Pe hn Se 
4+ 1+ 1+2+ 1+ 1+ 8+ °''°55 
qf eg Ee ont 
5+ 1+ 24+ 1+ 10+ °° ’ 270 
1 ] §291 
Le ES ” 4830" 
ol by Teh g hy ol eel yg hee ake and iy pp PRD 
k4°34°1 + 16a D3 2 2k Si + 16 tera 
1 
5 and iateidad 18. = 5 and ae a 19. 4030. 
(65)° —-.2(528)" (191)> 2. (240)" 401 
1677 ale ‘¢1'3 ig Me ares eben oe 
43 vo Da Be 2 2D CL 1+ | nde 
LY =k Pa 
Lt 33 4+ aL 
Ee +1 1 Fo aa Nees 
44—— —— a > 
CMS HeSceh  COT eases ae OSes 25. of} 
Positive root ofa +3ir-—3=0 
Positive root of 3x — 1dr — 4 = 0. 28. 4 v2. 30. ; 


XXVII. b. PAGES 273, 274. 


12? <OF + oe 41 
Piss age, a 


— 


J 
Ct =z 
2a 


14. 
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gin at Sort a Gg lh + 08) a? eee 1 
2+ 2 ~—J)+2+ 2(3¢—1)+~ Sa-4 ° 
Z 
A eee * 1 1 he oe 
1+ 2(@ = 1) + 31+ 2 ae Didi, 2a 
tpt" AM a dM Sparta 
2a + 2 +-29-4-246"’ 8a? + 4¢ 
apace Ged rams OES 2a"b* + dab +1 
b+ 2a+ D+ ala y Qab? + 2b - 
pimp 1? 1 eh. 1 _2an -1 


1+42@—1) +1426) 40 TH 
432a° + 180a° + 15a 


1440‘ + 36a” + 1 
XXVill. PAGES 281, 282. 

x=T7orl,y=4x=7orS,y =6. 2,.x=2,y=1. 
x=3,y=1,11;x=7,y =9,19;x = 10,y = 18, 22. 
x = 2,3, 6,11; y = 12, 7, 4, 3. 5. x =3,2;y=1,4. 
X79, 27, 11,13, 11,93 9°= 157, 505-29, 49; 133 
x= 15,y=4. 8.x = 170, y = 39. 
x = 32,y =5. 10. x = 164, y = 21. Il. x=4,y=1. 


2x = (2 + V3)" + (2 — V3)" ;2 V3.y = (2 + V3)" — (2—v3)", on 
being any integer. 

= (2 + V5)" + (2 = V5)"; 2V5.y = (2 + V5)" — (2 - V5)’; 
being any even positive integer. 

= (4+ V17)" + (4-VI17)'; 
2V17.y = (4+ V17)' — (4-17)';n being any odd _ positive 
integer. 
The form of the answers to 15 — 17, 19, 20 will vary according to the 


incde of S apeber & the two sides of the equation. 


15. 
16. 
17. 


19. 
21. 


.) 


x= m = 3n”, y= m — 2mn. 
2 2 2 

x= — m+ mn ea Oe : 

= argh, y= 5m? - n E 182) 53/92519.16 ; 1, 8; 11, 4. 

2 2 2 3) 
m EE > nn * “in? + ne ¥ 20. m0 — nn 5 dan tn. 
Ram, Saale ; Gopal. Uma ; Amit, Jaya. 

XXIX. a. PAGES 291, 292. 

un (a 11 3° 2) (art 3) 


an (n + 1) (n + 2) (n + 3) (n + 4). 
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12. 


HIGHER ALGEBRA. 


+ 5 30 — 2) Gn + 1) (3n + 4) (3n + 7) “Ke * 


= 7% (2In’ + 90n” + 45n — 50). 


HG +1)(n +6) (n +7). 5.2 (1 +1) +8) (nF 9). 

n ery 

Ae Wn +S. 

a oe 1 a 
12 4(n+l(m+t3) 12 ~ 24 6Gnt+1)Gr+4)’ 4 
op n +5 5 

4- 22+ 1)(n+2)’4 

Vy le ee 

6- AES OHS) 4) 76 

ce eee eee Le ee 

4 a+2 2@3e 1lyp6geQos 

(at +1) (0 +2) (n + 3) (2 +3). 14, in (n= 1). 


- (a= 1) CF #1} (4 + 2) (2 + 1). 


a 5 (1 + 1) (n+ 2) Gn? + 36n? + 1510 + 240) — 


Y 4 ~ la@tt),e.+ 2) 1g, 2@ +ij(7+2)_ 4a 


a 3 r+ 1 

n(n + 3) : 1 1 
ee. =F  _., + =— 
a2 Xe iter 2° 1a Fr 2) Mey td n+ 1° 


XXIX. b. PAGES 300, 301. 
Snes s #493. 2: Sn? + 3n sgn (n + 1) (5n + 7). 
n? (n+ 1); Sn (1+ 1) (a +2) Gn + I). 
—4n? (n = x =n (n + 1) we = — 2), 
n(n +1) (n+ 2)(n +4); n(n + 1) (n +2) (n +3) (4n +21), 


ee l—-x + @ 2x p25 54 

——;. : cane tr 8. Spee 

(1 x) el ~ x) (1 - x) 
t= ieee : 

fe — rey duh Mest Uae | 2) 

(1 +x)" pau 4 


2. 13.3.2' Fn +262 —)+ oe axe 


14, 


15. 


16. 
17. 
18. 


20. 


22. 


14. 
15. 
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n° = (a+ 1); _ (3n? + 2n? = 150 = 26), 


fo, _ te tn-1 
Pet ~ yD a Ea (n + 1) (2n +7). 


P14 5n(n +35"! 3) 4 2G4V Ot — go sh! 


Liew. my Lest ts ae _a(n+1x' | 
(a —x) Ls (a-x) (1 xy 21 = x) 
2711 ert—pprepal' sv 
iL, 5 yi? ood cone 
n(n + 1) Bn? +27n” + 58n +2) 
15 
n(n + 1) (120° +.33n? +.37n +8). 
60 
n(n + 1) (9n* + 13n + 8) | 5g nl. 1 : 
12 deeded. TunerA 2th 1) 
ptt 3 y 
= : 27.(n —-n+4)2 —4. 
[n+ 2 
n+1 i. aes eet O20 ome 9 
7 DO vg oft 29.9 2.46...(2n + 2) 

n 1 1 Ee 
Att 2. as Ph 2(Aie 1) (a 2) 5" 
Ly Atl Susp ths 5D, 
2 |n+2 E (n+1)(n+2) 71 

XXIX. c. PAGES 305—308. 
5 (e -e*)-x. 2.1 + * tog (1 - 2). 


ie Song tat dak ie eh 


Di FOS 
“(7 -2) [r-1 
(eepe GME 7a, Bn Gn -1). 


|r 


0. 20.4, 11. log 2 = =" 12.3(e — 1). 13. e* — log (1 +4). 


7 6 5 3 8 7 6 4 2 
ay n n n n n n Tn Tn n 
—+~-4+>-—S+—:()5+5+—-DWty 
ey erg hi3 6 +42 8 2 12 24 12 
15e. 17. (1) n + 1. 
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n 

1 il 2(— a) 

19. (Oa = eer (2) 3 - : 
if ee n+1 
20. CA tog +2) - EEE. Hea tDe .. 


1)'*! 
. cs . 
22. (1) ee Seas mares re 


+ 
> {3 Aa a os a 5} 
XXX. a. PAGES 314—316. 
1.” -3)6, 15,42; 2. 1617, 180, 1859. 6.48. 7.23. 33. 8987. 
XXX. b. PAGES 321—323. 
20. x = 139t + 61, where ¢ is an integer. 
XXXI. a. PAGES 331—333. 


2 14 epee 18. 1; it can be shewn that g, = 1+ p,. 
XXXII. a. PAGES 339, 340. 
: (ese 2S. hat 4.2. 
5 digas a 8. 43 to 34. 
9, 336 230: 35. oe 11. 952 to 715. 
14. - 5.2. 1 reat 
17. ORE ORS ci 
XXXII. b. PAGES 346, 347. 
1. 2 2 = acta 4 21 
toa 9, “ ae 
13. oe 14, Pe 15. at 
16. ae 17,2, 13) 18. n — 3 to 2. 


19. 


12. 


14. 


13. 


17. 


20. 


26. 
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45927 
13 to S. 20. -———- - 
_ °- 50000 | 
XXXII. c. PAGES 351, 352. 
2133 6! 4 
3125" 2.56" 3. 9° 4. 10 nP. coins. 
i ms er 
°; 6. 92 nP’s 1g 837 
Ilto5. 10. - 1.4£5;B £11. 
20 aati 
a7" 13.45 shillings. 
PR ae, 3 1 
eer 15.4d. 16.5. 17. M+ 5m. 
XXXil. d. PAGES 359—361. 
2 1 12 2. 4 
5° Zz 35° Be 17° 4.B C76: 
2 sees 377 
a rT ELT 2 nes. 8.25 3d 
1 1 11 
5° 10. 3: 11. 41° 12. 50° 
£1 14. (1) 2: (2) 2. 15. £8 
. (1 5° (2) Goh i 
a—1 n—- 1 13 
mna—-Von—-rn—-1 AR. 14° 
XXXII. e. PAGES 366—368. 
1 12393 275 
~t ana ps etna mene 
aye: 1196 3 79500" 504° 
itt (a¥o* (Akt Chae bdin, ols 
O 16m (SR. LO Ot 
] 13 343 
6; cach equal to 6 9. 38° 10. 1605" 
169 ‘155 Linn4 
: <5 B, =. 14.=, =. 
_ 11 to5. 12. A, 35438: 304 7) 94 
25 7 ge 
216 * 2401 * 1000” 60° 
One guinea. 22. a 3. are shillings. 
. 1 9 1 
19 to }. 28. rg 29. 4 
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30. 


32. 


26. 


27; 


28. 


HIGHER ALGEBRA. 


O° 52 31 


2 
1265, 5087 a-b 
12865144 Ua | 


a)" 


a : 
Ifb > 3, the chance is 1 3{ 7 : 


2 
Ifp<% , the chance is 5 - ) , 
Oe a 
XXXIli. a. PAGES 378—380. 


7. "270. . CET 
xy. TAQ. 8. 4abc. 9. 0. 


3. ll. 3abe — a — b° — = 0. 
(1)x =a, orb; (2)x =4. 


b? Sa ee ab a 4 
ba ‘ch+q? be |. 22. BW+e +b +’). 
ca cb a+b 
eit 1 -xX ¢ 
The determinant is equalto | p7 » 1] X11 —2y y 
g e O | 1 -2z 2 
uo we 
Wing... ot sO: 
ee Ww 
now now! og 
Ww! vo oul + Ww. t. ihe 
ert ae ee va rw c¢ 
wee C8 
XXXIll. b. PAGES 385—387. 
zt 2. 0; add first and second rows, third and fourth rows. 
(a + 3) (a - 1)°. 4.a°+ b? 40° — tbe — dca — 2ab. 


6; from the first column subtract three times the third, from the second 
subtract twice the third, and from the fourth subtract four times the 


third. 

1 a 1 
abcd aaah ack rd © 
—-@ty +z) Vesna) +x —y) &oty — 2). 

2 4 (k — b) (k -—c) 
ax — by + cz). Qa. AZ : 
( ry ) a x Gaba sce &c. 


iS. 


14, 


aa a2 
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k{k =~ b) (k= c). 
~ @(a—b)@ =)’ XG 


— (kK. = b). Kir.c) (k=. a)... 
(a—b)(a—c)(@-d)’ 


XXXIV. a. PAGES 396, 397. 
— 102. 2. 3a +b = 27. 
fice eye —~Iy +11... -4.4 = 3. 
x + Sx > + 18x 9 + Sax 7; 147 4 — 356 > + 9006 + 432x77 
(b —c)(c —a)(@—b) (a+b +c). 
— (6 —c) (¢ — a) (4 —b) © + c) (e +a) (a +). 
24 abc. 9. (b +c) (c +a) (a +b). 
(b ~c)(c-a) (a—-b) (a +b’ +c? + be +:ca + ab). 
3abc (b + c) (c + a) (a +b). 12. 12abe (a + b + €). 


80abc (a +b" +c’), 
3(0:— chile — @) (2 =D)@ — 2) & — b)'& Sc): 
x 


@~ aie = bye c) TO = bye cy 29. 2. 


PME eel Bi atl, 33 6-+.b-+c 2. 


(a+x)(b+x)(c +x) 

XXXIV. b. PAGES 399—401. 
0. 7..A = ax + by + ay, B = bx — ay. 
(a? + bc) (b” + ca) (c” + ab). 

XXXIV. c. PAGES 405—407. 


3 2 2 ae ee Se Ba 
x +xy tay =0. 2.x+a=0. 3.x +y =a. 
y’ =a (x — 3a). $a a = 1. 6.21 + y= 2a 
birch + cla +a'b' =a’b'c'd. 8. = — dax =k? tj Se a)’. 
a’ — 4ac’ + 3b =0. 10. a' — 2a°b? — b* + 24 = 0. 
a b c Sa 

ra. ib Tec isd 

5a°b” = 6c’. 13. ab =1+. 

2 2 2 

a+b +c + 3abc =0, 15. (a +b)? — (a—b)> +. 4c’. 
a+b +c + abe = 1. 17. abe = (4-a-b—c)’. 


a’ — 4abe + ac? + 4° — bc” = 0. 
(a+b —1)°—c(a+b—1) (a? — 2ab +b’ —a—b) + ab =0. 


Z3. 


HIGHER ALGEBRA. 
1 1 


@= byert @—o)bq (b—c)ap + (baler 
1 1 


* (—a)bq + (c—b) ap beqr + carp + abpq” 


ab' —a'b ac’ —a'c ad’ —a'd 
ac’ —a'c ad'—a'd+bc'—b'c bd'—b'd} =0. 
ad' -a'd bd' — b'd cd' —c'd 


XXXV. a. PAGES 412, 413. 
6x’ — La — 12 + 3% — 18-= 0, 
6 5 4 3 2 
x +2¢ -—1le — 12x + 36r =0. 
xo — Sx) — 8x) + 40x? + 16x” — 8% = 


oO 


i - Te 4b He PE 601-254, 
we i Meth, ns P 2 
ie a: LSh go 184 9) B63 H 
3 : ee as 3p) 34 
p eee We oe ae oie Sa lee 
- 2, 4. 10 qe eG ist +V3,7, 5 
7: A713 43 
ae BSS ayhageses 
8 4 4) x3 3.4 
bd tnt DES gat LS. Shag Neagn ad te 
4, ri, 255: 16.9: 55 17 3772? 73 
? 
ae), 
w= SN yj Ue 19. (1) -69 5 (2) 2. 
Fd ? 7 
ag ay. 21. 2q”. 
XXXV. b. PAGES 416, 417. 
2 1+V-3 3 1 
—— = \) Ja a F 
af 3° = ie 2-35 37 22 V3. 
—1+v2, -l1+V-1. 4.4 v-1,-24+v-1 
aha YT eho, Gay 5 = 0. 
row +36 = 6 8.x #16 =0 


x 10e° +1 =0. 
4 3 z : 
x — 10V — 19%. + 480x, —-1392 = 0. 
x’ = 6° + 18x" = 26x + 21 = 0. 
xP — 16x° + 88x" + 192k" + 144 = 0. 
One positive, one negative, two imaginary. {Compare Art. 554, 
One positive, one negative, at least four imaginary. [Compare Art. 
554.] 


Six. 17. (1) pq =r; (2) pr = q. 20. q° — 2pr. 


21. 


24. 
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Pq.- Tr. 22, #4 — 3 23. pq — 3v. 
pr — 4s. 25. p' — 4p°q + 2q° + 4pr — 4s. 
XXXV. c. PAGES 424, 425. 
x — 6° + 15x" — 12 + 1. 2.x" — 37x" — 123 - 110. 
2x + Br — x” — & — 20. Ax = 2S. 
16axh «x° + Th? + Bn + n®) + 2bh (5x" + 10h? + h‘) +i2ch; 
ee ee $1.14, 1, 1, 3. 12) 3,'83,/2; 2! 
1+V-3 1+V-3 & 151 
ee rae kz rigs MoE 
1 lade tk, sat 16. + V3, + V3,14V—1. 
3 1tV=7_ 1/3 12v=B 
a,a, —a,b. is. >? > Aes ee ; 
3 5 es 5 nn-2 n n-2 
a Say ihe Dk FH. = 4p" (n ~ ; 
OT, >? 7°94, >? 3 0. mr iP “r= 2) 
(1-2; (22k 27.5. 28. 99, 795. 
XXXV. d. PAGES 432, 433. 
y> — 24y” + Dy -— 24=0. 2.y' — 5p + 3y’ — 9 + 27=0. 
dy ly 2 x 4\3.#-2V2,.2 +.v3. 
1+V-—3 32+V5 1 Pea, * 
peewee MS aad wes aad + ait 
a a aca fox Phapiaiao sl hae etd): 
4 1 SOMA 
4,2, 5. 8. 6, 3, 2. erg Sa iaar 
3 4 2 
y-2y+1=0. 12.y' —4y°+1=0. 
y+ 12 =F =0. 
y° — 60y' — 320)" — 717y" — 773y — 42 = 0. 
2 
ti gy 
ye ae 
5 4 3 2 a 
y +lly + 42y + 57y — 13y - 60=0. 
y — 8y’ + 19 -15=0. . 18.y' + 3y? + 4? + 3y +1=0. 
: Z 3 
y — 339? + 1y+8=0. 20. + kqy +k =0. 
‘ Ee 0 MW hat 22.9" oy t= 


om +a(t-ny" += = 24. — Igy" +qgytr ="(): 
y + 3" cS od (q +3r)ytr =; 

ry” + sy? + Gr + @)ry tr (r + 29°) =O 

Be 
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= 


HIGHER ALGEBRA. 
XXXV. e. PAGES 440—442. 


— SS 2yJ0, be Sate TV —3. 

4,-2+ 5v-3. 4.-6,3+4V-3. 

“422 ye, 6.1% 185.-77 

eee 

-5 os eee -5 (3 + V=3i). 

4 —aed & STE 11. +1, te 

Rpts EX i 13.70% 25 -FEV=T. 
t 2 

1 <4 295. 1528 

1,4 + V15, ee a 17. +4, —4, —4, 3. 

Peta ae 52 £7 = Ve, & 2.8 = ¥2, 

sy’ + gs{hi ys) *y +r(l—syy+(1—s)' =0. 

2+ V3, 26, 2543 


x* — 8x + 21x” — 20r +5 = (x — Sx + 5) (x? — 3x + 1); on putting 
es 4—y, the sei Coen x’ —Sx+5 and x°-3x+1 become 


y — 3y+1 and y — 5y+5 respectively, so that we merely 
reproduce the original equation. 


MISCELLANEOUS EXAMPLES. PAGES 442—474. 


6, 8. 3. Eight. 
(1) 1+ V5; 1+2V5. 
ane Ne are orx = -l,y = —3,z =5. 


-(2)3,3, 1. 


ne Ed 


First term 1; common difference - 


DP -4q; —p (p’ — 39); (p’ — q) (P" - 34). 


1 -1,-1 7 

5 (ab +a B *), 10. 3° 

A, 7 minutes ; B, 8 minutes. 14.4 oh ap, 
2 Gh, 2 Gg. Sa sa 

ae wae ema a—b wes 


“where k’a (a? + b” +c” — be — ca — ab) =. 


One mile per hour. 


47. 


51. 
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(1) (b +c) (c + a) (a +b). (2) V2 = +V 423 


2 5 2068. 
a+ VIO 
eae, ae 14 Rin 
y b 
(2)x=y = + Vab ; =i Vics. 
an ae — (3a + 2b) ee ahs 
let5 ; nine. 
S{+243+ ne PAY (0 + 2b He. ond hs 
Wages 15s ; is 6d. 25. 6, 10, 14, 18. 
c(a—b) ab (c + d) —cd(a +b) Bn 
obs ay eS (2) aT 28. 885 miles. 
2. 


x=3k,y= fi = 5k; where k° = 1,sothatk = 1,@, ora’. 
480. 
Either 33 half-crowns, 19 shillings, 8 fourpenny pieces; 

or 37 half-crowns, 6 shillings, 17 fourpenny pieces. 


a=6, b= 7, 33. 40 minutes. 
dag te BA 
I 0 oa phy 7% 8 2. 
eS or faye if x —5( 4x41) =0) 
a= 8; 4 ’ 40. The first term. 
x-5 
+ 
13,9. 4a, 1+ sole! + 9¢74" a’b" 
a PE si 
(8) 3, 2, te . [Add x” + 4to each side.} 
(2)x = ’ 5, 1, 0, 0; 
y— i, -5 0, vail S 0; 
1 
= -—= 0 -1 
z ’ 2 2 0, , 
5780. 
150 persons changed their mind. 50. 936 men. 


2" =1 ad — bc 
() On ih bah cad | 
[Put (a —c) (b — d) = {(« —c) @—a)} {(e - d) — & — b)}; then 
square.} 


68. 
70. 


100. 


107. 
109. 


111. 


HIGHER ALGEBRA. 
161 oped Nag eae 26 vb 
8, ee 35m = it Vb?" Va vb" 
(1) 1. 
(2) + 4v2 [putting x” — 6 = = y", we find y* — 16 — 4y oe w OF 
ze 

ie me + 
oP males; eae females. 63.0,a +b 

— Cc a 


res 5 


Common difference of the A. P. is : = " ; common difference of the 


h 
A. P. which is the reciprocal of the H.P. is ——- {The r" term 


ae “7 
eT Ah gt ee tea 


iS 


n—-1 
ab (n — 1) 
a(n—n+b(r-1Y 
19. 69. £78. 
0 J+V—3 -1+V-3 
a Pe See 2 


(a +b) -@ — b° = 3ab (a +b) and 
(a—b) +a°+b°> = —3ab (a — b)] 
¥ 
(1) vel BE 2-145 “18y Pek EE Eee op gal 


log 6 1 — log 2 

Dake 74. 8 hours. 
Qjtetet=o.ortt Zt, (2)x=y=z=1. 
a=3,b=1. 81. [Put x —@ =u andy —b =v.] 
wae iG. 84. 126. 
Sums invested were £7700 and £4200; the fortune of each was £1400. 
503 is scale seven. 91. 25 miles from London. 

5,1, 222 6Va) pa 3! 25 + 10 V—1 

29 y 5° 20 : 


i: i 
3 98.57: 


: Las ¢ 1+ 4x 2(1 - 2x") 
Generating function is — -; Si =: 


i=-seee 1 1-2 
1 AS =f Re th 
- A Age ‘term = {2" + (-1)"} x"! 
a PP Se ee 108. 12 persons, £14, 18s. 


(1)x =a,y =b,z =c, (2)x = +3, or +1; y = +1, or +3. 


Lt Te Be THe pags B= 6, 193. £12,256. 
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117. (1) x =a,y = b;x =a, y = 2a;x = 2b,y =b. 
(2) x =3 of lyy = 2,2:= 1, or 3; 


a Sein eyes) 
Ce 2 1 = roa ao 
120)" 0h) pastes Se oe 
(n+ 1) 
Ae Noodle 


x-1 a 
fxd tx — @ bd) + On Fn — 1x Sry. 


i 
EE, 
3 
—-S5*V-li -3+V5 
i222. = ee Qe =27 = 0 
Ke 2 ye Ehz = Sr iy e523. 
24 ee eae ie eat 


SG = 1) 3G +x4 12 
125. /=1; scale of relation is 1—x— 2x" ; general term is 
eas +3 ae (5 4)" or 4 = d 


1 1 
Ws A)x =] 6,2 y =o =3, 2) Ve 
wy 6, J 7 (2) we b 
128. a, 278, 129. 12, 16; or 48, 4. 
es “pn R3 
130. (yxe 7. (2) == ate e Onbe’ 
wherck = ic tacu dear ab -c’. 
133; 1h? = 1. 134, 384 sq. yds. 136. ee eee 
# 9 13 
137 ()x=t75,y=% >: @).= bast 10° 


138. £3, 2s. at the first sale and £2, 12s. at the second sale. 
139. (1) zn Gre LD (ai 3h. (2) i n(n + 1) (1 + 2) (3n” + 6n + 1). 


Qygn (n + 1) (4n - 1). 
141. ()x=1orSsy =3 or 

(2) x, y,z may have the permutations of the values 3, 5, 7. 
142. y +qy —gv-q-8=0. 

n 2 

pre ob Ato | 3+ 14r — 157 

143. (1) 5 we) ~ te (2) 1S 
air, 1+ Sx — SOx — 8x 
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3) 2 +5nQtN-2 


pe 

144. 2(b° -d’) =3(0° -c) (b -a). 145, —2, -2,--2, 2. 
146. A walks in successive days 1, 3, 5, 7,9, | 11, 13, 15, 17, 19, 21, 23, 
DB Wellet neish-nuss Mecomd ier. Meer 12, 13, | 14, 15, 16, 17, 18, 19, 20, 


miles, so that B overtakes A in 2 days and passes him on the third 
day; A subsequently gains on B and overtakes him on B’s gi" day. 


17. ee 
7 

148. —(a+b+c), —(a@t+wbt+wc), —(a+o'b + we). 
n n 

150. ni” FO ts cade iS Bee Oe ge) 
=b a-—b 
1s non 2 1— Li Re WE. Eira | 

where A =~ ner), exe =) and B denotes a 

tay (1 — ax)” 


corresponding function of b. 
3 22 3 2 
151. qy —2py —Spqy-p -4q = 0. 


+ = 
153. (1) -7, Taye 3 | (2) +1, 43,4. 154.3 days. 
4° 1 eee 
156. (1) my Cao 12’ 4 > 


[(12x — 1) (12x — 2) (12x — 3) (12x -- 4) = 1201] 
+ Se sabe 
(2) 1+ V19. Eee 3° 


157. 22 years nearly. 161. 44 hours. 


2 2 —7+V217 
162. (1)x =y ee oe: 


(2)x=k (o* ih at —a’p*ie- a’c’), &c., 
where 2k" (a° ee sh oe 3a°b*c) =1, 
[It is easy to shew that ax + b’y +c7= 0, and 


x= +1,+2,y = #2, #1;x = -y = +3. 


2 2 
aytbzt+cxexrt+yt2-392=a72+bx+cy] 
163. 2(a@+b+c)x = (be +ca+ab) + V(bc +ca + ab) — 4abc 
| (a+b+c) 
[Equation reduces to (a+b+c)x — (be +ca + ab)x + abc = 0) 
1 ’ 
164. (1) 357 (1 + 1) (2 + 2) (Gn + 13). (2) 2e - 5. 


_ Si + 30v2 : 17a 


166. (1)x 3 aya. [Eliminate x.] 


(2) x,y,z are the permutations of the quantities 2, 


167. 
170. 


172. 


174. 
177. 


178. 


ANSWERS. 509 

1+V-3 1-v-3 
+ ae 2 

(K+y+z) =3K. 168.2. 169.x° +? 42> - ayy, 

He walks 33 miles, drives 74 miles, rides 10 miles per hour. 

AB = 375, BC = 30, CA = 15 miles. 

(1) x = 13 or 10, y = 10 or 13. 

Q\x< ee dey PC Sl) Sea 3 Fas C0 Sot 9, 

‘oe a (Bio es G=p~ 
£3200. 176. ry + 3 + Gr —p?)y +r =0. 
Pp = (ac + bd) (eg fh) + (bc ¥ ad) (fg F eh). 


= (bc ¥ ad) (eg + fh) — (ac + bd) (fg ¥ eh). 
13+V-47 -14+V-74 


2 


B> 6, ~Seon 
3 + f=47 844 VA 
i ee 


[Put x — y =u andxy =», thenu’ + Wv = 61,u (61+ v) = 91] 
8987. 


ty 5 
y — by’ — acy —c’ =0, 1, 2) 5 z a : 
: HA + V—3 
(1) x, y,z are the permutations for the quantities 1, ae 


ne a(b- +c) 
gta (2)x=+ shee! &e. 


. Conservatives ; English 286, Scotch 19, Irish 35, Welsh 11. 


Liberals ; English 173, Scotch 41, Irish 68, Welsh 19. 


191. (1) 7,9, -3. Menage £2 tail 
192. 2a, =a + b+ BT bmi ben ee 
< 3 
lor t= 2 
w2. 
m—-1l1in-Jl 
202. 54, —26, 14 + 840 V—1 


207. 


Ss 
3nm? + nni-q ~~ 3n3 
3 2 S35 
m +nmgqgtn 
81 years nearly. 


236. 


HIGHER ALGEBRA. 


t=” Fi E J n-5 


y cS 14 Turks, 15 Greeks, 24 Germans, 20 Italians. 


Etter 
4+3x+ 
a) tn (a +1) (a +2) +3). @) SE BAE: Gx 
t (l+x)° 
u 
97 
2 +B) (a? + 
yaqa+ VY“ VY &€ 217. 420 
ar te 
()x=y=F(415 + V=3),2= 5 (415 + 2V-3); 


or x = 4, 6, —4, —6; 

y = 64. G4; 

Ze, oe. 

xE~@ res ae 
Clb Dee ak oath 


et linia ielawrcina nukes 


.¥sy-y + dy — Sy" + 13y>.. 


12 calves, 15 pigs, 20 sheep. 


oe itn ate 5 
» Liman oe | ; convergent, 
Unt y RY 


. Scale of relation is 1 — 12% — 32x’; n”” term = ‘ {a~ CFS) 4; 


3 3 3 2 op 2 
- a2 +d +c =a (b+c) +b (c Hanoy +dy 


(1) (Q-x)'S = 14 ae +x? - (2 41x" + (3? + On? — 4) x" *} 


Ce eee at 
— (3n + 30° — 3 + 1)x" 2 neg Pe 


(2) 4 


8 ii + iy (n + 2). 


58-892 23 4 ~ 
1+ ax" +ax tax ea se ae pis 
ae 


ph ae 


237. 


242. 
246. 


247. 


249. 


250. 


253. 


256. 


257. 
262. 


266. 


267. 
268. 
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3 + V137 
4 
~140. 244. 6, 5, 4, 3 or 6, 5, 3, 4. 
a (c — 3a)? = (ab? + 2°) (ab? — ay”. 
6 


2, 6, 1,3. 248; 
eee 


3 hours 51 min. 240. 


()2"*1-2-2a(n +1) Qn+)). 
apt 

ye 

(i+ tints) 73 

3) i=x , 20a 
1-x 1 — 4x 

” i Laat 

12 ,20=2 

ies 1-4" 


when v1 Is even; 


) 


when 72 is odd. 


a 2 2 
(jyxey =z = 0or 3. If however x +y" qa Taye Sze + xy 0, 


then x + y + z = —a, and the solution is indeterminate. 
Oe ee ee 
a(—a +b Re). D(a bc). cla T0\F c) 
1 


+ 


—V(-a+b+c) (ab Fo (Q + hc) 
— (Ax + By + Cz) (—Ax + By + Cz) (Ax — By + Cz)(Ax +. By —Cz) 
where A = va @ =), &C. 
(1):x = 1, cS oy” ; 
y = 1, ’ oO, 
z= — (a+b) (o-+- bo”), ~ (aw” + ba). 
(2) x = 3, or 7 z=6, or —4 
v=7, or 3 u=4, or —6 
To at least 3r — 2 places. 258. Tea, 2s. 6d. ; Coffee, 1s. 8d. 


2g? — 6pr + 24s. 263. 11 turkeys, 9 geese, 3 ducks. 
) x,y,z have the permutations ¢ of the values 


a, 54 (b= 14 Vb" ~ 2 2b — 3), 5a(b-1- Vb" - 2b = 3). 


atro+¢ 
()x=y=z=1; iy A Pea, &c. 
0). 
16 Clergymen of average age 45 years ; 
24 Doctors of average age 35 years ; 
20 Lawyers of average age 30 years ; 


$12 HIGHER ALGEBRA. 
2 2\2, 
© 269. (ayy — a4) (4244 — 43) = (403 - 22); 
Z 3 
OF A744 + 24,4203 — aya — aja, — a, =0. 
. 7 3 be 
270. x= + , &e.u=t - &C. 
| Veavee Vea bac 
1 
V3. kee. 
274. (1) fi - 2) log Gl = x) = 2. 
1 [7 +1 
Qin’ G41) @ +2) (an) | 
ee: 
#°- (i) x = 3°? = 
4 
I= — -t: 
y 1, gq? oh 
B03 
m= hk, 4? 4° 
=+4 y= £2 v= £1. 
xe¥5 V2 eee ,u=t vs ,y=3 VE 
276. a +b? +c ee y 
3 
277. —p) + 3pip2 — 3p3. 
279. A, 6 birds ; B, 4 birds. 
281. r 
287. a, —Sa, —Sa. 
b, — a;) (by — a>) .... (by) — @ 
289. x4, = - Oi = $y) Os @2) APS Sh &e. 
(by — bz) (61 — b3) ..... (1 — bn) 
291. A worked 45 days; B, 24 days ; C, 10 days. 
294, (bp? sens a’) (a’ —abh + c’) (a’ + bes c’). 
300. Walked 3 miles, worked 4 houis‘a day ; 


or walked 4 miles, worked 3 hours a day. 


eee) 


( Success cannot be assured ... 
it has to be attain 


HIGHER 
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